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THE SEMI ORLICZ SPACE csNd;
N. SUBRAMANIAN !, B. C. TRIPATHY 2, AND C. MURUGESAN 3

ABSTRACT. Let I' denote the space of all entire sequences. Let A denote the space
of all analytic sequences. In this paper we introduce a new class of sequence spaces
namely the semi difference Orlicz space ¢s()dy. It is shown that the intersection of
all semi difference Orlicz space ¢s()dy is I C ¢s()dy and 'y (A) C 1.

1. INTRODUCTION

A complex sequence, whose k' terms is x;, is denoted by {x;} or simply z. Let w
be the set of all sequences and ¢ be the set of all finite sequences. Let /., ¢, ¢y be the
classes of bounded, convergent and null sequence respectively. A sequence x = {x}}
is said to be analytic if sup; \xk\l/ ¥ < 00. The vector space of all analytic sequences
will be denoted by A. A sequence x is called entire sequence if limy,_ ., |:Ek|1/ )
The vector space of all entire sequences will be denoted by I'.

Orlicz [9] used the idea of Orlicz function to construct the space (L™). Linden-
strauss and Tzafriri [5] investigated Orlicz sequence spaces in more detail and proved
that every Orlicz sequence space ), contains a subspace isomorphic to £, (1 < p <
00). Subsequently different class of sequence spaces defined by Orlicz function were
introduced by Parashar and Choudhary [10], Mursaleen et al. [7], Bektas and Altin
[1], Tripathy et al. [17], Rao and Subramanian [12] and many others. The Orlicz
sequence spaces are the special cases of Orlicz spaces are discussed in detail by Kras-
noselskii and Y. B. Rutickii [4].

An Orlicz function is a mapping M : [0,00) — [0,00) which is continuous, non-
decreasing and convex with M (0) = 0, M(z) > 0 for z > 0 and M(z) — oo as
x — o0. If convexity of Orlicz function M is replaced by sub-additivity, that is
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M(x +y) < M(z) + M(y), then this function is called modulus function, defined
Nakano [8] and discussed by Ruckle [14] and Maddox [6].

An Orlicz function M is said to satisfy As-condition for all values of wu, if there
exists a constant K > 0, such that M(2u) < KM (u) (v > 0) (Krasnoselskii and
Rutitsky [4]).

Lindenstrauss and Tzafriri [5] used the idea of Orlicz function to construct Orlicz
sequence space

(1.1) ZM:{wa:ZM<‘I;|><oo, forsomep>0}.

k=1
The space £); with the norm

(1.2) [ :inf{p>0:iM<‘xpk|> < 1},

k=1

becomes a Banach space which is called an Orlicz sequence space. For M(t) = tP,
1 < p < oo, the space {j; coincide with the classical sequence space ¢,- Given a
sequence x = {z;} its n'" section is the sequence ™ = {x1,x5,...,2,,0,0,...}
§M = (0,0,...,1,0,0,...), 1 in the n™ place and zero’s elsewhere; and s* =
(0,0,...,1,—1,0,...), 1 in the n'® place, -1 in the (n+1)*" place and zero’s elsewhere.
An FK-space (Frechet coordinate space) is a Frechet space which is made up of nu-
merical sequences and has the property that the coordinate functionals py (x) = zy
(k=1,2,3,...) are continuous.

We recall the following definitions (one may refer to Wilansky [18]).

An FK-space is a locally convex Frechet space which is made up of sequences and
has the property that coordinate projections are continuous. A metric space (X, d)
is said to have AK (or Sectional convergence) if and only if d(z™, x) — z as n — oo
(see [18]). The space is said to have AD (or) be an AD space if ¢ is dense in X. We
note that AK implies AD by (one may refer to Brown [2]).

If X is a sequence space, we define
(i) X" = the continuous dual of X;

(i) X*={a = (ar) : 232 |axwy| < oo, for each x € X};
(iii) X? = {a = (ax) : 32, axx}, is convergent, for each z € X};

(iv) X7 ={a = (ax) : sup,, |>r_; axxy| < 0o, for each z € X};

(v) Let X be an FK-space D ¢. Then X/ = {f((S(”)) fe X/}.
X XP X7 are called the a- (or Kéthe-Téeplitz) dual of X, 8- (or generalized Kéthe-
Toeplitz) dual of X, y-dual of X. Note that X® ¢ X? c X7. If X C Y then
Y#* C X*, for up=«,f, or 7.

Let p = (px) be a positive sequence of real numbers with 0 < p < sup, pr = G,
D = max{l,QGfl}. Then it is well known that for all ag, b, € C, (C-the set of
complex numbers), and all k£ € N,

(1.3) |ag + b | < D(|ag [ + [by["*).
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Lemma 1.1. (Wilansky [18, Theorem 7.2.7]) Let X be an FK-space D ¢. Then
(i) X7 c X/.
(ii) If X has AK, XP = X/,

(iii) If X has AD, X® = X".

