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ON POSITIVE, LINEAR AND QUADRATIC BOOLEAN
FUNCTIONS

SERGIU RUDEANU

ABSTRACT. In [1], [2] it was proved that a function f : {0,1}™ — {0, 1} is positive
if and only if it is increasing, it is linear if and only if it satisfies

) JX)V YY) =fXY)V f(XVY)
and it is quadratic if and only if it satisfies
(**) XY VXZVYZ)< [(X)V )V f(2).

In this paper we work with an arbitrary Boolean algebra B and with arbitrary
Boolean functions f : B® — B, that is, algebraic functions over B. We prove a
refined generalization of the characterization of positive functions, we prove that
a Boolean function satisfies (*) if and only if it is linear in each variable, and we
prove that every quadratic Boolean function satisfies (**). Moreover, a Boolean
function f : B2 — B is linear if and only if it satisfies (*) and a Boolean function
f : B3 — B is quadratic if and only if it satisfies (**).

The term Boolean function over an arbitrary Boolean algebra (B,V,-/;0,1) de-
signates the algebraic functions f : B® — B, that is, the functions which can be
obtained from variables and constants of B by superpositions of the basic operations
V,+/. In the Boolean algebra ({0,1},V,-/,0,1), where x Vy = max{z,y}, = -y =
min{z,y} is also denoted simply xy, and 2’ = 1 — z, every function : {0,1}" —
{0,1} is Boolean; besides, {0,1} is the only Boolean algebra with this property. The
monograph [5] is devoted to Boolean functions in this general sense and to Boolean
equations, meaning equations expressed by Boolean functions f : B® — B. See also
the continuation [6].

At the time when [5] was written, the functions f : {0,1}" — {0, 1} were termed
truth functions or switching functions, terms reminiscent of their roles in logic and in
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switching theory, respectively, and distinguishing them from Boolean functions in the
general sense. In the last decades a huge literature is devoted to truth functions and
their numerous applications in science and technology; see e.g. the recent monographs
[3], [4]. These compendia reveal that in most cases the results are mainly based on
specific properties of the algebra {0,1} rather than on general properties of Boolean
algebras.

Under the given circumstances the author deeply regrets that people working in
this field are using the term “Boolean algebra” for the algebra {0,1} and “Boolean
functions” for truth functions, thus using the general terminology for the particular
case.

On the other hand it may be interesting to see whether certain isolated results can
be generalized from truth functions to arbitrary Boolean functions. The present Note
tackles such a particular problem.

Among other results, in [1] (see also [2]) the following theorems were proved about
a truth function f: {0,1}" — {0,1}:

x;=0 S f

1) f is positive, i.e., f
F(X) < fY);

2) f is linear, i.e., all its prime implicants are literals, if and only if it satisfies the
functional equation (*) f(X)V f(Y) = f(XY)V f(X VYY), where XY and X VY
are defined componentwise, and

3) f is quadratic if and only if it satisfies the functional equation (**) f(XY v XZV
YZ) < f(X)VvIY) Vv f(2).

In the present Note, after several prerequisites which make the work self-contained,
we obtain the following results:

z,=1, if and only if it is increasing, i.e., X <Y =

1) we generalize and refine Theorem 1) to Boolean functions,

2’) we prove that a Boolean function satisfies property (*) if and only if it is linear
in each variable, and for n = 2 condition (*) characterizes the linear Boolean
functions f : B2 — B, and

3’) every quadratic Boolean function satisfies property (**), and for n = 3 condition
(**) characterizes the quadratic Boolean functions f : B> — B.

PREREQUISITES

Let (B,V,-/,0,1) be an arbitrary Boolean algebra. Note that {0,1} is a Boolean
subalgebra of B and every two-element Boolean algebra is isomorphic to the algebra
{0, 1} described above.

Further, let n be a positive integer. We use a vectorial notation like X = (z4,...,z,),
Y =(y1,...,yn), - €B"and A = (ay,...,a,), B=(01,...,0n), - € {0,1}". The
set B™ is a Boolean algebra under the componentwise defined operations V,-,’, with
zero 0 = (0,...,0) and one 1 = (1,...,1).

The maxterms are the 2" Boolean functions defined by X4 = 2" ... 2% for A €
{0,1}", where z* are the Boolean functions defined by ! = x and 2° = 2/. The basic
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property of Boolean functions is that they are characterized by the existence of the
canonical disjunctive form
f(X) = \/ CAXA ’
Ae{0,1}"

where the coefficients ¢4 € B are uniquely determined by ¢4 = f(A) (VA € {0,1}").
Therefore every Boolean function f : B" — B is determined by its restriction to
{0,1}" and conversely, every truth function f: {0,1}" — {0, 1} can be extended to
a unique Boolean function f: B" — B.

