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STRONG CONVERGENCE OF AN IMPLICIT ITERATION
PROCESS FOR ASYMPTOTICALLY NONEXPANSIVE IN THE
INTERMEDIATE SENSE MAPPINGS IN BANACH SPACES

G. S. SALUJA

ABSTRACT. The aim of this article is to study an implicit iteration process with
errors for a finite family of non-Lipschitzian asymptotically nonexpansive in the
intermediate sense mappings in Banach spaces. Also we have established some
strong convergence theorems for said scheme to converge to common fixed point.
The results presented in this paper extend and improve the corresponding results
of [1], [3]-[11], [13], [14], [16] and many others.

1. INTRODUCTION AND PRELIMINARIES

Let C' be a nonempty subset of a real Banach space E. Let T': C' — (' be a mapping.
We use F(T') to denote the set of fixed points of T, that is, F(T) = {x € C' : Tx = z}.
Recall the following concepts.

(1) T is nonexpansive if
(1.1) [Tz =Tyl < llz—yl,

for all z,y € C.

(2) T is asymptotically nonexpansive if there exists a sequence {a,} in [1,00) with
a, — 1 as n — oo such that

(1.2) [Tz =Tyl < anllz—yl,
forall z,y € C' and n > 1.

(3) T is uniformly L-Lipschitzian if there exists a constant L > 0 such that

(1.3) 7"z =Tyl < Lllz—yl,

Key words and phrases. Asymptotically nonexpansive in the intermediate sense mapping, com-
mon fixed point, implicit iteration process with errors, Banach space, strong convergence.

2010 Mathematics Subject Classification. Primary: 47H09, Secondary: 47H10.

Received: August 21, 2011.

237



238 G. S. SALUJA

for all z,y € C' and n > 1.

It is clear that every nonexpansive mapping is asymptotically nonexpansive and
every asymptotically nonexpansive is uniformly Lipschitzian.

The class of asymptotically nonexpansive mappings was introduced by Goebel and
Kirk [4] as a generalization of the class of nonexpansive mappings. 7" is said to be
asymptotically nonexpansive in the intermediate sense [2] if it is continuous and the
following inequality holds:

(1.4) lim sup sup (||T":c —Ty|| — ||z — y||) < 0.
n—oo x,yGC

From the above definitions, it follows that asymptotically nonexpansive mappings
must be asymptotically nonexpansive in the intermediate sense and asymptotically
quasi-nonexpansive mapping. But the converse does not hold as the following example
shows:

Ezample 1.1. Let X = R be a normed linear space and K = [0,1]. For each x € K,
we define

) kx, itz #0,
T(I)_{ 0, ifz=0,
where 0 < k < 1. Then
|T"x — T"y| = k" |z —y| < |z — y|

for all z,y € K and n € N.
Thus T is an asymptotically nonexpansive mapping with constant sequence {1}
and

limsup{|T"z —T"y| — |z —y|} = limsup{k"|z —y|— |z —y[}
< 0

because lim,, ... k" = 0 as 0 < kK < 1 and for all z,y € K, n € N. Hence T is an
asymptotically nonexpansive in the intermediate sense mapping.

Ezample 1.2. Let X =R, K = [-1, 1] and |k| < 1. For each z € K, define

0, if x =0.
Then T' is an asymptotically nonexpansive in the intermediate sense mapping but
it is not asymptotically nonexpansive mapping.

T(z) = { kx sin(l/z), if x #0,

Let E be a Hilbert space, let K be a nonempty closed convex subset of F, and let
{11, T5,...,Tx}: K — K be N nonexpansive mappings. In 2001, Xu and Ori [17]
introduced the following implicit iteration process {z,} defined by

(15) Tp = OQpTp-1+ (1 - an>Tn(mod N)Tps T > 1,
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where g € K is an initial point, {a,},>1 is a real sequence in (0, 1) and proved the
weakly convergence of the sequence {z,} defined by (1.5) to a common fixed point
peF=n5 F(T).

In 2003, Sun [13] introduced the following implicit iterative sequence {x,}
(1.6) T, = (1—au)r, 1+ oznTilzfln)xn, n>1,
for a finite family of asymptotically quasi-nonexpansive self-mappings on a bounded
closed convex subset K of a Hilbert space E with {«,} a sequence in (0,1) and an
initial point xy € K, where n = (k(n) —1)N +i(n), i(n) € {1,2,..., N}, and proved
the strong convergence of the sequence {z, } defined by (1.6) to a common fixed point
p € F=NL F(T).