2. DEFINITIONS AND PRELIMINARIES

Let A : w — w be the difference operator defined by Az = (2, — Z41)5e,, and M
be an Orlicz function, or a modulus function. Let

1/k
I‘M:{:pEw:inm (M (W)) :Oforsomep>0)
—00 p
|l‘k|1/k
Ay=Rx€w:sup | M < oo for some p > 0| .
p p

Define the sets 'y (A) ={r cw: Az € 'y} and Ay (A) = {z € w: Az € Ay}
The space 'y (A) and Ay (A) is a metric space with the metric

_ 1/k
d(x,y):inf{p>0:sup (M(lAIk Ayl )) Sl}.
p p

Because of the historical roots of summability in convergence, conservative space
and matrices play a special role in its theory. However, the results seem mainly to
depend on a weaker assumption that the spaces are semi conservative (see Wilansky
[18]).

Snyder and Wilansky [16] introduced the concept of semi conservative spaces. Sny-
der [15] studied the properties of semi conservative spaces. Later on, in the year 1996
the semi replete spaces were introduced by Rao and Srinivasalu [13].

In a similar way, in this paper we define semi difference Orlicz space c¢s(\d;, and
show that semi difference Orlicz space cs(Ndy is I C es\dy and 'y (A) C 1.

and

3. MAIN RESULTS
Proposition 3.1. I' C 'y, (A).
Proof. Let x € I' and M be an Orlicz function. Then we have
(3.1) 2|7 — 0, as k — .

For a p > 0, we have

A [VE 1 1/k 1 1/k
M (' 2 ) < M (lx’“‘ PRV BEZES U (1.3)
2p 2 p 2 p

— 00, as k — oo by the continuity of M and by (3.1).

This completes the proof. 0
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Proposition 3.2. I'y; C I'y; (A) and the inclusion is strict.

Proof. Let x € I');. Then we have

1/k
(3.2) (M(‘xk‘ )) — 0 as k — oo, for some p >0

P

which follows from the inequality (3.1) and (3.2).
Inclusion follows from the following example.

Ezample 3.1. Consider the sequence e = (1,1,...). Then e € T'y; (A) but e ¢ T'y,.
Hence the inclusion I'y, C 'y (A) is strict.

O
Lemma 3.1. A € (T, ¢) if and only if
(3.3) lim ayy, exists for each k € N,
and
k
(3.4) Sup > | < o00.
n,k ;=0

Proposition 3.3. Define the set d; = {a = (ar) € W : SUP, jen

k n
> <Z ai> < oo}
=0 \i=j
Then [Ty (A)]° = esNd;.
Proof. Consider the equation

(3.5) kiak:ck = kfak (;)yj) = i ( nk aj) ye = (Cy),,

k=0 \j=

where C' = (C) is defined by

_ ) Xikay, HO0<k<n,
C’nk—{ 0. it k>, for n, k € N.
Thus we deduce from Lemma 3.1 with (3.5) that ax = (arpxy) € c¢s whenever

x = (x) € 'y (A) if and only if Cy € ¢ whenever y = (y) € I, that is C' € (I, ¢).
Thus (ax) € ¢s and (ai) € d; by Lemma 3.1 and (3.3) and (3.4) respectively. This
completes the proof. 0

Proposition 3.4. I'y/(A) has AK.

Proof. Let v = {x} € I'yy(A). Then (M (W)) € I'. Hence

(3.6) sup (M (W)) — 0, as k — oc.

k>n+1 P
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d(x,x ) = inf¢p>0: sup | M <1, —0, asn — o0
k>n+1 1%

by using (3.6)
= 2 &z asn— oo

= I'y (A) has AK.
This completes the proof. 0

Proposition 3.5. I'y; (A) is not solid.
Proof. The result follows from the following examples.

Ezample 3.2. Consider (z) = (1) € Ty (A). Let ap = (=1)F, for all k € N then
(ay) & Tpr (A). Hence Ty (A) is not solid.

Ezample 3.3. Let M (z) = z?, for x € [0,00). Consider the sequences (x)) = e.
Then e € 'y, (A). Consider the sequence of scalars (o) defined by ay, = (—1)*, then
(axy) € T (A). Hence Ty (A) is not solid. This completes the proof.

[
Proposition 3.6. (I'y; (A))" =csNdy for p=a, 8,7, f.

Proof. (Step 1) 'y (A) has AK by Proposmon 3.4. Hence, by Lemma 1.1(ii), we get
(Tar (A))? = Ty (A)). But (I'yy (A)) = esNdy. Hence

(3.7) (T (A)) = es (i
(Step 2) Since AK = AD, then by Lemma 1.1(iii), we get (I'yr (A))7 = (I (A))™.

Therefore

(3.8) (Tar (A)) = s

(Step 3) I'ps (A) is not normal by Proposition 3.5. Hence by Proposition 2.7 of
Kamthan and Gupta [3] we get

(39) (T (A))° # (T (A))7 # 5.
From (3.6) and (3.8) we have
(3.10) (Dar (A))” = (Dar (A))" = (Tar (A) = es( .

