KRAGUJEVAC JOURNAL OF MATHEMATICS
VOLUME 36 NUMBER 2 (2012), PAGES 199-206.

FIXED POINT THEOREMS FOR T-ZAMFIRESCU OPERATORS
PRIYA RAPHAEL ' AND SHAINI PULICKAKUNNEL 2

ABSTRACT. In this paper, we introduce two new iteration schemes, namely T-Mann
iteration and T-Ishikawa iteration and study the convergence of these iterations for
the class of T-Zamfirescu operators in real Banach spaces. Our result in this paper
improves the corresponding result proved by Morales and Rojas [8].

1. INTRODUCTION

The first important result on fixed points for contractive type mapping was the
well-known Banach’s contraction principle which was published in 1922. After this
classical result, Kannan in [5] analyzed a new type of contractive condition. Since
then there have been many theorems dealing with mappings satisfying various types of
contractive inequalities. Another important result on fixed points for contractive type
mapping in the setting of compact metric space is generally attributed to Edelstein
[4].

In 2009, Beiranvand et al. [1], introduced the notions of T-Banach contraction
and T-contractive mapping and extended the Banach contraction principle and Edel-
stein’s fixed point theorem. In the same year, Moradi [6] introduced the T-Kannan
contractive type mappings, extending in this way the well-known Kannan’s fixed point
theorem given in [5]. Followed by this, Morales and Rojas [7] introduced the notion of
T-Chatterjea mapping and obtained sufficient conditions for the existence of a unique
fixed point of these mappings in the frame work of complete cone metric spaces. The
same authors [9], then introduced the concept of T-Zamfirescu operators and obtained
sufficient conditions for the existence of a unique fixed point of T-Zamfirescu opera-
tors in the setting of complete cone metric spaces. In [8], they studied the existence
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of fixed points for T-Zamfirescu operators in complete metric spaces and proved a
convergence theorem of T-Picard iteration for the class of T-Zamfirescu operators.

In this paper, we introduce two new iteration schemes which are named as 7T-Mann
iteration scheme and T-Ishikawa iteration scheme and establish strong convergence
theorems of these iteration schemes to the fixed point of T-Zamfirescu operators in
real Banach spaces.

2. PRELIMINARIES
We need the following definitions [8] to prove our main results:

Definition 2.1. Let (M, d) be a metric space and T',.S : M — M be two functions.
A mapping S is said to be T-Banach contraction (T'B contraction) if there is
a € [0,1) such that

d(TSxz,TSy) < ad(Tx,Ty), for all z,y € M.

In the above definition, if we take T = I, the identity map, then we obtain the
definition of Banach’s contraction [2].

Definition 2.2. Let (M, d) be a metric space and T, S : M — M be two functions.
A mapping S is said to be T-Kannan contraction (7K contraction) if there is
b € [0,3) such that

d(TSx,TSy) < bld(Tx,TSx) + d(Ty, TSy)], for all =,y € M.

In Definition 2.2, when T' = I, the identity map, we get the definition of Kannan
operator which is given in [5].

Definition 2.3. Let (M, d) be a metric space and 7,5 : M — M be two functions.
A mapping S is said to be T-Chatterjea contraction (7'C' contraction) if there is
c € [0,3) such that

d(TSxz, TSy) < c[d(Tx, TSy) + d(Ty, TSx)], for all z,y € M.

When T = I, the identity map, in the above definition, it becomes Chatterjea
operator which is given in [3].

Definition 2.4. Let (M, d) be a metric space and T, S : M — M be two functions.
A mapping S is said to be T-Zamfirescu operator (T'Z operator) if there are real
numbers 0 < a < 1,0 < b < %,O <c< % such that for all x,y € M at least one of
the conditions is true:

(TZy): d(TSz,TSy) < ad(Tz,Ty),

(TZy) : d(TSz, TSy) < bld(Tz, TSzx)+ d(Ty, TSy)],

(I'Zs) : d(T'Sz,TSy) < c[d(Tx, TSy) + d(Ty,TSx)].