This immediately implies that two Boolean functions coincide if and only if their
restrictions to {0,1}" coincide. In other words, if f,g : B®* — B are Boolean
functions, then

f(X)=g(X) (VX eB") < f(A) =g(4) (VA€{0,1}");
even more generally,
f(X) <g(X) (VX eB") <= f(A) <g(4) (VvAc{0,1}").

These two results are known as the Miiller-Lowenheim verification theorem.

Every Boolean function f : B" — B reaches its minimum []acqo13» f(A) and its
maximum V 4¢qo,13n f(A); as a matter of fact, the range of f is the interval determined
by these values.

A Boolean equation ax V bx’ = 0 is consistent if and only if ab = 0, or equivalently,
b < d’, in which case the solution set is the interval [b,a'| ={z € B|b <z <d'}.

The computation rules © < y <= zy =0, = =y < xy Va'y = 0 and
=0 (k=1,...,m) <= VL, zr = 0 enable the reduction of every system of
Boolean equations and/or inequalities to a single equation of the form f(X) = 0,
where f is a Boolean function. To write down the consistency condition of such an
equation it is convenient to proceed by successive elimination of variables. The current
step of this process is the following. To eliminate a variable x write the equation in
the form ax V 2’ V v = 0, where the Boolean functions «, 5 and v do not depend
on z. Then the consistency condition of the equation f(X) = 0 is the same as the
consistency condition of the equation a3V v = 0.

1. POSITIVE BOOLEAN FUNCTIONS

The definition of positive Boolean functions and of increasing or isotone Boolean
functions are the same as for truth functions. The equivalence of these properties can
be generalized to Boolean functions and refined as follows.

Theorem 1.1. The following properties are equivalent for a Boolean function
f:B"— B:
<1> f|73i:0 < f|$i:1 ( = 1 )
(ii) X<Y:f(X)§f( ) (VX Y € B");
(iii) f(XY) < f(X) (VX,Y € B");
(iv) f(X) < f(XVY) (VX,Y € B");
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(v) A< B = f(A) < f(B) (YA, B € {0,1}");
(vi) f(AB) < f(A) (VA B, e {0,1}");
(vii) f(4) < f(AV B) (VA B € {0,1}").

Proof. The equivalences (ii)<=-(iii)<=-(iv) are valid in the more general case of a
function f: L™ — L where L is a lattice.

The equivalences (ii)<=-(v), (iii)<=-(vi) and (iv)<=-(vii) are established by the
Miiller-Lowenheim verification theorem.

(i)=(v): Suppose A, B € {0,1}" satisfy A < B. If A = B then (v) is trivial. If
A < B then «; < ; for all i € {1,...,n} and there are some indices i for which
a; < ;. Let m be the number of those indices ¢ for which o; = 0 and §; = 1; so
0 < m <n. Let further

A=A"<Al<...< A" =B
be the sequence obtained from A by changing in turn the Os of A into 1s. Then

f(A) = f(A%) < f(AT) < - < f(A™) = f(B).
(il)=-(i): Trivial. O

2. LINEAR BOOLEAN FUNCTIONS

A truth function f is called linear if either it is the constant function 0 or it can be
written as a disjunctions of literals (that is, z; or z}). We generalize this definition to
Boolean functions as follows.

Definition 2.1. A linear Boolean function is a function f : B" — B which can be
written in the form

(2.1) () = (i v dia) (VX € BY),

i=1
where the constants ¢; and d; arein B (i =1,...,n).

So, the class of linear functions is indeed a subclass of the class of Boolean functions.
Note that the constant functions and the Boolean functions of one variable are linear.
The problem of characterizing linear Boolean functions is not trivial for n > 2.

Lemma 2.1. Fvery linear Boolean function f : B™ — B satisfies the identity
(2.2) fX)VY)=fXY)Vf(XVY) (VX,Y € B").

Proof. 1t follows from (2.1) that

n

FX)VFY) =V (i V) Vdi(2; V),

=1
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<=z

FXY)V (X VY) =\ (zy Vdi(xiV yl) Voei(z; V) Vdiziy)

3 |l
—

(ci(zi Vys) Vdi(xp V ;).
=1

To prove a partial converse of Lemma 2.1 we need two preliminaries.

