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TRIPARTITE MULTIDIGRAPHS AND IMBALANCES
SHARIEFUDDIN PIRZADA !, KOKO K. KAYIBI %2, AND NASIR A. SHAH 3

ABSTRACT. A tripartite r-digraph (r > 1) is an orientation of a tripartite multi-
graph that is without loops and contains at most r edges between any pair of vertices
from distinct parts. For any vertex x in a tripartite r-digraph D(U,V, W), let dj
and d_ denote the outdegree and indegree respectively of z. Define a, = duf —d,

b, =df —d  and Coy, = dt —d~ as the r-imbalances of the vertices u, € U,
J j j o k

J J J g k c
v, € V and w, € W respectively. We characterize r-imbalances in tripartite r-
digraphs and obtain necessary and sufficient conditions for three sequences of inte-
gers to be r-imbalance sequences of some tripartite r-digraph.

1. INTRODUCTION

An r-digraph (r > 1) is an orientation of a multigraph that is without loops and
contains at most r edges between any pair of distinct vertices. So a 1-digraph is an
oriented graph and a complete 1-digraph is a tournament.

The imbalance of a vertex v, in an r-digraph is defined as

where dj and d, denote respectively the outdegree and indegree of v,. The imbalance
sequence of an r-digraph is formed by listing the vertex imbalances in non-decreasing
order or non-increasing order.

The following [6] is the combinatorial criterion for sequence of integers to be the
imbalance sequence of some r-digraph. Of course this is the extension of a criterion
for imbalances in simple digraphs found in [2].
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Theorem 1.1. [2] A sequence A = [a,]] of integers in non-increasing order is an
imbalance sequence of an r-digraph if and only if

k

> a; <rk(n—k),

1=1

for 1 < k <mn, with equality when k = n.

A bipartite r-digraph (r > 1) is an orientation of a bipartite multigraph without
loops and with at most r edges between any pair of vertices, one vertex from each
part. The following characterization of imbalance sequences in bipartite r-digraphs
can be seen in [7].

Theorem 1.2. The sequences A = [ay1,--- ,a,] and B = [by,--- ,b,] of integers in
non-increasing order are the imbalance sequences of some bipartite r-digraph if and

only if
k l
doa,+ b, <rlklg—1)+ip—k)
i=1 j=1
for 1 <k <pandl <l <q with equality when k =p and | = q.

Various results on imbalances in digraphs can be seen in [1, 5, 6], imbalances in
oriented bipartite graphs can be seen in [10].

2. IMBALANCE SEQUENCES IN TRIPARTITE 7-DIGRAPHS

A tripartite r-digraph (r > 1) is an orientation of a tripartite multigraph that is
without loops and contains at most r edges between any pair of vertices, each vertex
from a distinct part. Clearly tripartite 1-digraph is an oriented tripartite graph and a
complete tripartite 1-digraph is a tripartite tournament. Some results in these types
of tripartite digraphs can be found in [8, 9].

If D(U,V, W) is a tripartite r-partite with parts U = {u,,--- ,u,}, V = {v,,--- ,v,}
and W = {w,, -+ ,w,}, thena, =a,=d —d_,b, = b, = d’ —d and €, = =

7 i J J

) v .
Ui J

d" —d are respectively the imbalances of vertices u, €U, v, € Vandw, € W. The
Yk Yk
sequences A = [a,, -+ ,a,], B=[b,,---,b, ]and C =[c,, -+ ,c,] in non-increasing or

non-decreasing order are called the imbalance sequences of D = (U, V, W).

In D(U,V,W), if there are f arcs directed from u to v and g arcs directed from v
to u with 0 < f, g, f + g < r, we denote this by u(f — g)v.

An r-triple in D is an induced r-subdigraph of three vertices, one vertex from each
part and is of the form u(f, — f,)v(g, —g,)w(h, —h,)u where 0 < f,, f,, 9., 95, hy, hy, [+
fys9, + 95, h, + h, < r. Also, an oriented triple (or 1-triple) in D is an induced 1-
subdigraph of three vertices, one vertex from each part. An oriented triple is said to
be transitive if it is of the form u(1—0)v(1—0)w(0—1)u, or u(1—0)v(0—1)w(0—0)u
or u(1—0)v(0—0)w(0—1)u or u(1—0)v(0—0)w(0—0)u or u(0—0)v(0—0)w(0—0)u,
otherwise it is intransitive. A tripartite r-digraph is said to be transitive if every of
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its oriented triple is transitive. In particular, an r-triple C' in a tripartite r-digraph
is transitive if every oriented triple of C' is transitive.