Here when the function 7' is equated to I, the identity map, then we obtain defi-
nition of Zamfirescu operator introduced in [10].
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Definition 2.5. Let (M, d) be a metric space and T': M — M.

(1) A function T is said to be sequentially convergent, if we have for every sequence
{yn}, {Ty,} is convergent implies that {y,} is also convergent.

(2) A function T is said to be subsequentially convergent, if we have for every
sequence {y,}, {Ty,} is convergent implies that {y,} has a convergent subse-
quence.

In 2009, Morales and Rojas introduced a new iteration scheme, namely 7-Picard
iteration. The scheme is defined as follows:

Definition 2.6. Let (M, d) be a metric space, g € M be arbitrary and T, S : M — M
be two mappings. The sequence {T'z,} € M defined by

Trpw =TSx, =TSz, n=0,1,2,...,
is called the T-Picard iteration associated to S [§].

Same authors obtained sufficient conditions for the existence of a unique fixed point
of T-Zamfirescu operators in the setting of complete metric spaces. They also studied
the strong convergence of the above iteration scheme under certain conditions and
proved the following result:

Theorem 2.1. [8] Let (M,d) be a complete metric space and T, S : M — M be two
mappings such that T is continuous, one-to-one and subsequentially convergent. If
S is a TZ operator, then S has a unique fixed point. Moreover, if T is sequentially
convergent, then for every xo € M the T-Picard iteration associated to S, T'S™x
converges to Tx* where x* is the fixed point of S.

Inspired and motivated by these facts, we introduce two new iteration schemes in
this paper and study the convergence of these iteration schemes to the fixed point
of T-Zamfirescu operators in real Banach spaces. The new schemes are defined as
follows:

Definition 2.7. Let E be a Banach space, o € E and T,S : E — E be two
mappings. The sequence {T'z,} € E defined by

(2.1) Txpi1 = (1 — )Tz, + a, TSz, n=1,23,...,

where {a,} 2, € [0,1] is called the T-Mann iteration associated to S.

When «,, = 1, the iteration defined by (2.1) reduces to T-Picard iteration associated
to S. When we substitute 7" = I, the identity map, the iteration given by (2.1) reduces
to

Tpr1 = (1 — ap)zp + STy, n=20,1,2,...,
which is Mann iteration. If we take 7" = [ and «,, = A, where A € [0,1], in the
iteration defined by (2.1), then we get
Tpr1 = (1 = Nz, + ASzy, n=20,1,2 ...,

which is Krasnoselskij iteration.
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Definition 2.8. Let E be a Banach space, o € EF and T,S : E — E be two
mappings. The sequence {T'z,} € F defined by

(2.2) Txpi1 = (1 —an)Try + @, STyy,
Ty, =1- 6Tz, + 6, TSx,, n=12]3,...,
where {a, }o” o, {Bn}oey € [0,1] is called the T-Ishikawa iteration associated to S.
When T = I, the iteration defined by (2.2) reduces to
Tpy1 = (1 — an)xn + @Sy,
Yo = (1 = Bn)an + BnSx,, n=12.3,...,

which is Ishikawa iteration.
We need the following lemmas to prove our main results:

Lemma 2.1. [8] Let (M,d) be a complete metric space and T,S : M — M be two
functions. If S is a T Z-operator, then there is 0 < § < 1 such that

d(T Sz, TSy) < 6d(Tx,Ty) + 20d(Tx, TSx), for all x,y € M.

Lemma 2.2. [2] Let {r,},{s,} and {t,} be sequences of nonnegative numbers satis-
fying the inequality

Tpi1 < (L —8p)rm + Sptn,  forall n > 1.

