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SOME CONSIDERATIONS OF MATRIX EQUATIONS USING THE
CONCEPT OF REPRODUCTIVITY

BRANKO MALESEVIC ! AND BILJANA RADICIC 2

ABSTRACT. In this paper we analyse Cline’s matrix equation, generalized Penrose’s
matrix system and a matrix system for k-commutative {1}-inverses. We determine
reproductive and non-reproductive general solutions of analysed matrix equation
and analysed matrix systems.

1. INTRODUCTION

In this paper we determine general and reproductive general solutions of analysed
matrix equation and analysed matrix systems. We are going to use the concept of re-
productivity in order to prove that certain formulas represent the general solutions of
analysed matrix equation and analysed matrix systems. The concept of reproductive
equations was introduced by S. B. Presi¢ [2] in 1968.

Let S be a given non-empty set and J be a given unary relation of S. Then an equation
J(x) is consistent if there is at least one element zq € S, so-called the solution,
such that J(xg) is true. A formula z = ¢(t), where ¢ : S — S is a given function,
represents the general solution [20] of the equation J(z) if and only if

(V) J(p(t)) A (V) (J(2) = (Ft)z = ¢(1)).
Let us cite the definition of reproductive equations according by S. B. Presi¢ [2].
Definition 1.1. The reproductive equations are the equations of the following form:
r = p(z),

where z is a unknown, S is a given set and ¢ : S — S is a given function which
satisfies the following condition:

(1.1) pop=q.
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The condition (1.1) is called the condition of reproductivity [2]. The fundamen-
tal properties of reproductive equations are given by the following two statements
(S. B. Presi¢ [2]) (see also [5], [6] and [17]).

Theorem 1.1. For any consistent equation J(x) there is an equation of the form
x = p(x), which is equivalent to J(x) being in the same time reproductive as well.

Theorem 1.2. If a certain equation J(x) is equivalent to the reproductive one x = p(z),
the general solution is given by the formula x = ¢(y), for any value y € S.

Let us remark that a formula x = ¢(t), where ¢ : S — S is a given function, represents
the reproductive general solution [20] of the equation J(z) if and only if

(V) J(o(t)) A (V)(J(t) = t = (1))
Reproductivity of some equations of mathematical analysis was studied by J. D. Kecki¢
in [9], [10]. In [15] J. D. Kecki¢ and S. B. Presi¢ considered the general applications
of the concept of reproductivity. The general applications of the concept of reproduc-

tivity in various mathematical structures can also be found in [7], [8], [13], [14], [16]
and [17].

2. MAIN RESULTS

Let m,n € N and C is the field of complex numbers. The set of all m x n matrices
over C is denoted by C™*". By C"*" we denote the set of all matrices from C"™*"
with a rank a. For A€ C™*" the rank of A is denoted by rank(A). The unit matrix of
order m is denoted by I,,, (if the dimension of unit matrix is known from the context,
we omit the index which indicates the dimension and we use designation I). Let
A € C™ ™ then a solution of the matrix equation

AXA=A

is called {1}-inverse of A and it is denoted by A®"). In the general case {1}-inverse
of A is not uniquely determined. The set of all {1}-inverses of A is denoted by A{1}.
It can be shown that A{1} is not empty. {1}-inverse of A is uniquely determined if
A is regular. In that case {1}-inverse A corresponds to A~!ie. A{1} = {A7'}.
There are also other types of inverses. More informations about {1}-inverse and
other types of inverses can be found in [18] and [19]. For A € C™*™ the smallest
non-negative integer k such that rank(A*)=rank(A**1) is called the index of A and
it is denoted by Ind(A).

This section of paper is divided into three parts. The first part is devoted to the
matrix equation

(2.1) A"XB" = C,

where A€ CP*?, BeC91, CeCP*Y m > k = ind(A) and n > | = ind(B). In the
second part we consider the matrix system

(2.2) (22.1) A"X=B A  (222) XD'=E,
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where A € CP*P, Be CP*1, D e C9, E € CP*, m > Ind(A) and n > Ind(D). A
solution of the matrix system

(2.3) AXA=A AN AFX = XAF

where A € CP*? is a singular matrix and k € N, is analysed in the third part of this
section.