The following result shows that any two transitive r-digraphs with same set of
imbalance sequences can be transformed from one another.

Theorem 2.1. Let D and D’ be two tripartite r-digraphs with same imbalance se-
quences. Then D can be transformed into D' by successively transforming

(i) appropriate oriented triples in one of the following ways, either
(a) by changing an intransitive oriented triple u(1—0)v(1 —0)w(1—0)u to a
transitive oriented triple u(0 — 0)v(0 — 0)w(0 — 0)u, which has the same
imbalance sequences or vice-versa, or
(b) by changing an intransitive oriented triple u(1—0)v(1—0)w(0—0)u to a
transitive oriented triple u(0 — 0)v(0 — 0)w(0 — 1)u, which has the same
imbalance sequences, or vice versa, or
(ii) by changing the symmetric arcs u(l — 1)v to u(0 — 0)v, which has the same
imbalance sequences, or vice versa.

Proof. Let A, B and C' be imbalance sequences of an [ x m x n tripartite r-digraph
whose parts are U,V and W, and let D* be the tripartite digraph having parts U*, V'*
and W*. To establish the result, it is sufficient to show that D* can be obtained from
D by transforming oriented triples and symmetric arcs in any of the ways given in
(i)(a), or (1)(b), or (ii).

We fix the orders of second and third part as m and n respectively and use induction
on the order [ of the first part. For [ = 1, the result is trivial. Assume that the result
is true when there are fewer than [ vertices in the first part. Let p and ¢ be such that
fori >pand j >¢q, 1 <p<i<mand1l<qg<j<n the corresponding arcs have
like orientations in D and D*. For p and ¢ we have the following cases to consider.

(I) There are oriented arcs of the form

(i) u,(1 = 0)v,(1 = 0)w, and u’(0 — 0)v*(0 — O)w?,
(ii) %, (0 = 0)v,(0 — Nw, and u;(1 — 0)v*(0 — 0)w?,
(ili) u,(1 —0)v,(0 — 0)w, and u; (0 — 0)vr(0 — L)w’.

(IT) There are oriented arcs of the form
(iv) 4,(0 —0)v, and uy(1 — 0)v,
(v) v, (0 —1)v, and u’(0 — 0)v*
Since u, and «* have same imbalances, so
(i) 4, (0 = Dw, and u;(0 — 0)w? or u,(0 — 0)w, and u;(1 — 0)w. Therefore there is
an oriented triple u,(1 — 0)v, (1 — 0)w, (1 — 0)u,, or u,(1 = 0)v, (1 — 0)w, (0 — 0)u, in
D and correspondlng to this there is an oriented triple u* (0 — 0) (0 — ) 20 —0)uy
or uy(0 — 0)v*(0 — 0)w’(0 — 1)uy respectively in D*.
(i ) l(l—O)wq and u;(0—0)w”. So there is an oriented triple u,(0—0)v,(0—1)w, (0—
1)u, in D and the corresponding oriented triple u(1 — 0)v*(0 — 0)w?(0 — 0)u; in D*.
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(ili) ,(0 — Dw, and u; (0 — 0)w. u, (1 —0)v,(0—0)w, (1 —0)u, is an oriented triple
in D and u’(0 — 0)v*(0 — 1)w?(0 — 0)uy is the corresponding triple in D*.

(iv) 4, (0 = 0)v, and u; (1 — 1)v.

(v) u,(1 = 1)v, and u’(0 — 0)v*.

It follows from (i)-(v) that a tripartite r-digraph D* can be obtained from D by
any one of the transformations (i)(a), or (i)(b), or (ii). Hence by induction the result

follows. O

The following observation is a consequence of Theorem 2.1.

Corollary 2.1. Among all tripartite r-digraphs with given imbalance sequences, those
with the fewest arcs are transitive.

A transmitter is a vertex with indegree zero. In a transitive tripartite r-digraph
with imbalance sequences A = [a,,--- ,q,], B=[b,,---,b, ] and C' = [¢,,--- ,¢,], any
of the vertex with imbalance @, or b,, or ¢, may act as a transmitter.

The next result provides a useful recursive test whether the given sequences of inte-

gers in a non-decreasing order are the imbalance sequences of a tripartite r-digraph.

Theorem 2.2. Let A = [a,, -+ ,a,], B =1[b,---,b,] and C = [c,,--- ,c,] be the
sequences of integers in non-decreasing order with a, > 0, b, < r(l+n) and ¢, <
r(I+m). Suppose A" is obtained from A by deleting one entry a,, and B’ and C" are
obtained as follows. Choose g, 1 < g <r, such that (g—1)(m+n) < a, < g(m+n), and
increasing a, — (g —1)(m+n) smallest entries of B and C' by g each and g(m+n)—a,
remaining entries by g — 1 each. Then A, B and C' are imbalances sequences of some
tripartite r-digraph if and only if A’, B and C' are imbalance sequences of some
tripartite r-digraph.