Lemma 2.2. If a Boolean function f : B™ — B satisfies (2.2) then it satisfies also
(2.3) FLY)V F(0,2) = F(0,Y)V f(1.Z) (VY. Z € B"),

or equivalently,

(2.3) f(1,B)V £(0,0) = f(0,B)V f(1,C) (VB,C €{0,1}*1).

Proof. 1t follows from (2.2) that each side of (2.3) equals f(0,YZ) Vv f(1,Y V Z).
U

A weaker property is the following:

Definition 2.2. A Boolean function f : B" — B is linear in a variable x; if it can
be written in the form f(X) = ax; V bz V g(Y'), where g : B"! — B is a Boolean
function of the remaining variables.

Lemma 2.3. If a Boolean function f : B™ — B satisfies (2.2), then it is linear in
each variable.

Proof. Since condition (2.2) is invariant to any permutation of the variables, it suffices
to prove that f is linear in x;. We will prove that condition (2.2) implies the existence
of some elements a,b € B and of a Boolean function g : B®"! — B such that

(2.4) f(x,Y)=azxVvbr'VgY) Vo €B, VY € B"1).
Indeed, identity (2.4) is equivalent to the system
fLY)=aVvg(Y) (VY € B"),
f0,Y)=bvg(Y) (VY € B"™),
which is equivalent to the equation
FALY)dG (V) V F(LY)aV (LY )g(Y)V
VIO, YV (Y)V [0, Y)bV f(0,Y)g(Y)=0 (VY € B,
which in its turn is equivalent to the system
(2.5.1) (1, Y)aV f(1,Y)d(Y)d =0 (VY € B
(2.5.2) FO0, V)bV f(0,Y)d(Y)V =0 (VY € B"),
(2.5.3) [f'(1L,Y)V £(0,Y)]g(Y)=0 (VY € B" ).
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Identity (2.5.1) holds if and only if the element a € B satisfies
FILY)g(Y) <a< f(1Y) (VY € B™Y)
This happens if and only if

max(f(1.Y)g/(V)] < a < min F(1.Y).

that is,

(2.6.1) V  f(,B)g(B)<a< f(1,0),

Be{0,1}—1 cef{0,1}n—1

and similarly, (2.5.2) is equivalent to

(2.6.2) V' f(0.B)g(B)<b< £(0,0).
Be{o,1}n! ce{0,1}n—1

Besides, the Miiller-Lowenheim verification theorem shows that equation (2.5.3) is
equivalent to

(2.6.3) Vo [f(L,B)V (0, B)lg(B) = 0.

Be{0,1}7—1
Therefore, taking into account that a Boolean function g : B® — B is determined
by the values g(B), B € {0,1}", it follows that the function f is of the form (2.4) if
and only if the system (2.6) is consistent with respect to a,b and g(B), B € {0,1}"1.
The consistency condition of equations (2.6.1) can be written in the following
equivalent forms:

Vo ruBgB) < I L0,

Be{0,1}n~1 Cce{0,1}n—1
{ \/ f'(1,C) \/ f(1,B)¢'(B) =0,
cefo,1}n-1 Be{0,1}7—1

(2.7.1) [ \/  F(LO)| f(1,B)g(B)=0 (VB e {0,1}"1).

cef{o,1}n—1

Similarly, the consistency condition of (2.6.2) is

(2.7.2) [ \V  F(0,0)| f(0,B)g'(B)=0 (VB e {0,1}" ).

cef{o,1}n—1

Equation (2.6.3) is consistent and the Boolean functions g : B"™! — B which
satisfy the equation are characterized by the condition

(2.7.3) [f'(1,B) VvV f'(0,B)]g(B) =0 (VB € {0,1}*1).
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Summarizing, the function f is of the form (2.4) if and only if system (2.6) is
consistent, and this happens if and only if system (2.7) is consistent with respect to
the unknowns ¢(B).

System (2.7) can be written in the form

f,B) '/ fac)vro,B) \/ f(0,0)

Cefo,1}n-t cef{o,1}n-1
VIf'(1,B)V f(0,B)]g(B) =0 (VB e {0,1}"7"),

so that its consistency condition is

g (B)V

[f'(L,B) v [0, B)]

f@.B) Vo fae)vo.B) f’(O,C)IZO

Ce{o,1}n! Cce{o0,1}n—1
(VB € {0,1}" 1),
which can be written in the equivalent forms

Fa,B)f0,B) \/ 0,0V

cef{0,1}»—1
VFO,B)f(1,B) \/  f(1,C)=0 (VB e {0,1}"),
ce{0,1}n1
f(0,B)f'(1,B)f(0,C) = f(1, B)f'(0,B)f'(1,C) =0 (vB,C €{0,1}"7").
The latter condition is fulfilled by Lemma 2.2. O

Lemmas 2.1 and 2.3 can be joined as the main result of this section:

Theorem 2.1. Every linear Boolean function satisfies (2.2) and every Boolean func-
tion which satisfies (2.2) is linear in each variable.