2.1. In this part we analyse the matrix equation (2.1). In the paper [3] R. E. Cline
was the first one who considered the matrix equation (2.1). Using Penrose’s condition
for the consistence of the matrix equation AXB = C, R. E. Cline concluded that
the matrix equation (2.1) is consistent if and only if

(2.4) Am(AMWe(BmV BT = O,

In the paper [3] it was shown that the matrix equation (2.1) is consistent for any
m > k and any n > [ if and only if the matrix equation A¥*X B! = C is consistent.
Based on the results in the paper [22] the condition of consistence (2.4) for the matrix
equation (2.1) can be also considered in a new form (see Theorem 2.1).

Lemma 2.1. If the matriz equation (2.1) is consistent, the equivalence
A"XB"=C = X = f(X)=X — (A")W(A"XB" - C)(B")W

18 true.

Proof. =) : Suppose that A" X B"™ = C. Then, the equality
is also true and
X =X —(AMWA"XBY(B")Y + (A™)WC(B™)W
=X — (AMW(AmX B — C)(B™)Y
= f(X)
<=) : Suppose that X = f(X) =X — (A™)M(AmXB" — C)(B™)Y. Then,
A"XB" = A" f(X)B"
= A" (X — (A")W(AmX B" — C)(B")W) B"
= AmXDB" — A™(A™)WA™ X B"(B")WB" + A™(A™)D (B B

(=A™) (=B") (=0
(2.4)

=A"XB" - A"XB"+(C
=C.



154 BRANKO MALESEVIC AND BILJANA RADICIC

Remark 2.1. Tt is easy to show that f2(Y) = f(Y) i.e. the function f satisfies the
condition of reproductivity. Therefore, if the matrix equation (2.1) is consistent, it is
equivalent to the reproductive matrix equation X = f(X).

Based on the previous remark and Theorem 1.2 we conclude that the following theo-
rem is true.

Theorem 2.1. If the matriz equation (2.1) is consistent, the general solution of the
matriz equation (2.1) is given by the formula

X=f(Y)=(A"MWoBMHY +y — (AamWAmy B (BM)Y,
where Y 1s an arbitrary matriz corresponding dimensions.
The following theorem is an extension of the previous theorem.

Theorem 2.2. If X is a particular solution of the matriz equation (2.1), the general
solution of the matriz equation (2.1) is given by the formula

(2.5) X =g(Y) = Xo+Y — (AMD Ay Br (B,

where Y 1s an arbitrary matriz corresponding dimensions.

Proof. It is easy to see that the solution of the matrix equation (2.1) is given by (2.5).
On the contrary, let X be any solution of the matrix equation (2.1), then

X =X - AmMYoB"W + (amDo(BmW
= X — (AMWA"XB"(B") + (A™)W A" X,B"(B")"
= X — (A™M)WA™(X — Xo)B"(B")Y
= Xo + (X = Xo) — (AW A™(X — Xo)B"(B")Y
= Xo+Y — (A™MWAmY gr(B™)W

=g(Y),
where Y = X — X,. From this we see that every solution X of the matrix equation
(2.1) can be represented in the form (2.5). O

Remark 2.2. From ¢*(Y) = g(Y) + (Xo - (Am)(l)C(B")(l)) we conclude that the
function g is reproductive if and only if X, = (A™)MC(B™)W.

Remark 2.3. Theorem 2.2 is an extension, as we mentioned, of Theorem 2.1 be-
cause there is a matrix equation (2.1) and a particular solution Xy such that X, #
(A™YDC(B™W for any choice of {1}-inverses (A™)") and (B™)® similar to the cor-
responding example from [21].
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2.2. In this part we analyse the matrix system (2.2), as a special extension of Pen-
rose’s matrix system [1]:

AX =B A XD=F,
using the concept of reproductivity.

Based on the result from [1] we conclude that one common solution of the matrix
system (2.2) is given by

X, = (AMWYB + E(D™Y — (A™W(A™)AE(D™)W.
The results which follow are extensions of the results from [18] (pp. 54-55) and [22].

Lemma 2.2. The matriz equations (2.2.1.) and (2.2.2.) have a common solution if
and only if each equation separately has a solution and

A™E = BD".
Proof. The proof is similar to the proof in [18]. O

Lemma 2.3. If the matriz system (2.2) is consistent, the equivalence
(A"X =B N XD'"=F) <
X = f(X) = X1+ (I - (A")WA™)X(I - D"(D")W)

18 true.
Proof. The proof is similar to the proof in [22]. d

Remark 2.4. Tt is easy to show that f2(Y) = f(Y) i.e. the function f satisfies the
condition of reproductivity. Therefore, if the matrix system (2.2) is consistent, it is
equivalent to the reproductive matrix equation X = f(X).

