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THE DOUBLE SEQUENCE SPACE /4y(p, f,q, s)
CEMAL BELEN ' AND MUSTAFA YILDIRIM 2

ABSTRACT. In this paper we introduce the double sequence space ¢5(p, f,q, s) on a
seminormed complex linear space by using a modulus function. We further examine
some properties of this space.

1. INTRODUCTION

The idea of modulus was structured in 1953 by Nakano [4]. Following Ruckle [6]
and Maddox [3], we recall that a modulus f is a function from [0, c0) to [0, 00) such
that

(i) f(z) =0 1if and only if x = 0,

(i) fzr+y) < f(z)+ f(y) for all z > 0 and y > 0,
(iii) f is increasing, and
(iv) f is continuous from the right at 0.
Since |f(x) — f(y)| < f (| —yl|), it follows from condition (iv) that f is continuous
on [0,00).

A double sequence z = (z,;) of real numbers, j,k € N, the set of all positive
integers, is said to be convergent in the Pringsheim’s sense or P-convergent if for
each € > 0 there exists N € N such that |z, — L| < € whenever j,k > N and L
is called Pringsheim limit (denoted by P-limx = L) [5]. A double sequence z is
bounded, i.e. z € %, if there exists a positive number M such that |z;,| < M for
all j and k.

Let X be a complex linear space with zero element 6§ and X = (X, ¢) be a semi-
normed space with the seminorm ¢q. By w?(X) we denote the linear space of all
double sequences x = (zy;) with x5 € X under the usual coordinate-wise operations:
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ar = (axy) and x +y = (v + yr) for each a € C, the set of all complex num-
bers. Let p = (pg;) be a double sequence of strictly positive real numbers and f be a
modulus. We now define the following double sequence space; such type of space for
single sequences was defined by Bilgin in [1]:

Uy (p, frq,8) = {x e w*(X): § (kD)7 [f (q ()] < 00, s> O} )

k=1

If we take s = 0, f(z) = z and ¢ (x) = |z| (or X = C), then we obviously get the
sequence space {5(p) given in [2].

Let g1, g2 be seminorms on X. Then ¢ is said to be stronger than ¢, if there exists
a constant L such that ¢a(x) < Lgi(x).

2. LINEAR TOPOLOGICAL STRUCTURE OF /5 (p, f,q, s)

Theorem 2.1. U5 (p, f,q,s) is a linear space if and only if suppy < co.
ki>1

Proof. Let H = suppy. Then for any =,y € ¢5 (p, f,q, s), we have
e >1

(2.1) |z + Y| < C {|aer ™ + |y}

where C' = max (1, 2H *1). Hence using this inequality and from the definition of f,
we have

(D)™ {f (g (Ao + pywa)) }7 (KD {f (¢ Aow)) + f (g (pyw)) }
(RO {S (N g (@) + (el g () 3
(k0 CLF (Mg () + f (el g ()}
C {1+ (A (kD) [f (g ()™

CH{L+ [ull}™ (k1) [f (g (g™

for any A\, € C, where [t|] denotes the integer part of . When adding the above
inequality from k,l = 1 to oo, we get Az + uy € Uy (p, f,q,s). Hence U5 (p, f,q,s) is a
linear space.

Conversely, suppose that £5 (p, f,q, s) is a linear space but sup;, ;»; pr = oo. Then
for all positive integers 7, 7, we have -

IAIACIN A

+

Pr(i)iG) >t + 7

where both of the sequences k(i) and I(j) are strictly increasing sequences of positive
integers or one of them is strictly increasing and the other is nondecreasing. In this
case, choose f(x) =z, q(x) = |z| and consider the sequence (xy;) where

N { (k1)*/P 2= (+D/pt | if | = k(i) and | = I(§);
kl —

0, otherwise.
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Then
o s o 1
> () (g @)™ = > gits <
k=1 i,j=1
whence x € 05 (p, f,q,s). On the other hand,
> 1 1
Z (kD)™ [f (q (2z))]* Z 2pk()l(J) > Z P L — — =00
k=1 4,j=1 i,j=1 2+

whence 2z ¢ U5 (p, f,q,s) and this contradicts with the fact that ¢, (p, f,q,s) is a
linear space. Therefore, supy ;~; px must be finite. This completes the proof. [l

Theorem 2.2. Let H = suppy < oo and M = max(1, H). Then
ke >1

o 1/M
(i) L2 (p, f,q,s) is a paranormed space with g(x) = {klzzjl (kD)™ [f (q (xkl))]p’”} ,

(i) If (X, q) is complete, then lsy (p, f,q, s) is a complete linear metric space with the
paranorm g defined in (i).

