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A GENERAL SUBCLASS OF CLOSE-TO-CONVEX FUNCTIONS
LIANGPENG XIONG ! AND XIAOLI LIU 2

ABSTRACT. In this present work, we consider a general subclass C*[A, B] of close-

to-convex functions, which denote by f(z) =z + > anz" in U = {z : |z| < 1} and
n=2

which satisfy the following condition:
!/ ! / !/
(=) 0

—i 7(2)

, (-1<B<AK1),

9'(2)
where g¢(z) is convex univalent function in U. It gives a sufficient condition for
functions to belong to the class investigated. Moreover, we derive some properties
including the coefficient bounds as well as distortion theorem. Some radius problems
and relationship with other class are also solved. The results presented here would
generalize many earlier work.

1. INTRODUCTION

Let A denote the class of functions f(z) normalized by
f(z) =2+ a,z", (1.1)
n=2

which are analytic in the open unit disk U = {z: z € C, |2] < 1}.

Let X and C be the usual classes of convex and close-to-convex functions in U,
respectively.

Suppose f,g are analytic in the unit disk U. f is said to be subordinate to g,
written f < g, if there exists an analytic function w(z) with |w(z)| < |z| < 1, such

that f(z) = g(w(2)).
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A function f(z) € A is said to be in the S*[A, B] if it also satisfies the following

relationship:
z2f'(z) 1+ Az

—-1<B<AKI1, . 1.2
8 <1+Bz’ < zeU (1.2)
In [11], Silvia defined and studied the class
2f'(2)
CslA, B =<5 feA|Re o(2) >3,0< 6 <1,9(z2) € ST[A,B],z € Uy.
K.I. Noor [5] extended the results of Silvia by investigating the class
/ /
C3lA, B] = {f ceA| Re(zgl((;))) > 3,0< 5 <1,9(z2) € S*[A,B],z € U}.

In 2004, C. Selvaraj [10] studied various properties of the class C” of functions f € A
satisfying

fReZ;c(,S) > 0, g(z) e X,z e U.

Furthermore, Z.G. Peng [9] and B.S. Mehork et al [4] defined and discussed more
general class C'[a, §] and J[A, B, respectively. Here,

o, ] = {f c ‘A|Z§(IS> - 1+ (1234_ gzl)ﬁz

z2f'(2) - 1+ Az
g(2) 1+ Bz’

,g(z)6%,0<0¢<1,0<5<1,26U},

J[A,B]:{f€A| g(Z)EK,—1<B<A<1,Z€U}.

In this paper, we consider the class C*[A, B] of functions f(z) = Y a,z" analytic in

n=2
U satisfying for some g(z) € K the condition
!/ / / !/
M—1<A—BM, (-1<B<AKL]). (1.3)
q'(2) q(z)

By simple calculations we see that the inequality (1.3) is equivalent to
(zf'(2)) - 14+ Az

1<B<A<1:€l, 14
q(2) 1+ Bz’ * € (1.4)

where

g(z) =2+ > _ b2" € K. (1.5)
n=2
In particular, C*[1, —1] = C*(0),C*[1 — 28, —1] = C*(), (0 < 8 < 1). C*(0) and
C*() have been investigated in [6] and [7].
It is clear that
C*[A,B]|Cc J[A,B]cC' cC.

Obviously, the functions in C*[A, B] are close-to-convex and hence univalent.
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2. PRELIMINARY RESULTS

253

In order to discuss the class C*[A, B], we need the following important lemmas:

Lemma 2.1. [3] If a function
1+ Az

, —-1<B<AK1,
1+ Bz

p(z) =1+ anz" <

n=1
then |p,| < A — B. The inequality is sharp.
Lemma 2.2. [2] If a function
1+ Aw(z)
p(z) = 14 Bw(z)’
and w(z) is reqular in U with w(0) = 0 and |w(2)| < 1, then on |z| =1 <1

—-1<B<AKI1,

(A—B)r
/ T —AN(-Br)’ Ry < Ry,
ReP (2) >
p<z> - \/(1-B)(1-A)(1+Ar2)(1+Br2)—(1-ABr?) | A4p
2 (A—B)(1—r2) + 45, Ri> R,

where

Ja-Ha+ar) o 1-ar

= Ja-B+Bm)  1-Br

Lemma 2.3. [1, 8] Let N and D be analytic in U, D maps onto a many-sheeted

starlike region, N(0) =0 = D(0). Then
N'(z) 1+Az N(z) 1+ Az
< = < .
D'(z) 14+Bz D(z) 1+Bz

Lemma 2.4. Let g(z) be a convex function, and definite G(z) = Oz@dt. Then

G(z) e K.