Based on the previous remark and Theorem 1.2 we conclude that the following theo-
rem is true.

Theorem 2.3. If the matriz system (2.2) is consistent, the general solution of the
matriz system (2.2) is given by the formula

X=[f(Y)=Xi+ (I~ (A"MWA™MY (I - D"(D")WD),
where Y 1s an arbitrary matriz corresponding dimensions.
The following theorem is an extension of the previous theorem.

Theorem 2.4. If X, is a particular solution of the matriz system (2.2), the general
solution of the matriz system (2.2)) is given by the formula

X =g(Y) = Xo+ (I = (A™M)WAM)Y (I = D"(D")V),

where Y s an arbitrary matriz corresponding dimensions.
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Proof. The proof is similar to the proof in [22]. d

Remark 2.5. From ¢*(Y) = g(Y) + (Xo — X;) we conclude that the function g is
reproductive if and only if Xy = Xj;.

2.3. In this part we analyse the matrix system (2.3). The second equation of the
matrix system (2.3) determines {5%}-inverse of A. A solution of the matrix system
(2.3) is {1, 5*}-inverse which is called k-commutative {1}-inverse and is denoted by A.
k-commutative {1}-inverses were considered in [11], [12] and [16]. It is easy to check
that one solution of the matrix system (2.3) is given by X = AAA. In [12] J. D. Kecki¢
gave the condition for the consistency of the matrix system (2.3). We are going to
represent the formula of the general reproductive solution for the consistent matrix
system (2.3) using the concept of reproductive equations. We need the following three
lemmas.

Lemma 2.4. AFAF = Ak Ak,

Proof. A¥FAF = AFA AF1 = AARFAR T = A AF A AF2 = A2AF A2 = =AFAR. O
—~ —~
(=AAF) (=AAF)

Lemma 2.5. For any particular solution X of the matrix system (2.3) the equalities
XgAPAF = AP AR and - AR AR X = AR AR

are true.

Proof. We are going to prove the first equality.

Xo ilf/ AF = X AP ARAR AR = AR X AR A%k

(= Ak Ak AR) AR x)( = Ak AR)
(=4Xo) T 1

— Ak—l AXOA Ak—l[pk — Ak_lAAk_lzzl%
N——
(=4)
— Az’“_lfl%

Ak AR+ — qk gk AR Zk+1 — A2k 12k+1
~~ ——

(:AkAkAk) (L§4Akgk)

= AFAFAA? = AF AAF A%k
M~
(=AAK)
— Akfl AAA Akfljlek — AkflAAkfljlek
S——
(=4)
— A2k—1A2k

Therefore, XoA*A* = A¥ A*+1 The second equality is proved similarly. O
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Lemma 2.6. Let X = AAA. If the matriz system (2.3) is consistent, the equivalence
AXA=A N AAX = XA =
X=f(X)=X+X—(I-AA)XA*A* — AF Ak X (- AA)— AAX AA

18 true.

Proof. =) : Suppose that AXA=A A A*X = X A*. Then,

AAXARAR = AAXAARTTAR = AAF AF = ARAAF = AF AT
(=4) (=AF A)

Bearing in mind that X A¥AF = A* A**+! (Lemma 2.5.), we conclude that

XAFAF = AAX AF AP,

In a similar way we get that A¥AFX = AKA* X AA.
Therefore,

X =AAA+ X — XAFAF - AAXAPAR — AR ARX 4 AFARFXAA - A A A
A S X - XAV £ AAXACTE — ASARX ¢ APARXAA - AAXAA
= AAA+ X — (I — AA)XARAF — AFARX (T — AA) — AAX AA
= f(X).

<) : Suppose that X = f(X)=AAA+ X — (I — AA)XA*AF — AFAkX (T — AA)
—AAXAA. Then,

AXA = Af(X)A
= A(AAA+ X — (I — AA)XARAR — AFARX (1 — AA) — AAX AA)A

= AAAAA+AXA—A(I—AA) X AP AR A— AAR AR X (T-AA)A-AAA X AAA
<~ <~ <~
(=4) (=0) (=0) (=4) (=4)
= AAA+AXA - AXA
(=4)

pum A,
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ARX = ARF(X)
= AF(AAA+ X — (I — AA)X ARAF — AR AR X (T — AA) — AAX AA

= AFAAA + ARX — AR(T - AA)X AP AR — AF AR AR X (T - AA) - AFAAX A A
) (=4)
(=4 =

= AFAAA + ARX — ARX AR AR + AFAAX ARAF— AR X + AKX AA— AR AAA

= AP XAPAR L AFAAXAAFTAR AT AX A A
—_— —— ——

(= ARAR+L) (=4) (=4)
L.2.5.