Recently, in 2006, Gu [6] introduced the following implicit iterative sequence {x,,}
with errors

Ty = (1—oap)Tn1+ O‘nﬂlzfzg)yn + Up,
(1.7) o = (1= )20+ BTy w0+ vn, 0> 1,

for a finite family of asymptotically nonexpansive mappings on a closed convex subset
K of a Banach space X with K + K C K, {«,} and {0,} be two sequences in [0,1],
{u,} and {v,} be two sequences in K, and an initial point xy € K, where n =
(k(n)—1)N+i(n), i(n) € {1,2,..., N}, and proved the weak and strong convergence
of the sequence {z,,} defined by (1.7) to a common fixed point p € F = NY, F(T;).

It should be pointed out that the sequence defined by (1.6) is a special case of the
sequence defined by (1.7) with w, = v, =0, 5, =0, for all n > 1.

Recently concerning the convergence problems of an implicit (or nonimplicit) itera-
tive process to a common fixed point for a finite family of asymptotically nonexpansive
mappings (or nonexpansive mappings) in Hilbert spaces or uniformly convex Banach
spaces have been considered by several authors (see, e.g., Bauschke [1], Chang and
Cho [3], Goebel and Kirk [4], Gornicki [5], Gu [6], Halpern [7], Lions [8], Osilike [9],
Reich [11], Schu [12], Sun [13], Tan and Xu [14], Wittmann [16], Xu and Ori [17] and
Zhou and Chang [18]).

Inspired and motivated by [6, 13, 17] and many others, we introduce the following
implicit iterative sequence {z,} with errors defined by

Tp = QpTp_1+ ﬁnjjzfg)yn + YnUn,

(18) Yn = Oznajn—l + ﬁAnT‘ZIZ(n):En + P)/Anvna n 2 17

n)
where n = (k(n) —1)N+i(n), i(n) € {1,2,..., N} = I, is called the implicit iterative
sequence for a finite family of asymptotically nonexpansive in the intermediate sense
mappings {T;},, where {an, }, {Ba}, {1}, {dn}, {B.} and {7,} are six sequences in
[0, 1] satisfying «,, + 5, + v = @ + B+, =1forall n > 1, z0 is a given point in
K, as well as {u,} and {v,} are two bounded sequences in K.
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The purpose of this article is to study an implicit iterative sequence with errors
defined by (1.8) for a finite family of asymptotically nonexpansive in the intermediate
sense mappings in Banach spaces and establish the strong convergence theorems for
said iteration scheme and mappings.

In what follows we need the following lemmas to prove our main results:

Lemma 1.1. (see [15]) Let {a,} and {b,} be sequences of nonnegative real numbers
satisfying the inequality

An+1 S G, + bn7 n Z 1.

If 00 1 by < 00, then lim, . a, exists. In particular, if {a,} has a subsequence
converging to zero, then lim, .. a, = 0.

Lemma 1.2. (Schu [12]) Let E be a uniformly convexr Banach space and 0 < a <
t, <b <1 foralln > 1. Suppose that {x,} and {y,} are sequences in E satisfying
limsup,, .. ||za]| < 7, limsup,_ o [|ynl] < 7, lim, oo ||tazn + (1 — o)yl = 7, for
some r > 0. Then lim, . ||z, — ynl| = 0.

Lemma 1.3. Let E be a real Banach space and C' be a nonempty closed conver subset
of E. Let {T;}Y.,: C — C be N asymptotically nonexpansive in the intermediate sense
mappings with F = Y., F(T;) # 0. Put

19 A= max{o, s (T =Tyl — -yl ) i€ 1],
z,yeC,n>1
wheren = (k—1)N+i, k = k(n), i =1i(n) € {1,2,...,N} =1, such that >2° | A, <
o0o. Let {u,} and {v,} be two bounded sequences in C, and let {ay,}, {Bn}, { M},
{d,}, {Bn} and {7, } be siz sequences in [0, 1] satisfying the following conditions:
(i) 7 =sup{f,:n>1} < 1;
(iil) Y02, m < 00, D02 Y < 00.

If {x,} is an implicit iterative sequence defined by (1.8), then for each p € F =
NY, F(T;) the limit lim,, o ||z, — p|| exists.