O

Lemma 3.2. (Wilansky [18, Theorem 8.6.1]) Y D X < Y/ C X/ where X is an
AD-space and Y an FK-space.
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Proposition 3.7. Let Y D ¢ be any FK-space. Then'Y D Iy (A) if and only if the
sequence 0™ is weakly csNd;.

Proof. The following implications establish the result
YOIy (A) < Y/ < (Ty(A), since Ty (A) has AD by Lemma 3.2
& Y Ces(\dy, since (Iy (A)) = cs(di
& for each f €Y', the topological dual of Y, f (5(k)> € csﬂ dq

s f ((5““) is cs(da
& 6™ is weakly cs ﬂ dy.
This completes the proof. O

4. PROPERTIES OF SEMI DIFFERENCE ORLICZ SPACE cs()d;

Definition 4.1. An FK-space AX is called "semi difference Orlicz space cs(d; “ if
its dual (AX)! C esNdy.

In other words AX is semi difference Orlicz space cs(Ndy if f (5(k)) € cs(d; for
all f € (AX) for some fixed .

Example 4.1. T'p; (A) is semi difference Orlicz space e¢s(Ndy. Indeed, if T'p (A) is
the space of all difference Orlicz sequence of entire sequences, then by Lemma 4.1,

(Tar (A)) =esndy.
Lemma 4.1. (I'y; (A)) = esnd;.

Proof. (Ta (A))? = esNdy by Proposition 3.3. But (I'y; (A)) has AK by Proposi-
tion 3.4. Hence (T (A))’ = (Das (A)). Therefore (T'y; (A)) = esd.

This completes the proof. 0
Lemma 4.2. (Wilansky [18, Theorem 4.3.7]) Let z be a sequence. Then (zﬁ,P) is
an AK space with P = (P : k=0,1,2,...), where Py(x) = sup,, |> i, zxxk|, and
P, () = |z,|. For any k such that z; # 0, P, may be omitted. If z € ¢, Py may be
omitted.

Proposition 4.1. Let z be a sequence 2° is a semi difference Orlicz space cs(\dy if
and only if z is cs(\dy.
Proof. Suppose that z° is semi difference Orlicz space of csd;. Then z° has AK by
Lemma 4.2. Therefore 2% = (Zﬁ)f by [18, Lemma 1]. So z” is semi difference Orlicz
space of csNd, if and only if 2% C e¢s(Nd;. But then z € 2%° C csNd;. Hence z is
csNdy.

Conversely, suppose that z is cs(dy. Then 2° D {esdy}’ and 27° < {esNdy }*° =
csNd;. But (zﬂ)f = 278, Hence (zﬁy C ¢sNdy. Therefore 2% is semi difference
Orlicz space of c¢s(\d;. This completes the proof. O
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Proposition 4.2. Every semi difference Orlicz space cs(\dy contains I'yy.

Proof. Let AX be any semi difference Orlicz space of csd;. Hence (AX )f C esNdy.
Therefore f (5(k)) € csNdy for all f € (AX)/. So, {5(’“)} is weakly cs(d; with
respect to AX. Hence AX D T'y (A) by Proposition 3.7. But I'y; (A) D I'y,. Hence
AX D I'y;. This completes the proof. O

Proposition 4.3. The intersection of all semi difference Orlicz space cs(\dy,
{AX, :n=1,2,...}, is semi difference Orlicz space of cs(\d;.

Proof. Let AX = 72, AX,. Then AX is an FK-space which contains ¢. Also
every f € (AX)/ can be written as f = g1 + g2 + ... + Gm, Where g, € (AXH)/ for
some n and for 1 < k < m. But then f ((5’“) = q (5’“) + g2 (5’“) + ... 4 Gm (5’“)
Since AX,, (n=1,2,...) are semi difference Orlicz space of csdy, it follows that
Ji (5'“) € csdy foralli =1,2,..., m. Therefore f (5’“) € cs(dy for all k and for all
f. Hence AX is semi difference Orlicz space of ¢s(\d;. This completes the proof. [J

Proposition 4.4. The intersection of all semi difference Orlicz space cs(\dy s
IC(esNdy)’ and Ty (A) C 1.

Proof. Let I be of all semi difference Orlicz space of ¢s(Ndy,. By Proposition 4.1 we
see that

(4.1) [Cﬂ{zﬁ:z€csﬂd1}:{csﬂdl}ﬁ.

By Proposition 4.3 it follows that I is semi difference Orlicz space of cs(Nd;. By
Proposition 4.2 consequently

From (4.1) and (4.2) we get I C c¢s(Ndy and I'y; (A) C I. This completes the
proof. 0

Corollary 4.1. The smallest semi difference Orlicz space cs(\dy is I C (csﬂdl)ﬁ
and Ty (A) C 1.
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