= —AFAR AR L ARAAR AR 4 AR A
——
(=AkA)

— _A2kAk+1 —f—AkAk/_lAk —{—Ak/_l

— _A2kAk+1 + A2kAk+1 + Akf_l
— ARA,
XAk = f(X)AF
= (AAA+ X — (I — AA)X AR AR — ARARX (1 — AA) — AAX AA) AF

= AAAAP L X AP —(1-AA)X APAF AP AR AR X (1 - AA)AF — A AX A AAF
N—_—— N——
(=A%) (=4)
= AAAAP L X AR - X AP AAX AP — AF AR X AR AR AR X AAAF — AAAAF

= AAXAAL — AFAFX AR 1 AR AR X AAAF
N———" N——

=4 (L5454

= AAF — AR ARTLAR - AR AR X AAAF
= AA¥ — ARARFLAR - AR AL AX A AAF
=
(=4)
—

= Ak Ak
(LA2A4A )

= AAF — AFAMLAR 4 AR AR AP
= AA*.

From A*¥A = AAF we see that AFX = X A*.
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Remark 2.6. Tt is easy to show that f2(Y) = f(Y) i.e. the function f satisfies the
condition of reproductivity. Therefore, if the matrix system (2.3) is consistent, it is
equivalent to the reproductive matrix equation X = f(X).

Based on the previous remark and Theorem 1.2 we conclude that the following theo-
rem is true.

Theorem 2.5. If the matriz system (2.3) is consistent, the general solution of the
matrixz system (2.3) is given by the formula

X =f(Y)=AAA+Y — (I-AA)YA*AF — AFARY (T1—- AA) — AAYAA,
where Y 1s an arbitrary matriz corresponding dimensions.
In [12] J. D. Kecki¢ also proved this theorem, but his proof is different from the

previously exposed proof.
The following theorem is an extension of the previous theorem.

Theorem 2.6. If X, is a particular solution of the matriz equation (2.3), the general
solution of the matriz equation (2.3) is given by the formula

(2.6) X=gY)=Xo+Y — (I-AA)YA*AF — AFARY (- AA) — AAYAA.
where Y s an arbitrary matrixz corresponding dimensions.

Proof. Tt is easy to see that the solution of the matrix system (2.3) is given by (2.6).
On the contrary, let X be any solution of the matrix equation (2.3), then

X =X = ARART g ARART  AARFLN L AR gk gk
N—— N—— N——

(354D (3 KoArAn (7540
+ AFARTL AL ¢ APARTL  AFARTIAA A A A+ AAA
—_—— N—_—— N—_—— ~— ~—
(L?SAkAkX) (L§5AkAkXo)(L?5A’€AkXO) (=AXA) (=AXo4A)

=X — XAFAF ¢ XA AR 4 AA AP AR AA APARTL AR AR X
—— N——

(= XAk AFK) (= XoAk AFk)
L.2.5. L.2.5.

+ AFARX AA + AP ARX ) — AFAF X AA — AAXAA + AAX AA
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= Xo+(X—Xo)— (X —Xo)A*AF - AAX AP AF — AAX AF AP — AF A% (X — X,)
+ APAR(X — Xo)AA — AA(X — X()AA

=Xo+ (X — Xp) — (X — Xo)A"AF + AA(X — X)APAF — APAF(X — X)
+ AP AR(X — Xo)AA — AA(X — X,)AA

=Xo+ (X — X)) — (I — AA)(X — Xo)APAF — AFAF(X — Xo)(I — AA)

~ AA(X — Xo)AA

=X, +Y — (I-AA)YARA® — APARY (1—-AA) — AAYAA

=g(Y),
where Y = X — X,. From this we see that every solution X of the matrix system
(2.2) can be represented in the form (2.6). O

Remark 2.7. From ¢*(Y) = g(Y) + (Xo — X) we conclude that the function g is

N

reproductive if and only if Xy = X.

Remark 2.8. The preceding result is an extension of the consideration which is given
in [22] (see Application 2.2)

3. CONCLUSION

We want to emphasize that there are also other matrix equations and matrix systems
whose solutions can be analysed in the same way as we done with (2.1), (2.2) and
(2.3).
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