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COMMUTATION FORMULAS FOR δ-DIFFERENTIATION

IN A GENERALIZED FINSLER SPACE

SVETISLAV M. MINČIĆ 1 AND MILAN LJ. ZLATANOVIĆ 2

Abstract. In this work we define a generalized Finsler space GFN as N - dimen-
sional differentiable manifold on which a non-symmetric basic tensor gij(x, ẋ) is
defined by virtue (1.3). Some basic properties of GFN are given (§1).

Based on non-symmetry of basic tensor, we define (§2) two kinds of covariant
derivative of a tensor in the Rund’s sense and obtain 10 Ricci type identities. In
these identities appear 3 curvature tensors and 15 magnitudes, which we call ”cur-
vature pseudotensors” in GFN . All mentioned curvature tensors and pseudotensors
reduce to known curvature tensor in usual Finsler space FN . The cited Ricci type
identities are proved by total induction method in a general case.

1. Preliminaries

The generalized Finsler space (GFN) is a differentiable manifold with non-symmetric

basic tensor gij(x
1, . . . , xN , ẋ1, . . . , ẋN) ≡ gij(x, ẋ), where

(1.1) gij(x, ẋ) 6= gji(x, ẋ), (g = det(gij) 6= 0, ẋ = dx/dt).

Based on (1.1), one can defined the symmetric respectively anti-symmetric part of

gij

(1.2) gij =
1

2
(gij + gji), gij

∨
=

1

2
(gij − gji),
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where, following [11], is

(1.3) a) gij (x, ẋ) =
1

2

∂2F 2(x, ẋ)

∂ẋi∂ẋj
, b)

∂gij
∨

(x, ẋ)

∂ẋk
= 0,

where F (x, ẋ) is a metric function in GFN , having the properties known from the

theory of usual Finsler space (FN) (see e.g. [10]).

The lowering and the raising of indices one defines by the tensors gij and hij

respectively, where hij is defined as follows

(1.4) gij hjk = δk
i , (g = det(gij) 6= 0).

We can define generalized Cristoffel symbols of the 1st and the 2nd kind:

γi.jk =
1

2
(gji,k − gjk,i + gik,j) 6= γi.kj,(1.5)

γi
jk = hipγp.jk =

1

2
hip(gjp,k − gjk,p + gpk,j) 6= γi

kj,(1.6)

where, e.g., gji,k = ∂gji/∂xk.

Then we have

(1.7) γp
jkgip = γs.jkh

psgip = γs.jkδ
s
i = γi.jk.

Theorem 1.1. In GFN the following relations are valid

γi.jk + γj.ik = gij,k, γi.jk + γk.ji = gik,j,(1.8)

γi.jkẋ
iẋj =

1

2
gij,kẋ

iẋj =
1

2
gij,kẋ

iẋj =
1

4
F 2

ẋiẋjxk ẋiẋj,(1.9)

γi.jkẋ
iẋk =

1

2
gik,jẋ

iẋk =
1

2
gik,jẋ

iẋk =
1

4
F 2

ẋixj ẋk ẋiẋk,(1.10)

γi.jkẋ
jẋk = (gij,k − 1

2
gjk,i)ẋ

jẋk,(1.11)

where, for example, F 2
ẋiẋjxk =

∂3F 2

∂ẋi∂ẋj∂xk
.

Proof. The equations (1.8) follow from (1.5), (1.2) and the equations (1.9)-(1.11) from

(1.5), (1.2), (1.3). ¤

Introducing a tensor Cijk like as at FN , we have

(1.12) Cijk(x, ẋ)
def
=

1

2
gij,ẋk =

(1.3b)

1

2
gij,ẋk =

1

4
F 2

ẋiẋj ẋk ,
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where ” =
(1.3b)

” signifies ”equal based on (1.3b)”. We see that Cijk is symmetric in

relation to each pair of indices. Also, we have

(1.13) Ci
jk

def
= hipCpjk =

(1.12)
hipCjpk = hipCjkp.

With help of coefficients

P i
jk = γi

jk − Ci
jpγ

p
skẋ

s 6= P i
kj(1.14)

one obtains coefficients of non-symmetric affine connections in the Rund’s sence [10,

13]:

P ∗i
jk = γi

jk − hil(CjlpP
p
ks + CklpP

p
js − CjkpP

p
ls)ẋ

s 6=
(1.6)

P ∗i
kj ,(1.15)

P ∗
i.jk = P ∗r

jk gir = γi.jk − (CijpP
p
ks + CikpP

p
js − CjkpP

p
is)ẋ

s 6= P ∗
i.kj.(1.16)

Based on non-symmetry of the connection, it is possible to define in GFN two

kinds of covariant derivative of a tensor. For example, for a tensor ar1...ru
t1...tv (x, ξ)

we define covariant derivative of the 1st kind

ar1...ru

t1...tv |
1

m(x, ξ)

=a...
...,m + ar1...ru

t1...tv ,ṗξ
p
,m +

n∑

α=1

P ∗rα
pm a

r1...,rα−1prα+1...ru
t1...tv −

v∑

β=1

P ∗p
tβmar1...ru

r1...rβ−1prβ+1...rv

(1.17)

and covariant derivative of the 2nd kind

ar1...ru

t1...tv |
2

m(x, ξ)

=a...
...,m + ar1...ru

t1...tv ,ṗξ
p
,m +

n∑

α=1

P ∗rα
mp a

r1...,rα−1prα+1...ru
t1...tv −

v∑

β=1

P ∗p
mtβa

r1...ru
r1...rβ−1prβ+1...rv

,
(1.18)

where ξ(x) is an arbitrary tangent vector in the tangent space TN(x), and a...
...,ṗ = ∂a...