Proof. Since
G(z) = /0 i)dt,

(:G'(2)) _ 29'(2)
G'(2) 9(z)

we have

Now, g(z) € K, so
(29'(2)) 142
~ :
gz 1=z
Using (2.1), (2.2) and Lemma 2.3, we have
(zG'(2))  z24'(z2) 14z
= < ,
G'(2) g(2) 1—=2

which completes the proof of Lemma 2.4.

(2.1)

(2.2)
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3. MAIN RESULTS AND THEIR DEMONSTRATIONS

Theorem 3.1. If a analytic function f in U defined by (1.1) satisfies the inequality
Zn 1+|B||an|+z (1+|A)b, | <A-B, -1<B<AKLI, (3.1)

where forn = 2,3, ..., the coefficients b, are given by (1.5), then f € C*[A, B].
Proof. We set f to be given by (1.1) and g € X defined by (1.5). Then
T = [(zf(2)) = d(2)] = |Ad'(z) = B(zf"(2))]

o0

= > nfa,2" =Y nb2" | — |[(A— B) + Z Anb, 2"t + Z B)n*a,2""!
n=2

n=2 n=2
) [es)
< o nPfan] 2"+ Y nfba| [z
n=2 n=2

— [(A=B) = > [Alnlballz[""" = > |Bn®|an||z["""]
n=2 n=2

= —(A=B)+ > (n’lan| + 1| Bllan|) 2" + 3 (nlba] + [Aln]ba])] 2"

n=2 n=2

Hence, for z € U, using (3.1) we have

T < —(A-B)+ > (0’|an] + 0’| Bllan]) + 3 (nlba] + [Alnba])

n=2 n=2
= —(A-DB) +Z (1+|B|) |any+z (1+ |A])|b,|
n=2 n=2

< 0.
From the above calculation we have
(=F(2)) - ¢'(2)] < |Ag'(2) — B(=F'()),
which is equivalent to the inequality (1.3). Thus f € C*[A, BJ. O

Theorem 3.2. If the function f(z) € C*[A, B| is defined by (1.1), then

| ’<1+n—1
n| X —
2n

(A—-B), n = 2.

The result is sharp.

Proof. Suppose the functions f(z) = z + n§2 a,z" € C*[A, B]. Then according to the
definition, there exists a function g(z) = z + ni_z b,2" € X, such that

(=1/(2)) 1+ 4z
I AR e

(3.2)
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So (2f'(2))" = ¢'(2)p(z). Further, by letting p(z) = 1+ p1z + p22? + p32® + ... and
using (3.2), we have

1+ Z n?a,z" ' = (1+ Z nb,z" (1 + anz"), n > 2. (3.3)
n=2 n=2 n=1
Equating the coefficients of z"~! in (3.3), then

N, = pu_1 + 2bopn_o + 3bspp_z+ - + (n — 1)bp—1p1 + nby, n = 2.

Using the Lemma 2.1, we have

n*la,| < nlb.] + (A= B)[1+2|ba| +3|bs| + -+ + (n — 1)]bu_1]]
< n+(A=B)[1+2+3+4+....4+(n—1)
n(n —1)

= n+(A—-B) 5

n = 2.
So

1 -1
lan| < —+ 2 2(A—B), nx2
n n

For n = 2, equality holds with the functions f,(z) defined by

1 1+ Axgz™
(1 —x12)?21 4 Bxgz®

s |ZL‘1| = ]_, |I2| =1.

