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A PAIR OF NON-SELF MAPPINGS IN CONE METRIC SPACES

STOJAN RADENOVIC

ABSTRACT. In this paper we extend from metric to cone metric spaces a fixed point
theorem for a pair of non-self maps proved by M. S. Khan et al. [M. S. Khan, K.
Pathak and M. D. Khan, Some fixed point theorems in metrically convex spaces,
Gregorian Mathematical Journal, Volume 7 (3) (2000), 523-530].

1. INTRODUCTION AND PRELIMINARIES

Cone metric spaces were introduced in [3], where the authors described conver-
gence in cone metric spaces, introduced completeness and proved some fixed point
theorems of contractive mappings on these spaces. Recently, in [1], [4] and [13],
some common fixed point theorems are proved for maps on cone metric spaces. The
following definitions and results will be needed in the rest of this paper.

Let F be a real Banach space. A subset P of E is called a cone if and only if:
(i) P is closed, nonempty and P # {0};

(i) a,b € R, a,b >0, and x,y € P imply ax + by € P;

(iii) PN (—P) = {6}.

Given a cone P C F, a partial ordering = with respect to P is defined by = < y if
y—x € P. We write © < y to indicate that x < y but = # y, while * < y stands for
y—x € intP (interior of P). A cone P C E is normal if there is a number k£ > 0 such
that for all x,y € P : 0 < 2 <y implies ||z|| < k|ly||. The least positive number
satisfying the previous condition is called the normal constant of P.

Definition 1.1. [3] Let X be a nonempty set. Suppose that the mapping
d: X x X — F satisfies:
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(dy) 6 2 d(x,y) for all z,y € X and d(z,y) = 0 if and only if z = y;
() d(2,y) = d(y,2) for all 2, € X;
(d3) d(z,y) 2 d(z,2)+d(zvy) for all z,y,z € X.

Then d is called a cone metric on X and (X, d) is called a cone metric space.

A concept of a cone metric space is more general than that of a metric space,
because each metric space is a cone metric space, where £ =R and P = [0, 4+00).

Let {z,} be a sequence in X, and x € X. If| for every ¢ in F with § < ¢, there
exists an ny € N such that, for all n > ng, d(z,,2) < ¢, then it is said that z,
converges to x, denoted by lim, ., x, = x, or x, — x,n — oo. If, for every ¢ in F,
such that 6 < ¢, there is an ng € N such that for all n, m > ng, d (z,, x,,) < ¢, then
{z,} is a Cauchy sequence in X. If every Cauchy sequence is convergent in X, then
X is a complete cone metric space.

Let (X, d) be a cone metric space. Then the following properties are often useful,
particularly when dealing with cone metric spaces in which the cone need not to be
normal (for details see [7]):

(p1) If u X v and v < w, then u K w.

(p2) If 0 2 u < ¢, for each ¢ € intP, then u = 6.

(p3) If a < b+ ¢, for each ¢ € intP, then a < b.

(p4) If E is a real Banach space with a cone P, and if @ < Aa, where a € P and
0<A<1,thena=290.

(ps) If ¢ € intP, a, € E, and a, — 0, then there exists an ng such that, for all
n > ng, we have a,, < c. For details on cone metric spaces see three recent very
important papers: [8], [9], [12].

In the following we suppose only that E is a Banach space, that P is a cone in F
with intP # (), and that “=<” is a partial ordering with respect to P.

There exist a lot of fixed-point theorems for self-mappings defined on closed subsets
on Banach spaces. However, for applications (numerical analysis, optimization, etc.)
it is important to consider functions that are not self-mappings, and it is natural to
search for sufficient conditions which would guarantee the existence of fixed points
for such mappings—for details see: [5], [7] and [11]. In this paper we continue to study
the non-self mappings in the frame of the cone metric spaces, started in [7] and [11].

Generalizing a theorem of [2], Khan et al., [10] proved the following result, valid in
a complete metrically convex space.