Proof. (i) Clearly g(f) = 0 and g(—z) = g(x) for all x € ¢;(p, f,q,s), where § =
(0,6,...). Tt also follows from (2.1), Minkowski’s inequality and the definition of f
that ¢ is subadditive and

g(\z) < KM g ()

where K is an integer such that |A\| < K. Therefore the function (A, x) — Az is
continuous at A = 0, z = 6 and when A is fixed, the function x — Az is continuous
at © = 6. If x is fixed and € > 0, we can choose kg and [y such that

S S R @)™ S SR I (g ()

k=1l=lp+1 k=ko+1l=1

+ i i (KD~ [f (g (zr)) ] <

k=ko+1l=lp+1
Thus R(Ax) < /2 since |A| < 1 and 6 > 0, so that |[A\| < § gives

ko lo

SN TR f (g ()] < g

k=11=1
Therefore |[A| < min (1,d) implies that g(Ax) < /2. Thus the function A — Az is
continuous at A = 0 and so ls (p, f, q, ) is a paranormed space.
(ii) Let 29 = (z}) be a Cauchy sequence in ¢, (p, f,q,s), i.e, for every & > 0
(0 < e < 1) there exists a positive integer N = N(g) such that

DN ™

0o 1/M
(2.2) g(:zjij - xrt) _ { Z (k‘l)is {f (q (372]1 . xﬁ))]pkl} e

k=1
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for all ¢, j,r,t > N. Since f is modulus and

{07 [ (a (wt = 2))] "} < gt = o)
for each fixed k and [, it follows that
q (xij — xrt) <e

for all i,,7,t > N. Hence (z}) is a Cauchy sequence in X and therefore (z3}) — yp
as i,j — oo for each fixed k and I. Put y = (yi). From (2.2), we may write

PQ ) . ,

> (kl)7? [f (q (x}d - x{d))}pkl <eM (P.Q=1,2,...), for all i,j,r,t > N. Since f
k=1

is continuous, letting r,¢ — oo and then P, () — oo we obtain

e i Dkl
00 et <

for all 4,7 > N. Therefore we have g (z/ —y) < ¢ for all 4,7 > N and this proves
that g (z —y) — 0 and y € 45 (p, f,q,s). Hence 5 (p, f, q, s) is complete. O

3. INCLUSION RELATIONS

Theorem 3.1. Let f, f1, fo be modulus functions, q, q.,qs be seminorm functions and
let s, 81,89 > 0.
(i) If s > 1, then Uy (p, f,q,s) C L2 (p, f o f1,q,s), where f o fi denotes the compo-
sition of f1 and f.
11) EQ (p7 f17Q7 S) ﬂ€2 (p7 f27q7 S) C €2 (p7f1 +f27Qa 3)'
(ll) EQ (p7 f) qi1, S) N 62 (p7 fa q2, 8) C 62 (pa f7 q1 + qo, 3)'
(iv) If 1 is stronger than qs, then ls (p, f,q1,8) C Lo (p, f, G2, S).
t
(V> ]fhmsupilEt; < oo, then 62 (pa f27 q, S) C 62 (p7 flu q, 5)'
t—o0 2
(Vl) ]f S1 S 52, then 62 (p7 fa q, 81) - 62 (pa f7 q, 52)'

Proof. (i) Let ¢ > 0 and choose ¢§ with 0 < ¢ < 1 such that f(t) < e for 0 <t <.
Write ty; = f1 (¢ () and consider

SR )™ = S0 (R ™ + S0 (R [ ()™
= s s

For t;; > 0, if we use the fact that

thi thi
ty < g
< s 5

it follows that

() <20 (14,
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since f is increasing. Now let « € 45 (p, f,q,s) and s > 1. Then we have

S (k)T () < max (1,e7) 8 (k)

k=1 k=1

H
2f (1 >
+ max (1, lf()] ) S (kD)7 [t < 0.
) k=1
This completes the proof of (i).
The proofs of (ii) and (iii) follow from inequality (2.1). Also, (iv), (v) and (vi)
follow easily. 0

We get the following sequence spaces from /s (p, f,q,s) by choosing some of the
special p, f,q and s :

by (p,q,s) = ¢z € w*(X):

-
—~
™
~

T8 T8 T8
=

—_

) g ()™ < 00, 5> 0} ;
by (f,q,8) =<z € w(X): ) 7 g (zr)] < o0, SZO},

1 (q ()" < o0, > o} ,

x>
ey

b (p, f,q) = {z € w*(X)

:k 1
by (p,q) =z € w*X): kil [q (xp)]"" < 00, s> 0},
b (fiq) = xer(X):kil[f(q(xkl))] < 00, 320}7

éﬂ@:{wa%X%ki

From Theorem 3.1, we get the following inclusion relations for these newly defined
sequence spaces.

q(zp) < 00, 320}.
1

Corollary 3.1.