Proof. Suppose A’, B’ and C’ are imbalance sequences of some tripartite r-digraph
D' = (U, V',W'). Then a tripartite digraph D with imbalance sequences A, B and
C' can be obtained by adding a transmitter u, in U’ such that u,(g — 0)z for those
vertices = in V’ and W' whose imbalance are increased by ¢ in going from A, B and
C to A',B" and ', and u,((g — 1) — 0)y for those vertices y in V/ and W' whose
imbalances are increased by g — 1 in going from A, B and C to A’, B’ and C".

Conversely, assume that A, B and C' are the imbalance sequences of a tripartite
r-digraph D(U,V,W). By Corollary 2.1, suppose D is transitive. Then there is a
vertex u, in U with imbalance a, (or a vertex v, in V' with imbalance b,, or a vertex
w, in W with imbalance c,) which is a transmitter. Clearly, a, > 0 so that d; >0
and d,_ = 0.

Let X be the st of a, — (g —1)(m+n) vertices of smallest imbalances in V' and W
and let Y = (VUW) — X. Construct D(U,V, W) such that u,(g — 0)z for all vertices

xzin X and u,((g — 1) — 0)y for all vertices y in Y. Clearly D(U,V, W) — {u,} realizes
A, B and C". O
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Theorem 2.2 provides an algorithm for determining whether the sequences A, B
and C' of integers in a non-decreasing order are the imbalance sequences and for con-
structing a corresponding tripartite digraph. Let A = [a,,--- ,q,], B = [b,,---,0,]
and C' = [c,, -+ ,c,] be imbalance sequences of a tripartite r-digraph with parts U =
{u,, - u,}, V={_v, - ,v,} and W ={w,,--- ,w, }, where aq, >0, b,, <r(l+n)
and ¢, < r(l+m). Choose g, 1 < g <, such that (g — 1)(m +n) <a, < g(m+n).
Delete a, and performing operation of Theorem 2.2, we get B’ and C”. If imbal-
ances of the vertices x are increased by ¢ in this process, then the construction yields
u,(g — 0)x and if these are increased by g — 1, the construction yields u,((g —1) —0)y.
Note that if at least one of the conditions a, > 0, b,, < r(I+n) and ¢, < r(l+m) does
not hold, then we delete b or ¢, for which the conditions get satisfied and the same
argument as in above is used for defining arcs. If this process is applied recursively,
then it tests whether or not A, B and C' are imbalance sequences, and if they are then
a tripartite r-digraph with imbalance sequences A, B and C' is constructed.

We illustrate this process for r = 2 as follows, beginning with sequences A,, B, and

C,.
A =[-4,-2,-1,7], B, —[ 4,4], C, =[-2,0,2]

A, = [-4,—2,—1], B, = [-2,5], C, = [0,1,3]

u4<2_0)vl u4(2_0 wy, u4( ) 4(1 O>w27 u4(1_0)w3
A, =[-3,-1,0], B, =[-2], C, = [1,2,3]

v,(1 = 0)u,, v,(1—=0)u,, v,(1—0)u,, v,(1 —0)w,, v,(1—0)w,
A, =[-2,0,0], B,=[-1], C, =[1,2]

w3<1 _ O>u17 ws(l o 0)“27 U)3(1 O)U1

A = [=1,0,0], B, = [0]. C. = [1]

w, (1 —0)u,, we(l—0)v,

A6 - 0,0,0], Bﬁ - [0], Cﬁ - ¢

w, (1 = 0)u,.

Clearly, a tripartite 2-digraph with parts U = {u,,u,,u,,u,}, V = {v,,v,}, W =
{w,,w,,w,}, in which u,(2 —0)v,, u,(2 —0)w,, u,(1 —0)v,, u,(1 —0)w,, u, (1 —0)w,,
v,(1=0)u,, v,(1—=0)u,, v,(1—0)u,, v,(1-0)w,, v,(1—0)w,, w,(1—0)u,, w,(1—0)u,
w, (1 —0)v,, w,(1 —0)u,, w,(1 —0)v,, w, (1 —0)u, are arcs, has imbalance sequences
[—4,—-2,—1,7], [-4,4] and [-2,0,2].

The next result is a combinatorial criterion giving necessary and sufficient condi-
tions for three sequences of integers in non-increasing order to be imbalance sequences
of some tripartite r-digraph. This is analogous to a result on scores in oriented tri-
partite graphs [8].