Theorem 1.1. Let X be a complete metrically convex space, and K a closed nonempty
subset of X. Let T : K — X be the mapping satisfying the inequality

(1.1)  d(Tz,Ty) < C-max{d(x,Tx),d(y,Ty)} + C"- (d(z,Ty) +d(y, Tx)),
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for all x,y in K, where C and C' are nonnegative reals such that:

c+c’ c’ _ 1+C+C’ 1+C’ _
max{ WG 17070,} =h >0, max{ =& h, 1fcfc'h} =h
and max{h,h'} =h" < 1.

Further, Tx € K, for every x € OK. Then T has a unique fixed point in K.

2. MAIN RESULT

The purpose of this paper is to prove the analogue of Theorem 1.1, for a pair
of non-self maps in the frame of cone metric spaces, using the concept of metric
convexity. We use only the definition of convergence in terms of the relation “<”.
The only assumption is that the interior of the cone P is nonempty - hence we use
neither continuity of the vector metric d, nor Sandwich Theorem. We begin with the
following definition.

Definition 2.1. Let (X, d) be a cone metric space, let K be a nonempty closed subset
of X, and let f,g: K — X. If f and g satisfy the condition

(2.1) d(fr, fy) 2 C-u(w,y) +C" - (d(fz,gy) +d(fy, gz)),

where u (z,y) € {d(fz,g9z),d(fy,gy)}, for all x,y in K, and where C, C' are non-
negative reals as in Theorem 1.1, then f is a generalized g-contractive mapping of K
into X.

A pair of nonself-mappings (f, g), defined on a nonempty subset K of a cone metric
space (X,d), is said to be coincidentally commuting if, for fzr,gx € K, fxr = gx
implies that fgxr = gfx. Note that, for K = X, this notion is reduced to the
corresponding notion of Jungck and Rhoades for self-mappings.

We state and prove our main result as follows.

Theorem 2.1. Let (X,d) be a complete cone metric space, let K be a nonempty
closed subset of X such that, for each x € K and y ¢ K, there exists a point z € 0K
such that

(2.2) d(z,2) +d(zy)=d(,y).
Suppose that f,qg: K — X are such that f is a generalized g-contractive mapping of
K into X, and

(i) 0K CgK, fKNK C gK;

(i) gr € 0K = fx € K;

(iii) gK is closed in X.
Then there ezists a point of coincidence p in K. Moreover, if (f,g) are coincidentally
commuting, then p is the unique common fixed point of f and g.

Proof. First, we construct two sequences: {z,} in K and the sequence {y,} in
fK C X in the following way.
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Let x € OK be arbitrary. There exists a point zy € K such that x = gz as
0K C gK. Since gxg € 0K = fxg € K, we conclude that fozg e KN fK C gK. Let
r1 € K be such that y; = gxr1 = frg € K. Let yo = fx;. Suppose y» € K. Then
1o € KNfK C gK, which implies that there exists a point x5 € K such that ys = gx».
Suppose y ¢ K. Then there exists a point p € K such that d (gz1,p) + d(p,y2) =
d(gx1,y2). Since p € 0K C gK, there exists a point xo € K such that p = gzs, so
that the equation above takes the form d(gxi, gzs) + d (g2, y2) = d(gz1,y2). Put
ys = fxo. In this way, repeating the foregoing arguments, one obtains two sequences:
{z,} C K and {y,} C fK C X such that:

() Yny1 = fa,, forn=0,1,2,...;
(b) if y, € K, then y,, = gz, = fx,_1;
(c) if yn ¢ K, then gz, € OK and d (92n-1,97s) + d (90, Yn) = d (901, Yn)-
Put
S ={gz; € {gzn} : gz; = yi} and @ = {gz; € {g2n} : g2; # yi}.
Two consecutive terms cannot lie in ). We have to estimate d(gx,,gx,41). If
d(gxpn, gxny1) = 6 for some n, then it is easy to show that d(gz,, gr,r) = 6 for
all £ > 1.