If Z Sy, = 00 and T}Lrlgotn =0, then nhi%o rn, = 0.
n=1

3. MAIN RESULTS

Theorem 3.1. Let E be a real Banach space, K be a closed, convexr subset of E and
T,S: K — K be two mappings such that T is continuous, one-to-one, subsequentially
convergent and S is a TZ operator. Let {Tz,},_, be the sequence defined as in (2.1)
where {ay,},", € [0,1] and Y00 oy, = co. Then {Tx,} -, converges to Tx* where
x* 1s the fized point of S.

Proof. By Theorem 2.1, we get that S has a unique fixed point, say «* in K. Since
S is a T'Z-operator, by applying Lemma 2.1, we have 0 < § < 1 such that

(3.1) | TSz —TSy|| <6 ||Tx — Ty| + 26 || Tz —TSz|, forall z,y € K.

Let {Tx,} -, € K be the T-Mann iteration associated to S defined by (2.1) and
zo € K. Then

| Txpr —Tx*|| = |[(1—an)Tx, + @, TSz, —Tx"|
= (1 —a,)(Tx, — T2") + a,(T'Sx, — Tz")||,
which gives

(3.2) | Txp1 — Tx*|| < (1 — ) [|[Tx, — Tx*|| + || TSz, — T"||
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Taking z = z* and y = z,, in (3.1), we get
|TSz* — TSz, || < 6 ||Ta* — Ty, + 26 | Ta* — T'Sz*||,
which implies
(3.3) |Tx* = TSwx,| <6 Ta" — Ty
Using (3.3) in (3.2) we obtain,
| Txpir — Tx*|| < (1 —ay)|| T, — Tx*|| + and ||Tx" — Ta,||
= (1 —a,+ ay))||[Tz, — Tz
11— a,(1—0)]||Tx, — Tz"||.

Since 0 < 0 < 1, o, € [0,1] and > 0%, v, = 00, by setting s, = (1 — 0)ay,,
rn = ||Tz, — Tx*|| and by applying Lemma 2.2, we get that

dim | Txp1 —Tx*|| =0.
Hence {T'z,} -, converges to Tz* where z* is the fixed point of S. O

Corollary 3.1. [8, Theorem 3.1] Let (M,d) be a complete metric space and T, S :
M — M be two mappings such that T" is continuous, one-to-one and subsequentially
convergent. If S is a TZ operator, then S has a unique fixed point. Moreover, if T is
sequentially convergent, then for every xq € M, the T'-Picard iteration associated to
S, T'S™xy converges to Tx* where x* is the fized point of S.

Since the T-Kannan and T-Chatterjea contractive conditions are both included in
the class of T'Z- operators, by Theorem 3.1, we obtain the corresponding convergence
theorems for T-Mann iteration in these classes of operators.

Corollary 3.2. Let E be a real Banach space, K be a closed, convex subset of E and
T,5: K — K be two mappings such that T is continuous, one-to-one, subsequentially
convergent and S is a TK -contraction. Let {Tx,},_, be the sequence defined as in
(2.1) where {a,}—, € [0,1] and >0°, o, = 00. Then {Tx,}, ", converges to Tx*
where x* 1s the fived point of S.

Corollary 3.3. Let E be a real Banach space, K be a closed, convex subset of E and
T,S: K — K be two mappings such that T is continuous, one-to-one, subsequentially
convergent and S is a TC-contraction. Let {Tx,} ~, be the sequence defined by (2.1)
where {ay,},~, € [0,1] and Y00, oy, = co. Then {Tx,} -, converges to Tx* where
x* is the fized point of S.

Theorem 3.2. Let E be a real Banach space, K be a nonempty, closed, convex subset
of E andT,S : K — K be two commuting mappings such that T is continuous, one-
to-one, subsequentially convergent and S is a TZ operator. Let {Tx,} . be the
sequence defined by (2.2) where {cu,},— o, {Bn}toey € [0,1] and 302, a,, = 00. Then
{Tx,} ", converges to Tx* where x* is the fized point of S.
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Proof. By Theorem 2.1, we get that S has a unique fixed point, say x* in K. Since
S is a T'Z-operator, by using Lemma 2.1, we have 0 < § < 1 such that

(34)  ||[TSz—TSy| <6 |Tx—Ty| +26|Tx—TSz|, forall z,yc K.