Theorem 2.3. The integer sequences A = [a,, -+ ,q,], B = [b,,---,b,] and C =
[c,, -+ ,¢c,] in non-increasing order are imbalance sequences of some tripartite r-
digraph if and only if

(21) Ya+3b+ e, <rlf(m—g)n—h)+ g~ F)in—h)+h(l~ f)(m—g)]
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for1 < f<l,1<g<m,1<h<n, with equality when f =1, g=m and h = n.

Proof. The necessity follows from the fact that a directed tripartite subgraph of a
tripartite r-digraph induced by f, g and h vertices respectively from the first, second
and third part has a sum of imbalances zero, and these vertices can gather at most
r[f(m—g)(n—"h)+g(l— f)(n—"h)+h(l— f)(m— g)] imbalances from the remaining
Il — f, m—gand n— h vertices.

For sufficiency, assume that A = [a,,--- ,q,],B =[b,,---,b,] and C = [¢,, - ,¢,]
are the sequences of integers in non-increasing order satisfying conditions (2.1) but are
not imbalance sequences of any tripartite r-digraph. Let these sequences be chosen in
such a way that [, m and n are the smallest possible and q; is least with that choice
of [, m and n. We have two cases to consider.

Case (i) Equality in (2.1) holds for some f <[, g < m and h < n. That is

S+ X0+ X6, = rlfm = g)n )+ g0 = f)n = )+ hlt = ) — g)].

Consider the sequences

A= [ail{

= [(a1 —r(m —g)(n —h)), (a2 —r(m—g)(n—h)), -+, (ay —r(m—g)(n—h))],
B =

=[(bi =r(l = f)(n="n)), (ba—r(l = f)(n—="n)), -+ ,(by —r(l = f)(n—h))]
and

C' =[]t = (cr—r(l=f)(m=g)), (ca—r(Il=f)(m=g)), -+ . (cn—r(~f)(m—g))],
where for 1 <i< f,1<j<gand1<k<h,

a; =a; —r(m—g)(n—nh), by =b; —r(l = f)(n—h)and ¢, = ¢, —r([ — f)(m — g).
For1<s< f,1<t<gand1<u<h,

s t

S+ 3o+ Y= Yl r(m ) — )]+ X0 vl = £ )

i=1 j=1

+3 [ ol = )= g)

s t u
SPIUED UED I
i=1 7j=1 k=1

—sr(m—g)(n—nh)—tr(l — f)(n —h) —ur(l = f)(m —g)
<rls(m—1t)(n—u)+t(l —s)(n—u)+u(l —s)(m—t)]
—r[s(m —g)(n —h) +¢(f = s)(h —u) +u(f — s)(g — t)]
<rls(g—t)(h—u)+u(f —s)(g—1t) +ulf —s)(g—1)]
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and
/ g
Za+Zb’+ch ZI —T(m—g)(n—h)]+;[bj—7“(l—f)(n—h)]
+k§:[0k—7“(l—f)(m—gﬂ
:Xf:al‘Fzg:bj—i‘ch

— frim —g)(n—h) —gr(l = f)(n—h) = hr(l = f)(m —g)
r )(n—=h)+g(l = f)(n—h)+h(l = f)(m—g)]
n—nh)+g

Thus the sequences A’ = [d]]], B’ = [0]{ and C" = [¢,]} satisfy (2.1) and by the
minimality of [, m and n the sequences A’, B’ and C’ are the imbalance sequences of
some tripartite r-digraph D'(U' U V' U W’ E’).

Let
A" = [(aps1 —rgh), (ape2 —rgh), -+ (e —rgh)],
B" = [(bgr1 —rfh), (bgs2 —7fh), -+, (bm — 7 fh)]
and
C" = [(en+1 —7f9), (cgra—7fg), =+ (cn —7fg)]-

We have for 1 <s<Il—f,1<t<m—-gand1<u<n-—h,

S

t u
Z[af+i +rgh] + Z i+h +1fh]+ Z Chak + 719
i=1 k=1

i=1

fts g+t htu f g h
—Zal—l—Zb Z Z Z )+ srgh+trfh+urfg
i=1 k=1 i=1 j= k=1

<7"(f+8)[ —(9+t)][n—(h+u)]+7”(9+t)[l—(f+8)][n—(h+u)]
+r(h+u)[l = (f +s)][m — (g +1)]