(2fn(2)) =

Remark 3.1.
(I) As the special case when A = 1 and B = —1 in Theorem 3.2, the result was
proved by K.I. Noor [6, Theorem 2.2(i)].
(IT) If weset A=1-203 (0< < 1), and B = —1 in Theorem 3.2, we obtain the
result proved by K.I. Noor [6, Theorem 4.4(i)].
Theorem 3.3. If f € C*[A,B],-1< B< AL, |z| =7 <1, then
(a) If B # =1, then Ly < [f'(2)] < Lo, Ly < [f(2)] < L, where
A-B 1—Br 1+ A

_ 1 3.4
AT BE N it TR+ (3:4)
A—-B 1—r 1+ A
2 = n + 5
r(l1+B)? 1+ Br (1+B)(1-r)

7/ A-B | 1-Bt 1+4 ,

T B2 1+t  (A+B)(A+t)] "

4:/’”[ A—B 1—1 1+ A ]dt.
0

i1+ B)Y "1T+Bl  (1+B)(1-1
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(b) If B = —1, then My < |f'(2)| < My, M3 < |f(2)] < My, where
1+A A 1
M (1) r(147) +§(1_A)’
1+ A A 1
M, = * +7(A_1)7

r 1+ A A 1
M3_/() [_ A+ 12 1 +1) +215<1_A)]dt’

M= /0 [Qtzf—i)? a t(lfi n 21t(A a 1)] d.

Estimates are sharp.

Proof. As f € C*[A, B], there exists a function g € X, such that (zf'(2)) =

where _
+ Az
h(z) < T Bs
It is easy to see that
1— Ar 1+ Ar
l—Br\|<)| 1+ Br
Again, g(z) € X implies that (see [12])
1 , 1

A SWEls g
Setting F'(z) = zf'(z), we have
1—Ar 1+ Ar
(1—Br)(1+7r)?2 = P (=) < (14 Br)(1—r)*

For z = re?, we have

F(2) :/ F'(oe™)edo.
0
Following the (3.8) and (3.9), we get

1+ Ao
F'(0e®)|d \/ d
) < [ 1F (o) ldo T B0 —ar®

A—B r 1+4A r .
{(lJrB 1n1+Br+1+Bl 5 B#F-L

1+A
e — i t3(A-1) B=-L

(3.6)

g (2)h(2),

(3.8)

(3.9)

(3.10)

To prove the lower bound of |F(z)| we proceed as follows. Let § be the radius of
the open disc contained in the map of U by F(z). Let 2z be the point of |z| = r for
which |F(z)| attains its minimum value. This minimum increases with r and is less
than . Hence, the linear segment I' connecting the origin with the point F(zy) will
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be covered entirely by the values of F'(z) in U. Let v be the arc in U which is mapped
by w = F(z) onto this liner segment. Then

FEN > PG| = [lao] = [ |F@Edz] > [ 17

< /7“ 1-— Ao d
Z b A—Bo1+or2”

{ A—B In 1—B7“+ 1+4A r B#—l,

(1+B)? 14+r 14+B 1+r

A A
_2(11+W+1Tr+%(1_14) B=—1. (3.11)

Since F'(z) = zf'(z), combining (3.10) and (3.11) we get the required result (3.4) and
(3.6). Furthermore, with the same progress, if we integrate (3.4) and (3.6), then (3.5)
and (3.7) follows.

For n = 2, equality holds with the functions f,(z) defined by

1 14 Axs2™
/ o
() = (1 —x12)?1 4 Bxgz"

y |Z‘1| = ]_, |(L’2| =1.

Remark 3.2.
(I) As the special case when A = 1 and B = —1 in Theorem 3.3, the result was

(IT) If setting A=1—-28 (0 < f < 1) and B = —1 in Theorem 3.3, we obtain the
result proved by K.I. Noor [6, Theorem 4.4(ii)].

Theorem 3.4. Let F(z) = zf'(z), where f(z) € C*[A,B] (-1 < B< A< 1), then

1—7r (A-B)r
R (zF'(2)) - {Hr ~ (=An(1-Br)’ Ry < Ry,
67
F'(z2) 7 ) ier | oA/ (=B)(-A)(1+Ar?)(1+Br2)—(1-ABr?) | sipB
(=) e A—B)1—7) + 45, > Ry,

where Ry, Ry are as defined in Lemma 2.2 above.