Let {T'z,} —, € K be the T-Ishikawa iteration associated to S defined by (2.2) and
xog € K. Then

| Txp1 — Tx*|| = ||(1 —an)Txy+ @ STy, — T"||
= ||(1 —an)(Tay —T2") + a,(STy, — Tx")||
(3.5) < (1 —ap)||Txy, — Tz + an ||STy, — Tx™|| .

Taking x = z* and y = y,, in (3.4), we get
| TSx™ — TSyl <6 ||Tx" — Ty,| + 26 ||Tz* — TSz™||,

which implies
[T2" = TSyn| < 0| T2 = Tynl|.

Since S and T are commuting mappings, the above inequality gives

(3.6) [T2" = STynl| < 5[|T2" = Tynl|.
Using (3.6) in (3.5), we obtain
(3.7) | Txp — Tx*|| < (1 —ap) [Tz, — T2"|| + and | Tz — Ty, -
Now,
[Ty~ Ta*| = (1 = )T+ BuTSr — T
= (1= Bo)(Tan = Tx") + Bp(TSzp — T2")|
(3.8) < (U= Bu) (T = Ta®) || + B [[(TSzn — Ta")|

Taking z = z* and y = z,, in (3.4), we get
| TSz* = TSx,|| <d||Tz* — Tax,|| + 26 || Tx* — TSx™|.
Thus we have the inequality,
(3.9) |Tx* — TS| < || Tx" — Tyl .
Using (3.9) in (3.8), we obtain
[Tyn = Ta*|| < (1= 6n) 1T — Ta"|| + 5nd [ T2 — Ta"||
(3.10) = (1 =0+ 5.0)||Tx, — Tx"||.
Using (3.10) in (3.7), we get
| Txp1 —Tx*|| < (1—ay)||Tr, —Tx*|| + and(l — By + Bnd) [Tz, — Tx™||
(3.11) = [1 —ayu+ and(1l =G, + Bn0)] | Tz, — Ta"||.

Now,

1—an+a,0(1 =08, 4 5,0) =1 —[a,(1 = 8)(1+ 5,0)]
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Since (14 (£,0) > (1 —0), we have
(3.12) 1 —ap+ 0,01 = B+ 3,0) <1 —(1—6) .
Using (3.12) in (3.11), we obtain

T @041 — T[] < [1 = (1= 6) ] | T, — T

Since 0 < § < 1, a, € [0,1] and 3°°, v, = 00, by setting s, = (1 — §)%a,
rn = || Tx, — Tx*|| and by applying Lemma 2.2, we get that

lim | Txp1 —Tx™|| =0.

Therefore, {T'x,,} -, converges to Tz* where z* is the fixed point of S. Hence the
proof follows. [l

By Theorem 3.2, we obtain the corresponding convergence theorems for 7-Ishikawa
iteration in the classes of T'K-contraction and 7T'C-contraction as these two classes
are included in the class of T'Z-operators.

Corollary 3.4. Let E be a real Banach space, K be a nonempty, closed, convexr subset
of E andT,S : K — K be two commuting mappings such that T is continuous, one-
to-one, subsequentially convergent and S is a TK contraction. Let {Tx,},, be the
sequence defined as in (2.2) where {au, }o o, {Bn}rey € [0,1] and >0° | a, = 00. Then
{Tx,} ", converges to Tx* where x* is the fized point of S.

Corollary 3.5. Let E be a real Banach space, K be a nonempty, closed, convex subset
of E andT,S : K — K be two commuting mappings such that T' is continuous, one-
to-one, subsequentially convergent and S is a TC' contraction. Let {T'x,} -, be the
sequence defined as in (2.2) where {a,}o- o, {Bn}tro € [0,1] and 3021 o, = 00. Then
{Tx,}. ", converges to Tx* where x* is the fized point of S.
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