—r[f(m—g)(n—"h)+g(l = f)(n—nh)+h({l— f)(m—g)]+srgh+trfh+urfg
<rlstm—g—t)n—h—u)+t(l—f—s)(n—h—u)+ull — f—s)(m—g—1)

with equality when s =1 — f, t = m — g and u = n — h. Therefore by the minimality
for [, m and n, the sequences A”, B” and C" are the imbalance sequences of some
tripartite r-digraph D”(U” U V" U W” E"). Now construct a tripartite r-digraph
DU UV UW,E) as follows. Let U =U'UU", V =V'UV" and W = W UW" with
UnNU"=¢, V' V"= W NW" = ¢. Let arc set E contain those arcs which are
in D'(U'UV'UW' E") and D"(U" U V" UW" E") together with r arcs from each
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vertex of U’, V' and W’ to every vertex of U”, V" and W”. The resulting tripartite
r-digraph has imbalance sequences A, B and C', which is a contradiction.

Case (ii). Suppose strict inequality holds in (2.1) for some f # [, g # m and
h # n. That is,

ZaﬁZbﬁch <rlf(m—g)(n—=nh)+g(l=f)n—"h)+h{l - f)(m-g)],

for 1< f<l,1<g<myandl1 <h<mn. Let A =][a, +1,a,, - ,q, ,a — 1],
B, =[b, --,b,]and C, = [¢,, - ,¢,] so that A, B, and C, satisfy conditions (2.1).
By the minimality of a,, the sequences A,, B, and C| are the imbalance sequences of
some tripartite r-digraph D, (U,,V,,W,). Let a, =a, +1and a, =a, —1. Since
a, > a, +1, there exists a vertex « either in V;, or in W, such that u, (0—0)z(1-0)u,,
or u,(1-0)z(0—0)u,, or u,(1—0)x(1—0)u,, or u,(0—0)z(0—0)u,, is an oriented triple
in D, (U,,V,,W,) and if these are changed to u, (0—1)x(0—0)u,, or u, (0—0)z(1—0)u,,
or u,(0 — 0)z(0 — 0)u,, or u,(0 — 1)z(0 — 1)u, respectively, the result is a tripartite
r-digraph with imbalance sequences A, B and C, again a contradiction. Hence the
result follows. U

3. IMBALANCE SETS IN TRIPARTITE r-DIGRAPHS

The set of distinct imbalances of the vertices in a tripartite r-digraph is called its
imbalance set. We can see existence of digraphs with given imbalance sets in [6]. The
following result gives the existence of a given tripartite r-digraph with a given set of
integers, which acts as an imbalance set. We note that (a,b) represents the greatest
common divisor of a and b.

Theorem 3.1. Let P = {p,,p,, - ,p,.} and G = {—q,,—q,, -+ ,—q,} where
DysDys 3Py Qys oy 5 q, are positive integers with p, < p, < --- < p, and q, <
¢ < - <4q, and (p,,Dyy " Py Gyy Qe »q,) =t where 1 <t < r. Then there
exists a tripartite r-digraph with imbalance set P U Q.

Proof. Since (p,, Py 3P0y Gyy Gy »q,) = t where 1 < ¢t < r, then there exist
positive integers f17f27"' 7fm and 91592 s Gn with f1 < f2 << fm and 9 <
g, <---<g,suchthat p, =tf, and ¢, = tg, for 1 <7 <m and 1 < j <n. Construct
a tripartite r-digraph D(U,V, W) as under. Let
U=UulU,u---ulU, uU'LvU*uU---uU",
V=VuV,uv,u---uV, uvtuvru...uv",
W =W,

with U, NU, = ¢, U,NU =6, U NU =¢, VNV, =6 V' NV, =09,V NV =g,
VInNV' =¢, VNV’ =@ fori#j, |U|=g forall 1 <i<m, |U]|=g, for all
1<i<n, [V/|=g,|V]|=f forall 1 <i<m, V| = f, forall 1 <i < n and
|W,| = f,. Let there be t arcs directed from every vertex of U, to every vertex of V,
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for all 1 < < m; ¢ arcs directed from every vertex of U' to each vertex of V' for all
1 <14 < nand t arcs directed from every vertex of V1/ to each vertex of W, so that we
obtain a tripartite r-digraph D (U, V, W) with the imbalances of vertices as follows.
For1<i:<m
for all u, € U,,
bvi =0- t|Uz| = _tgi =—q;
for all v, € V..
For1<:<n
a, =t|V'|-0=tf =p,
for all u' € U,
b =0—t|U

= —tg, = —¢,
for all v’ € V',
bv’l :t|W1‘ _Oztfl =D

for all v € Vll;
and
Co, =0 —t{W/| = 0= —tg, = —q,

for all w, € W,.
Therefore imbalance set of D(U,V, W) is PU Q. O
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