Proposition 2.1. A Boolean function f : B> — B is linear if and only if it satisfies
(2.2) with n = 2.

Proof. The “only if” part is valid for arbitrary n by Lemma 2.1. Conversely, if
[ : B*> — B satisfies (2.2), then by Lemma 2.3 identity (2.4) holds, which becomes
f(@,y) = ax v ba' vV g(y); but g(y) = cy V dy'. O

3. QUADRATIC BOOLEAN FUNCTIONS

The starting point in defining and studying quadratic Boolean functions is the
trivial remark that the truth functions of two variables (in particular those of one
variable) are quadratic. Therefore the following definition is natural.

Definition 3.1. A quadratic Boolean function is a function f : B® — B which can
be written in the form

(3.1) FX) =\ flany) (VX €BY),

i=1j=1
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where f;; are Boolean functions.

In particular the expansion (3.1) includes Vi, fi;(x;, x;), which is a linear Boolean
function; this also shows that every linear Boolean function is quadratic. Note that
every Boolean function of zero, one or two variables is quadratic. The problem of
characterizing quadratic Boolean functions is not trivial for n > 3.

Proposition 3.1. Every quadratic Boolean function f : B™ — B satisfies the iden-
tity
(3.2) fXYVXZVYZ)< f(X)VfY)V f(Z) (VX,Y,Z €B").
Proof. Since the components of the vector XY V XZ VY Z are x;y; V x;2; V y;2;, it
suffices to prove that the functions f;; in (3.1) satisfy
fii @iy V wizi V yizi, w5y V 2525 V yi25) < fij(wa i) Vofig (e, v) Vo fii(2is25).
Indeed, the functions f;; are of the form

fig(wi, ;) = agar; V byrias Vocjrir V dijagal,

therefore, taking into account that (aVb)(aVe)(bVe) = (aVbe)(bVe) =abVacV be,
we have
fz](xzyz V' xizi V Yizi, Tjy; V 225 V y]’z])
(iys V iz V yizi) (295 V 525 V y;25)V
Ty V iz V yiz) (@ Vi) (@ V 25) (Y V25V
2 Vo) (@ V 2) (i V 20) (w55 V @52 V y25)V

=a;;
Vb
Ve
\/du g V oy (@ Vo z) (g Vo2 (25 Vo) (25 v 2) (Y V 7)) =
Ty V xizi V yiz) Ty V w2 V yiz) Vv

(
(]

(3
i (2
Vb (z; V w32 V ysz) (@5 V 2525V y525)V
Ve (2]
(

(2
7

zi) z})
Ty V iz V gz 'L)(xjy] V iz Vyz)V
Vd;j(z z;) z;)

WiV @z VoY) (@Y V Yz vy,
while
fis(@i,z) V fij (i yi) V fij (20, 25) =
Ve (Thay V yiy; Vo zizi) V dw(x;:v; vV ygy; vV zz’z;)

Now it suffices to prove four inequalities <, that is between the coefficients of
a;j, bij c;; and d;;, respectively. Indeed, first an easy factorization shows that

(xzyz V €T;Z; V yZZZ)(ZL']y] Vv IjZ]‘ V ’ijj) S ZL‘Z‘I'J‘ V yzy] V ZZ‘Z]‘,

so that we have obtained the desired inequalities between the coefficients of a;; and
similar inequalities hold between the coefficients of b;;, of ¢;;, and of d;;. O



ON POSITIVE, LINEAR AND QUADRATIC BOOLEAN FUNCTIONS 185

Proposition 3.2. A Boolean function f : B> — B is quadratic if and only if it
satisfies (3.2) with n = 3.