Suppose that d(gz,,gr,11) = 0 for all n. From the presented construction we
distinguish three cases:

Case 1. If gz, € S and gz, 1 € S, then according to (a), (b) and (2.1) we have:

d(9Tn, 9Tns1) = dYnsYnt1) = d (frn-1, f2n)

= C-uy (w1, 20) + C" - (d (920, g20) + d (9Tpni1, 9Tn-1))
C-uy (n_1,0,) +C" - (0 +d(9Tns1,9Tn 1))
C-uy (vy_1,7,) +C" - d(gTpi1,9Tn 1),

where

U1 (U1, Tn) € {d (frn-1,97n-1) ,d (fTn, 970)} = {d (920, 97n-1) , d (9Try1, 9Tn)} -

Clearly, there are infinitely many n such that at least one of the following two
possibilities holds:

I:d (gxnagmn+1) —_< C : d(gxnagxn—l) + Cl : d(g$n+1»9$n) + C, -d (gxnygxn—l) 3
that is,

d(gzy, gTpi1) = - d (grn_1,97,) .

1
II:d (gxm gl’n+1) =C-d (gxn+1, gl‘n) +C"-d (gxn—&-lv gmn) +C"-d (gl‘n, gxn—1> )
that is,

/

< . .
- 1_C_C d(gxn—17g$n)

d (9T, gTn+1)
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Case 2. Let gz, € S, gr,1 € Q. Then y, = gz, Ynt1 ¢ K, grp € OK such
that d (ynJrla gxn+1) + d (g$n+17 gxn) =d (yn+1vg$n)- We have

d(gxn,gxn+1) = d(gxn,gxn+1) + d(gxn—&-lvyn—i—l)
= d(9Tn,Ynt1) = d(frn, gz) = d(frp_1, frn)
= Cruz (a1, 20) + C - (d (920, gTn) + A (f20, gT0-1))
= C-uy(Tpy_1,7,) +C" - (0 +d(fn,gTn_1))
(2.3) = C-up(Tp_1,2,) +C - d(frn,920-1),

where

Uy (Tn—1,%n) € {d (fTn_1, 97n-1) ,d(frn, g20)} = {d (920, 970-1) , d (fTn, g70)} -

First, we have the following two cases:

I:
d (fxm gxn) j C -d (gxnng'rn—l) + C/ -d (fxna gxn—l)
< C-d(9rn-1,92,) + C" - d(frn, 92y) + C" - d(g2n, gTn—1) .
It follows that
C+cC
< .
d(fon, 910) 2 777 - d(9n-1,92n)
ie.,
c+C
(24) d(gxnaganrl) = 1—C" ' d<gxnflagxn> .

IT: In the similar manner we obtain
d(fan, gr,) 2 C-d(frn, gx,) + C' - d(frn, gr,) +C" - d (920, gTn_1) ,

that is,

!

(2.5) d(fon, g20) 2 75—

-d (gwnfla gwn) .
From (2.4) and (2.5) we get
(26) d(fxnygmn) j h - d(gl‘n—hgwn) )

where h = max { ffg,/, %Lc'} Now, according to (2.3) we obtain

(27) d (gfl:n, gIn+1> j h’ ’ d (gxn—la gl’n) :

Case 3. Let gz, € Q, grny1 € S. Then y,11 = fr, = grpy € K, y, ¢ K and
gz, € 0K, such that d (y,, gz,) + d (92n, Yn—1) = d (Yn, Yn_1), where y,_1 = fr, o =
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gr,—1 € K. Now, in view of Case 2, we have

d (937n, ganrl) < d (gxm yn) +d (yna ganrl)

d(92n-1,920) + d(9Tn, Yn) + d (Yn, 9Tp+1)
d(92n-1,Yn) + d (Yn, 9Tn+1)

hd (-2, 9Tn-1) + d (fTn-1, fn)

hd (92n—2, gTn—1) + Cuz (x,_1, )

(2.9) +C" - (d(frn_1,97) +d(fTn, gTn_1)),

where uz (zp_1,2,) € {d(frn-1,9Tn-1),d(f2n,92,) = d(g2pn, gTns1)}. Further, it
follows that

d (fmn—la gajn) + d (.fxna gxn—l) =d (fxn—la gxn) + d (gxn—&-l; gmn—l)

PN

(2.8)