Proof. Since F' =N, F(T;) # 0, for any given p € F, it follows from (1.8) and (1.9)
that

”xn - pH H(l - ﬁn - ’Yn)xnfl + ﬁnTr]fyn + Inln — pH
< (1= B =) a1 = pll + B | Ty —

(1.10) +Yn |[tn — pl|
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where n = (k= 1)N +i, k=k(n), i =i(n) € {1,2,...,N} =T and T}, = Ti(moa n) =
T;. This implies that

o = pll < (1= Ba =) l@ns = pll + Bu||TFyn —p|
+n [lun = pl|
= (1= B =) 2y — pll + Bu || Ty — Tl
+n [|un = pl|
< (1= B =) lzn-1 = pll + Bulllyn — pll + A
+n [|un = pl|
< (1=60) lzn-1 = pll + B llyn — pll + A
(1.11) +n [lun = pl| -
Again it follows from (1.8) and (1.9) that
lom = pll < (1= B =) llnos = pll + B | T — 1]
+n [lvn — P
= (1= B — 7o) 10es — pll + Bu || Tr 2 — T
+n [lon — 1
< (1= B0) @1 = pll + Bulllen — pll + An]
+n [lvn — pll
< (1= 00) |z = pll + Bu llwn — pll + An
(1.12) +n 1o = Il -

Substituting (1.12) into (1.11), we obtain that
lzn =2l < (1= BuB0) @01 = pll + BB 120 — pll + (Ba + 1) A,
+BnVn [lvn = Pl + Y [|un — D
< (1= BuB) 21 = pll + BuBa [l — pl + 24,
+0Yn lon = Il + v lun — |
which implies that

(113) (1 - 6n6n) ||xn _pH S (1 - ﬁnﬁn) ||xn—1 - p” + Mo,

where p, = 24, + BuVullvn — 2l + Yu l|un — p||. By assumption >0, A, < oo,
condition (iii) and boundedness of the sequences {3,}, {||u, — p||}, and {||v., — p||},
we have > 0° | u, < co. From condition (ii) we know that

Bl < B <7 <1,

and so

(1.14) 1—B.6,>1—7>0,
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hence from (1.13) we have

fin,
lzn —pll < |len- —pl| + ———
1 - ﬂnﬂn
fn,
< =
—_ ||xn 1 p“ + 1 _T
(1.15) = [|@n—1 —pll + B,
where
B, =
1—7

By assumption of the theorem and condition (iii) we have that

Taking A,, = ||z,—1 — p|| in inequality (1.15), we have
Aper < Ay + By, Vo> 1,

and satisfied all conditions in Lemma 1.1. Therefore the limit lim,,_, . ||z, — p|| exists.
Without loss of generality we may assume that lim,, .. ||z, — p|| = d, where d > 0 is
some nonnegative number. This completes the proof of Lemma 1.3. 0

2. MAIN RESULTS

We are now in a position to prove our main results in this paper.

Theorem 2.1. Let E be a real Banach space and C' be a nonempty closed convex sub-
set of E. Let {T;}Y.,: C — C be N asymptotically nonexpansive in the intermediate
sense mappings with F = "X, F(T;) # 0. Put

Ay = max{o, swp ([T Tyl ~ -yl ) i€ 1],
z,yeC,n>1

wheren = (k—1)N+1i, k=k(n), it =i(n) € {1,2,...,N} = I, such that >3°, A,, <
oo. Let {u,} and {v,} be two bounded sequences in C, and let {ay,}, {Bn}, {1},
{0}, {Bn} and {7} be siz sequences in [0,1] satisfying the following conditions:

(i) i+ Bo+ Y = Gn + Bo + 90 = 1;

(i) 7 =sup{f, :n>1} < 1;

(iil) Yo%) m < 00, D02 Yo < 00.

Then the implicit iterative sequence {x,} defined by (1.8) converges strongly to a
common fized point p € F =X, F(T;) if and only if

(2.1) lim inf d(z,, F') = 0.

n—oo
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Proof. The necessity of condition (2.1) is obvious.
Next we prove the sufficiency of Theorem 2.1. For any given p € F, it follows from
(1.15) in Lemma 1.3 that

(2.2) ln —pl < llena—pl+ Ba, Vo 21,

where

with > °>° | B, < co. Hence, we have
(2.3) d(zn, F) < d(xp-_1,p) + Bn, Vn>1.
It follows from (2.3) and Lemma 1.1 that the limit lim, ., d(z,, F') exists. By the

condition (2.1), we have

lim d(z,, F') =0.

n—oo

Next, we prove that the sequence {z,} is a Cauchy sequence in C. For any integer
m > 1, we have from (2.2) that

“Iner _pH < ||xn+m71 _p” + Biim-1
S ”'In-l—m—Q - p” + Bn+m—2 + Bn+m—1
<
n+m—1
(2.4) < lzn—pl+ > Bx
k=n
Since liminf, . d(z,, F') = 0, without loss of generality, we may assume that a

subsequence {x,, } of {z,} and a sequence {p,, } C F such that |z, —pn,|| — 0 as
k — oco. Then for any € > 0, there exists k. > 0 such that