Proof. The “only if” part is valid for arbitrary n by Proposition 3.1. Conversely, we
suppose that a Boolean function f : B®> — B satisfies (3.2) and we will prove that f
can be written in the form

f(z,y,2) =azxy V by Vcx'y V da'y'V
(3.3) Vhzz Vixz' V jr'z VvV ka'2' vV myz V ny' Vpy'z Vv gy

Setting f(a, 5,7) = fapy, identity (3.3) is equivalent to the following system of
equations:

(3.4.0) fooo=dV kVaq,
( ) Joor =dV jVp,
( ) folo=cVkVn,
( ) Jou=cVjVm,
(3.4.4) fioo=bViVay,
( ) Jio1 =bV hVp,
( ) fiio=aViVn,
(3.4.7) fiii=aVvhVvm.

Our task is to prove that condition (3.2) implies the consistency of system (3.4)
with respect to the unknowns a, . ..,q. We obtain the consistency condition of (3.4)
by successive elimination of variables.

Equations (3.4.7) and (3.4.6) can be joined into the single equation

fina Vv fin(hvm) V find K'm’V fijga V fiio(i VvV n) V figdd'n’ =0,
which can be rewritten as

(fin V fli)a V (finh'm'V figi'n’)a’ Vv fii(h vV m) V fii(i Vv n) =0,
which is of the form aa V fa’ Vv =0, and since

af = (fii1 V fii0) (frnh'm' Vv frei'n') = fiy fuei'n’ Vv flig finh'm’,

the result vV af = 0 of the elimination of a is
(3.5.1) finh vV fium V flgi V fiion V fi fuedm' vV flgfinh'm’ = 0.
In the same way we eliminate b from (3.4.5) and (3.4.4), ¢ from (3.4.3) and (3.4.2), d
from (3.4.1) and (3.4.0), and we obtain
(3.5.2) floth V flop V floot V fioo? V frorfio08'q" V figofronh'p" =0,
(3.5.3) foud vV form V foi0k V foron V for forok'n" V for0 forni'm’ =0,
(3.5.4) f0013 V fo012 V fo00k V fo00a V' foo1 foook'a" v foeo foori'p" = 0.
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We rewrite system (3.5) in the following form:

(3.6.0) (f{n \% féll)m \ (f{m \% f(l)lo)n \ (f{m \ fém)p v (fioo \4 féoo)q =0,
(3.6.1) (f{n v f{01)h \4 (ffloflnm/ \ ffoofwlp/)h/ =0,
(3-6-2) (f{w v fioo)i \% (f{nfllonl \% f{01f100q/)i/ =0,
(3.6.3) (forr V foo1)d Vv (foroforrm' V fogofoor?')s" =0,
(3-64) (f(/no \ f(goo)k’ \4 (f(/)11f010n' \ f(/)01f000q/)k/ =0.
By eliminating h, 1, j, k from (3.6.1)—(3.6.4) we obtain
(3.7.1) Sl floofrop vV flonfiiefinm’ =0,
(3~7-2) f{10f{01f100(]/ \ f{OOf{MfllOn/ =0,
(3.7.3) forrfoooSoor?' V' foor foro foum” =0,
(3.7.4) for0fo01 foood" V' fooofor1 foron” = 0.

We rewrite the system consisting of (3.6.0) and the four equations (3.7) in the form

(3.8.1) (fin V for)m V (flon fiiofin vV foon foro forr)m' = 0,
(3.8.2) (f110 V Joro)n V (Fioof111f110 V fooofor1 foro)n' =0,
(3.8.3) (fior V foor)P V (f111 fio0 101 V forrfoooSoor)p" = 0,
(3.84) (oo V Jooo)q V (fi10f101f100 V fo10001.fo00)d" = 0.

The elimination of m, n, p, ¢ yields

T foor foroforr V forifion fiiofiin V fiiofooo forr foro V foro froof111 fi10V
(3.9)  V florforr JoooSoor V foor fii1 f1o0f101 V' floofor0fo01Sooo V' fooof110f101. 100 = O.

We have thus proved that (3.9) is the consistency condition of system (3.4). But
equation (3.9) consists in fact of 8 conditions of the form

(3'10) félﬁlWlfC/Y2B272fl;353’73fa67 = 0.
It is easy to check that in each case we have

(041751;71)((12,52,72) \ (061751,71)(043,53,73) \ (042,52,72)(043753773) = (04757 7).
Therefore (3.2) implies

f(aa /67 7) S f(&lv 517 71) \v f(a27 527 /72) \ f(a?n 637 73)
and each condition (3.10) is fulfilled. O
4. OPEN QUESTIONS
1. For n > 3, is it true that a Boolean function linear in each variable is linear?

2. What more can be said about the converse of Proposition 3.17

Acknowledgement: I thank Silvana Marinkovi¢ and Dragi¢ Bankovi¢ for their
helpful remarks.
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