A TA

= d(9Tns1, 92n) + d (92, gTn_1) + d (frn_1,92,)
= d(9Tns1,97n) + d (9201, fTn1)
< d (g*Tna gxn+1> +h-d (gxnf% gmnfl) :
Now, from (2.9) we obtain:
I : d(gzn,grn) X h-d(grn_2,97,1) + C - hd (g, _2,9%n 1)
+C" - (d (920, gTn41) + b d (9Tn—2, 92n-1)) ,

that is,
1+C+
(2.10) d(92n, 9Tni1) = q_c h-d(9rn—2,gTn_1).
Im : d (g-an, gwn—i—l) =h-d (gxn—%gmn—l) +C-d (gxna gxn+1)

+Cl ' (d (g‘rna gxn-‘rl) +h-d (gxn—% gxn—l)) )

that is
14+’

(2.11) d (9Tn, gTni1) 2 T—c_c h-d(grn—2,9Tn-1) .
Taking b/ = max{lﬁfg,c/ - h, 1}3?0, . h}, we get from (2.10) and (2.11)
(2.12) d (92, gni1) 20 - d(9Tn—2, gTn_1) .
Now, from (2.7) and (2.12) we have in all Cases 1-3
(213) d (gxna gl‘n-‘rl) j h” * Wn,

where ' = max {h, '} and w,, € {d (92n—2,9%n-1),d(9Tn_1,92s)}.
From (2.13), following the procedure of Assad and Kirk [2] (see also [5], [7], [11]),
we shall show, by induction, that for all n > 1,

(2.14) d (T, gTni1) < W™T -y,
where wy € {d (9o, g71) ,d (g1, gT2)}
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For n = 2, according to (2.13) we have, d (gz2, gx3) < h" - ws, where
wy € {d (9722, 972-1) ,d (gr2-1,972)} = {d (970, 921) , d (971, 972)} ,

that is d (gaa, gxs) < h""*2 - w,, since B < h"z. Hence (2.14) holds.
Similarly, again according to (2.13), for n = 3 we have d (gx3, gr4) < h” - w3, where

w3 € {d (9$3—279$3—1) ,d (9$3—1;9$3>} = {d (9%;9%) 7d(91‘279$3)}-
If wy = d(gx1, gra), it follows that

3—1

d(g$379$4) = h'd (g'xlvng) =h""> Wa,

d(gxs, gry) = h"-d(gxa, grs)

3=1
~< h”2w2 < hl/ T Wy

(because h” € (0,1)), and (2.14) also holds.

Therefore, (2.14) holds for n = 2 and n = 3. Suppose now that (2.14) holds for
some n and n+ 1. Then again from (2.13) it follows that d (9219, 9Tni3) = B - wya,
where wy,10 € {d(9%n, 9Tn+1),d (9ZTni1, gTnie)}, that is, we get the following two
cases:

h" - d (g, gTni1) and
h” -d (gxn+1, gxn-&-?) .

d (g$n+27 9%+3)
d (g$n+2> gxn+3)

Since (2.14) holds for n and n + 1, we obtain in the first case

=
=

n+1

d(9Tnt2, 9Tnss) 2 0" - d (92, gTnyr) 2 B - W wy = B wa,

and in the second case
d (ga:n+2, g$n+3> <n"-d (ganrla g$n+2) <h'- h'z . wy = h”nT-Hw%
where wy € {d (9o, g1) ,d (921, g72)}.
Thus by induction we conclude that (2.14) holds for all n > 1.
From (2.14) and by the triangle inequality, for n > m we have:

d(g$n7gxm) j d(gxnagxn—l) + d(gxn—hgxn—Z) + -+ d(gxm—ﬁ-hgxm)
< (h”nT_Q LR h”mT_l) - W

m—1

h//
< Y-
S 1—=Vh
According to (ps) and (p;) it follows that, for § < ¢ and large m, d(gz,, gr,) < ¢,
i.e., {gz,} is a Cauchy sequence. Since gz, € K NgK and K N gK is complete,
there exists a point p € K N gK such that gz, — p. Let ¢ in K be such that
gq = p. By the construction of {gx,}, there exists a subsequence { gn(k)} such that