Proof. Since f(z) € C*[A, B], we can write

(ng//((j)))l = h(z) < iigz, g9(2) e X
Hence F(z) = zf'(2). So
2F(2) = 2(5 () = 2(:) L E) — g on)

Now

Y = + . (3.12)
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Further g(z) is a convex function, which is sufficient to show
(29'(z))  1+=
= .
9'(z) 1—2

It is well known that the images of closed disc |z| < r under all the transformation

(3.13)

w = p(z) where p(z) = iiggg; with w(z) regular in U, w(0) =0 and |w(z)| < 1in U,
are contained in the closed disc with the centre C' and the radius P where

1 — ABr? (A— B)r

1— B2p2’ 1 — B2

So following (3.13), we have

(2¢'(2))  1+7r? - 2r
J'(2) 1—r2] 1 —p2

Thus
AC) IR '
From Lemma 2.2 and h(z) € P[A, B], we obtain
A—B)r
iReZh/(Z) - _%7 Ry < Ry,
= 1-B)(1-A)(1+Ar2 Br2)—(1—-ABr?
h(z) 9V (1-B)( )EAtB)()l(ii_?) )—( ) AB ORISR, (3.15)

where Ry, Ry are as defined in Lemma 2.2 above. Combining (3.14) and (3.15) with
(3.12), we get the required result. O
Theorem 3.5. If F'(z) = zf'(z) and f(z) € C*[A, B], then

(I) For 3_2\/5 < A < 1, F(z) is a convex function in |z| < ry, where 1o is the

smallest positive root of

ABr® — B2+ A)yr* + 24+ 1)r —1=0. (3.16)

(IT) For —1 < A < 3’2\/5, F(z) is a convex function in |z| < ry, where ry is the

smallest positive root of

B(l—Ayr*—2B(1—-A)r* +[1—AB—-2(A-B)jr* =2(1 = A)r+1—A=0. (3.17)

Proof. Using Theorem 3.4, the bound of convexity for F'(z) is determined either from
the equation
ABr® — B2+ A)r* + 2A+1)r —1 =0,
or from the equation
B(l1—-Ayr*—2B1— A +[1 —AB—-2(A—B)|r* —2(1 = A)r +1 - A=0.
Taking Ry = Ry in Theorem 3.4, it yields
ABr* —2ABr® + (2A+2B - AB—1)r* —2r+1=0. (3.18)
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Eliminating 7 from (3.16) and (3.18), we obtain
(14 B)(BA? —2BA* +2A—1) =0, (3.19)
which determines the transition from r¢ to r;. If B # —1, then we have
. 2A-1
A%2(2 - A)
In fact, B < A implies that 0 < (1 — A)*(1 + A) holds. On the other hand, B =

% > —1 implies that A < 3_—2‘/5 < 1. If B = —1, eliminating r from (3.16) and

(3.18), we obtain A2 — 34+ 1 =0, soA:3_T\/5. O

B AL

Corollary 3.1. Let F(z) = zf'(z), where f(z) € C*(0), then

(zF'(2)) < r?—2r—1

Re F'(2) =1 =2

and F(z) can not be a convex function in U.

Proof. By setting A =1, B = —1 in Theorem 3.4 and Theorem 3.5 above, Corollary
3.1 is obtained. U

Corollary 3.2. Let F(z) = zf'(z), where f(z) € C*[1, 3], then

(zF'(2)) - —r3 +3r —6r +1
F'(z) — (Q+r)(1—=r)(2-1)

and F(z) is a conver function in |z| < ro, where ry is the unique root in the interval
(0,1] of the equation

Re (3.20)

—1+3r2 —6r+1=0.

Proof. The (3.20) is generated by putting A = 1, B = 5 in Theorem 3.4 and Theorem
3.5. Furthermore, by letting

L(r) = —r* +3r* — 6r + 1,
we deduce that
L(0)=1>0, L(1)=-3<0, L'(r)<o0 (r € (0,1])
which completes the proof of Corollary 3.2. 0

Theorem 3.6. Let f(z) € C*[A, B] with respect to the convex function g(z) € X,

and let
F(z) = /O Zfit)dt, G(z) = /O ’ g(tt)dt.

Then F(z) € C*[A, B] with respect to G(z).
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Proof. Since Let f(z) € C*[A, B] with respect to the convex function g(z) € X, so
(zf'(2)) - 1+ Az

q(z) 1+ Bz (3:21)
From Lemma 2.4, it is easily seen that G(z) € K. Furthermore, we have
CFRY _ @) 52
G'(2) 9(2)
Following (3.21), (3.22), and Lemma 2.3, it gives
(zF'(2)) ~ 1+ Az
G'(z) 1+ B2’
which completes the proof. O
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