(i) If s > 1 and f is any modulus, then {5 (p,q,s) C ly(p, f,q,s).

(ii) L2 (p, f,q) C ba (p, f,q, 5).
(iii) €2 (p,q) C L2 (p, g, $).
(IV) 62 (f, q) C 52 (f; q, 8)'

Now, let c2(q) and ¢2 (¢q) denote the space of all bounded and null sequences in
Pringsheim’s sense, respectively. That is,

ale) = {:c € w’(X) : P- klz@ooq(m) = 0}7

Cog) = {fc € w*(X) :supg (au) < OO} :

These spaces are given by Tripathy and Sarma in [7].
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Theorem 3.2.

(i) £2(f,q) C L2 (q).
(ii) €2 (p, f.q) C c5(q).

Proof. (i) Assume that « € {5 (f,q) but « ¢ ¢5(q). Then there are two cases:
(a) There exist strictly increasing sequences (m(i)) of positive integers and n(1) <
n(2) < --- < n(jo) for some fixed jy € N such that

m(z) n(j)

(3.1) > Yo qlaw)>1

k=m(i—1)+1k=n(j—1)+1
for all positive integers ¢ and for 1 < j < jo, where m(0) = 0 and n(0) = 0 (or there
exist strictly increasing sequences (n(j)) of positive integers and m(1l) < m(2) <
.-+ < mf(ip) for some fixed iy € N such that (3.1) holds for all positive integers j and
for 1 <i < ip). Then we have

f(1)

IN

m(1) n(J)
f > > qlxw)
k=m(i—1)+1k=n(j—1)+1
m(i) n(j)

< > > fla(zw))

k=m(i—1)+1k=n(j—1)+
for each i, 7. But since z € 45 (f,q), we have
m(i) )

n(j
P- lim Z Z fg(zw)) =0,

IO fmm(i—1) + 1k =n(j—1)+1

which implies that f(1) = 0. This contradicts with the definition of f.
(b) There exist strictly increasing sequences (m(i)) and (n(j)) such that (3.1) holds
for all positive integers i, j. The proof of this case is similar to that of (a).

(ii) Let « € £y (p, f,q). Then there are integers ko and [y such that

[f (g (z))]P™ <1
for all k > kg and [ > [y. So
[f (¢ (xkl))]H <[f (g (zw))]"™, for k> ko and | > l,.

Hence
P- lim [f (¢ (zw)))" =0

k,l—o0
and since f is modulus, we have

P- kllim q(rr) =0
which completes the proof. [l
Theorem 3.3. Let 0 < pyy < tiy < 0o. Then Uy (p, f,q) C la (¢, f,q).

Proof. The proof is easy. So we omit it. O
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Corollary 3.2.
(i) If 0 < piy < 1 for all k and I, then €y (p, f,q) C {5 (f,q).
(

(i) If pr > 1 for all k and I, then €5 (f,q) C l2 (p, f,q).
(iii) If 0 < pry < 1 for all k and 1, then {5 (p,q) C 2 (q).
(iv) If prr > 1 for all k and 1, then €5 (q) C ly (p, q).

Theorem 3.4. Let s > 1. Then,
(1) Ego (Q) - 62 (p7 fv q, S)‘
(ii) If f is bounded, then Uy (p, f,q,s) = w* (X).
(iii) If q is bounded, then ly (p,q,s) =l (p, f,q,5) = w* (X).

Proof. (i) If z = (z1) € (%.(q), then there exists K > 0 such that ¢ (zy) < 1+ [K]
for k and [. Hence s > 1 implies

52 (7 I a1+ ) sup (P 3 ()7 < 00

which proves (i).
(ii) Let s > 1 and f be bounded. Then for any x € w? (X), we have

[e.e]

S ()7 1 (g () < max (1, fsup £ (1) - £ > 0 S (6™ < o0,

k=1 k=1

which proves that f5 (p, f,q,s) = w? (X).
(iii) Let s > 1 and ¢ be bounded. Then for every u € X there exists a positive
constant K such that ¢ (u) < K. Therefore for any x € w? (X),

(k1) [g (zr)]™ < max (1, K7) > (k)™ < oo,
kl=1 ke l=1

so that £y (p,q,s) = w?*(X). Also, since f is continuous and increasing, for any
r € w? (X),

S (kD) [f (q ()P < max (1,[f (K)]7) 30 (kD)™ < 0.

k=1 k=1
Hence 62 (p7qas) E€2 (p7f7Q>S> = w® (X> O
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