~wy — 0, as m — oo.
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9Tn(k) = Yn(k) = fTna)—1 and hence fr,u)—1 — p. We now prove that fqg = p. We
have

d(fq,p) 2d (fq, fa:n(k)_l) +d (fxn<k)_1,p)
=< C - uny + C' (d (£9, 971 ) + d (Fay-1,90)) +d (f:z:n(k)_l,p) :

where Un(k) € {d (fQ7QQ) 7d (fxn(k)—la gxn(k)—l) } Since Ynk) = fxn -1 — P, as
k — oo, we obtain the following two cases:
1) uny = d(fq,9q). Then

d(fa.p) = C-d(fa,99) + C'd (4, 97nw)1) + C'd (frny-1,90) + d (Fum)-1,0)
= C-d(fq,p)+C-d(p,gq) +0d(fq,p) +C'd (p, gngry 1)
+C'd (fngy1,p) +d (f2a-1.p)

A

that is,
0 (fa.p) < C'd (p, gxn(k)—l) N (1+C"d (fl"n(k)—l,p)
e G 6T 1-C—C
Put a = W and b = 170170" Let 0 < ¢ be given. Since gr,p)—1 — p and

JTn)—1 — p, we can choose a positive integer ko such that, for all & > kg, we have
c

d (fxn(k)_l,p) < i and d (p, g:z:n(k)_l) < 2a+d)

Thus, we get
c

c
d(fq,p)ja%+(a+b)m

:C7

in the case 1).
2) Ungry = d (fxn(k:)—h g$n(k)_1). Then

d(fg.p) = C-d(fraw 1,9%aw 1) +C'd(fa, grn 1)
+C'd (ffl?n(k)—la QQ) +d (f%(k —1,]9)

< Ced(fag1, gEng1) + C'd(f0,0) + C'd (p, gragr1)
+Cld (fiﬂn(k),l,p) +d (fxn(k)flap) )
ie.,
d(fq,p) = o (fxn;k)j’c?xn(k)_l) + ad (]197_gxcnfk)_l>
C'd (fﬂcn(k)—hp) d (fxn(k)—hp)
S B e
= ng'z_w,,c'd (fxn(k)fl p) + ?j—g" d (pv gxn(k)fl) .
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Take now A = 1%0' and B = (ffg,/ Let # < ¢ be given. There exists a positive

integer ky such that, for all £ > k;, we have

d (fxn(k)—hp) <3

C C
m and d <p, gxn(k;)_l) <L —=

2B
Thus, we get
c c
d A+B)————+ B— =
in the case 2).
In both cases we obtain d (fq,p) < ¢, for each ¢ € intP. Using (ps) it follows that

d(fq,p)=0,1e. fq=p.
Suppose now that f and g are coincidentally commuting. Then p = fq = gq =

fp=fgqa=gfq=gp. Then, from (2.1),
d(fp,p) =d(fp, fq) 2 C-u(p,q) +C - (d(fp,g99) +d(fq,9p)),

where
u(p,q) €{d(fp,gp),d(fq,99)} = 10,0} = {0}.

Hence, we get the following:
d(fp,fa) = C-0+C"-(d(fp,99) +d(fq,9p))

= 20"-d(fp, fq).
Since 2C" < 1, it follows that fp = fq. Hence, p is a common fixed point of f and g.
Uniqueness of the common fixed point follows easily from (2.1). 0

Setting g = I'x, the identity mapping of X in Theorem 2.1, we obtain the following:

Theorem 2.2. Let (X,d) be a complete cone metric space, and let K be a nonempty
closed subset of X such that, for each x € K and y ¢ K, there exists a point z € 0K
such that d (z,z)+d (z,y) = d(x,y). Suppose that f : K — X satisfies the condition

d(fx, fy) 2 C-u(x,y) +C' (d(fr,y) +d(z, fy)),

where u (z,y) € {d(z, fx),d(y, fy)}, for all x,y in K. Here C', C" are nonnegative
reals as in the Theorem 1.1, and f has the additional property that for each x € 0K,
the boundary of K, fr € K. Then f has a unique fized point.

Remark 2.1. Setting E = R, P = [0,400), ||:|| = |-| in Theorem 2.2 we obtain the
main result from [10], i.e., Theorem 1.1 above. This shows that Theorem 2.1 is more
general, since the main theorem from [10] can be obtained as its special case. We
believe that the results of our paper can be extended to obtain a common fixed point
theorem for a family of non-self mappings in the frame of the cone metric spaces,
analogous to [6] for metrically convex spaces.
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