3

£
4 Y

and Z Bk<4

k:nkE

(2.5) [, = Paill <

for all k > k..
For any m > 1 and for all n > ny_, by (2.5), we have

|Znsm = 2ol < ||Tngm _pnkH + |z _pnk”

< Hxnk_pnkH+ Z Bk

k=ng,
k=ng,
= 2 H‘Tnk _pnkH +2 Z Bk
k=ng,_

5 5
2.6 2—-+2-=c¢.
(2.6) < 2 42 =¢
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This implies that {z,} is a Cauchy sequence in C. By the completeness of C, we
can assume that lim, .., x, = p*. Since the set of fixed points of an asymptotically
nonexpansive in the intermediate sense mapping is closed, hence F' is closed. This
implies that p* € F, and so p* is a common fixed point of the mappings {T;}Y,. This
completes the proof of Theorem 2.1. O

Theorem 2.2. Let E be a real uniformly convex Banach space, C' be a nonempty
closed conver subset of E. Let {T;}Y.,: C — C be N asymptotically nonexpansive
in the intermediate sense mappings with F = (X, F(T;) # 0 and there exists an T},
1 <1 < N, which is semi-compact (without loss of generality, we can assume that T}
is semi-compact). Put

Ay = max{0, swp ([T Tyl ~ -yl ) ie 1],
z,yeC,n>1
wheren = (k—1)N+i, k=k(n), i =1i(n) € {1,2,...,N} =1, such that >;° | A, <
oco. Let {u,} and {v,} be two bounded sequences in C, and let {an}, {Bn}, {1},
{dn}, {Bn} and {7,} be siz sequences in [0,1] satisfying the following conditions:
(i) 7 =sup{f,:n>1} < 1;

(ili) 22021 Y < 00, XnZy Yo < 00;
(iv) 0<m =inf{f,:n>1} <sup{B,:n>1} =n < 1;

)
)
) 0
(V) Bn — 0, (n - OO),’
) 0
)

—

(vi) 0 <8 =sup{f, :n>1} <1;
(vii) there exists a constant L > 0 such that, for anyi € {1,2,..., N}, we have

|ITe = Tyl < Lz =y, Vo> 1,

forall z,y € C.

Then the implicit iterative sequence {x,} defined by (1.8) converges strongly to a
common fized point of the mappings {T;}Y,.

Proof. First, we prove that

(2.7) dim [z, — Tizy|| =0, VI=1,2,...,N.
Let p € F. Put d = ||z, — pl||, where d > 0 is some nonnegative number. It follows

from (1.8) that

[z = pll =1 = Ba)[wn-1 — P+ Yu(tin — Tn1)]

+ 6n[Tzkyn =P+ Y (un — 2pa)|
(2.8) —d, as n — 0.
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Again since lim,, .., ||z, — p|| exists, so {z,} is a bounded sequence in C. By virtue
of condition (iii) and the boundedness of sequences {x,} and {u,} we have

limsup ||z, 1 = p + Y (tn — 25 1)| < limsup [z, — pl|

+limsup 7y, [[un — zp1 ||
(2.9) = d, peF.
It follows from (1.12) and condition (v) that

lim sup HTT]fyn — D+ Yn(u, — aﬁn_l)H < limsup HTfyn - pH

n—oo n—oo

lim sup 3 [t — 701
n—oo

< limsup[|ly, — pl| + A

< limsup[(1 — Bn) |Zn-1 — Dl
Y [[vn — pll 4 Ay

< limsup(l — B,) |zn-1 — p||
—|—limsupﬁAn |z, — p|| + 2limsup A,

n—o0 n—0oo
+lim sup ¥y, [|[vn — p||
(2.10) = d, pEF,

where n = (k= 1)N +i, k=k(n), i =1i(n) € {1,2,...,N} =T and T}, = Ti(moa n) =
T;.
Therefore from condition (iv), (2.8) — (2.10), and Lemma 1.2 we know that

(2.11) Tim (| TFy, — 20| = 0.
From (1.8), (2.11) and condition (iii), we have
lzn = 2aall = ||BalTFyn = Tnoa] + (e = 20|
< |7y — 2| + vl — 2|
(2.12) — 0, as n — oo,
which implies that
(2.13) Jim [l — 201 =0,
and so
(2.14) lim ||z, — xn4;|| =0, Vji=1,2,...,N.

n—oo
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On the other hand, we have

(2.15) +||Thyn — T

Y

where n = (k — 1)N + i, k = k(n) and i = i(n).
Now, we consider the third term of the right hand side of (2.15). From (1.8), (1.9)
and the condition (vi) we have

|7y = Tha| < Hlgn — 2all + As
< Ho?na:n,l + BnT,’fxn + VnUn — an + A,
< A ||Xna1 =z + B, HT:I” — an

+n ||Un - 1771” + A,
A || Tt — x| + 6 HTT]fxn — an

(2.16) v — @0l + Ag.

IN

Substituting (2.16) into (2.15), we obtain that

(1=0). e = Tha|| < (14 ) o — Tacall + [s — Ty
(2.17) 9 v — all + An.

Hence, by virtue of the condition (iii), (2.11) and (2.13), we have

(2.18) (1 =9).limsup Hxn — Trlfan < 0.

n—oo

From the condition (vi), 0 < < 1, hence from (2.18) we have

(2.19) lim ||z, — T¥z, | = 0.

Now, we prove that (2.7) holds. In fact, since for each n > N, n = (n — N)(mod N)

and n = (k(n) — 1)N +i(n), hence n — N = ((k(n) —1) = 1)N +i(n) = (k(n — N) —
1)N +i(n — N), that is,

k(n—N)=k(n)—1 and i(n — N) =1i(n).
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From (2.14), (2.19) and condition (vii) that

|t — Thxn| < Ha:n — T,fan + Hfon — Tnan

< — T + LT w0 — o
< o= ttsa £t Ao
+ HT”C NTnoN — .CEn_NH + [|2n—n — u| }
< o = Tza| + 22 20 — 20 vl
L | TN nn = Ton|| + Lllzn-n — 2
= |on = Tran| + LIL+ 1) 2n — 20|
+L H an N — iUanH
— 0 as n — oo,
which implies that
(2.20) lim |2, — Toas| =

n—oo

and so, from condition (vii), (2.13) and (2.20), it follows that, for any j = 1,2,...

|20 — Tovj@ull < Non — Tnjll + [[@nes — TogjTnagll
+ Tt s — Tojtn|
< A+ L) ||zn = Tpggll + l|nas — Do @nsg|l
— 0 as n — oo,

which implies that
(2.21) lim ||z, — Thyjxn| =0,

n—oo

forall j =1,2,...,N.

247

Without loss of generality, we can assume that n, = i(mod N) for all k£ and some

i€ {1,2,...,N}. For any fixed [ € {1,2,..., N}, we can find a j € {1,2,...,

N},

independent of k, such that i + j = {(mod N), and so ny + j = {(mod N) for all k.

Hence, from (2.21), we have

(2.22) lim |xn, — Tixn, || =0,
ng—
foralll=1,2,...,N.
Thus
(2.23) lim ||z, — Ty || =0

foralll=1,2,..., N.
That is, (2.7) holds.
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For any given p € F = NY., F(T;), by the same method as given in proving Lemma
1.3 and (2.23), we can prove that

(2.24) lim [z, —pl| =4,
where d > 0 is some nonnegative number, and
(2.25) 1im |lzn — Tix,|| = 0,

foralll=1,2,..., N.
Especially, we have

(2.26) lim |zn — Thz,|| = 0.

By the assumption of the theorem, 77 is semi-compact, therefore it follows from (2.26)
that there exists a subsequence {x,,} of {z,} such that z,, — 2* € C. Hence from
(2.25) we have that

Jo* = Tial| = Jim_llan, = Tiza, ]| =0,
3

forall l=1,2,..., N, which implies that

ﬁepzﬁpmy

i=1
Take p = 2* in (2.24), similarly we can prove that

lim ||z, —z*|| = di,

n—oo

where d; > 0 is some nonnegative number. From z,, — =* we know that d; = 0, i.e.,
x, — x*. Thus {z,} converges strongly to a common fixed point of the mappings
{T;}Y.,. This completes the proof of Theorem 2.2. O

Remark 2.1. Our results improves and extends the corresponding results of Chang
and Cho [3] to the case of more general class of asymptotically nonexpansive mapping
considered in this paper.

Remark 2.2. Our results also improve and extend the corresponding results of [1, 4,
5,7,8,9, 11, 13, 14, 16] to the case of more general class of mappings, spaces and
iteration schemes considered in this paper.

Remark 2.3. Our results also extends the corresponding results of Gu [6] to the case
of more general class of asymptotically nonexpansive mapping and implicit iteration
process with bounded errors considered in this paper.

Remark 2.4. Theorem 2.2 extends and improves Theorem 3.3 of Plubtieng and Wang-
keeree [10] to the case of implicit iteration process with bounded errors for a finite
family of mappings considered in this paper.
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