...

∂ẋp .

By the procedure that is similar to that one in a Finsler space, it can be proved

that covariant derivative (1.17), (1.18) of a tensor also is a tensor.

Theorem 1.2. For the tensor gij (x, ẋ) based on both kinds of derivative (1.17), (1.18)

is valid

gij |
θ

m(x, ξ) = 2Cijp(ξ
p
,m + P ∗p

msẋ
s), θ = 1, 2,(1.19)

gij |
θ

m(x, ẋ) = 2Cijpẋ
p
|
2

m, θ = 1, 2.(1.20)
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Proof. Starting from (1.17), we get

(1.21)

gij |
1

m(x, ξ) = gij ,m + gij,ẋpξp
,m − P ∗p

imgpj − P ∗p
jmgip

=
(1.12)

gij ,m + 2Cijpξ
p
,m − (P ∗

i.jm + P ∗
j.im).

Based on (1.16) and using (1.8) one obtains

P ∗
i.jm + P ∗

j.im = gij,m − 2CijpP
p
msẋ

s.(1.22)

By substituting (1.22) into (1.21) we get

gij |
1

m(x, ξ) = 2Cijp(ξ
p
,m + P p

msẋ
s).

As

P p
msẋ

s = P ∗p
msẋ

s(1.23)

we have

gij |
1

m(x, ξ) = 2Cijp(ξ
p
,m + P ∗p

msẋ
s).

The same result one obtains for gij |
2

m, and we have proved (1.19).

For ξ = ẋ one obtains

gij |
1

m(x, ẋ) = 2Cijp(ẋ
p
,m + P ∗p

msẋ
s), θ = 1, 2.

Because ẋp does not depend on ξ, the previous equation becomes (1.20). ¤

Theorem 1.3. For the Chronecker symbol is in force

(1.24) δi
j |
1

m = 0, δi
j |
2

m = 0.

The proof is obtained by using the definition of δ-symbols and covariant derivative

(1.17), (1.18).

Theorem 1.4. For hij is force

(1.25) hij
|
θ

m = −hiphjqgpq |
θ

m, θ = 1, 2.

Proof. From hipgpq = δi
q one obtains

hip
|
θ

mgpq + hipgpq |
θ

m = 0.

Composing with hjq, from here is

hip
|
θ

mδj
p + hiphjqgpq |

θ

m = 0, θ = 1, 2 ⇒ (1.25).

¤
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2. Ricci type identities in GFN

It is known that in Finsler space one Ricci identity exists for δ-differentiation,

corresponding to alternated covariant derivative of the 2nd order. In the case of non-

symmetric affine connection there exist 10 possibilities to form the difference

(2.1) ar1...ru

t1...tv |
λ

m |
µ

n − ar1...ru

t1...tv |
ν

m |
ω

n (λ, µ, ν, ω = 1, 2),

where |
1
, |

2
, denotes two kinds of covariant derivative based on (1.17), (1.18), and from

that one obtains 10 Ricci type identities [3] and three curvature tensors. Here we

prove corresponding identities in GFN by total induction method. The mentioned

possibilities are obtained for

(2.2)
(λ, µ; ν, ω) ∈

{
(1, 1; 1, 1), (2, 2; 2, 2), (1, 2; 1, 2), (2, 1; 2, 1), (1, 1; 2, 2),

(1, 1; 1, 2), (1, 1; 2, 1), (2, 2; 1, 2), (2, 2; 2, 1), (1, 2; 2, 1)
}
.

To examine the general cases based on (2.1), we observe firstly the case of a tensor

ahij
kl (x, ξ). By virtue of (1.17), (1.18) we obtain firstly for the 1st and 2nd kind of

derivative:

ahij
kl |

θ

mn(x, ξ)− ahij
kl |

θ

nm(x, ξ)

=K̃
θ

h
pmna

pij
kl + K̃

θ

i
pmna

ipj
kl + K̃

θ

j
pmna

ijp
kl

−K̃
θ

p
kmna

hij
pl − K̃

θ

p
lmna

hij
kp + (−1)θT ∗p

mna
hij
kl |

θ

p, θ = 1, 2,

(2.3)

where

K̃
1

i
jmn(x, ξ) = P ∗i

jm,n − P ∗i
jn,m + P ∗p

jmP ∗i
pn − P ∗p

jnP ∗i
pm + P ∗p

jm,ṡξ
s
,n − P ∗p

jn,ṡξ
s
,m,(2.4)

K̃
2

i
jmn(x, ξ) = P ∗i

mj,n − P ∗i
nj,m + P ∗p

mjP
∗i
np − P ∗p

nj P
∗i
mp + P ∗p

mj,ṡξ
s
,n − P ∗p

nj,ṡξ
s
,m,(2.5)

are Rund’s type curvature tensors of the 1st and the 2nd kind respectively, and

T ∗i
jk(x, ẋ) = P ∗i

[jk] = P ∗i
jk − P ∗i

kj(2.6)

is the torsion tensor of the connection P ∗. We can also denote

(2.6′) P ∗i
(jk) = P ∗i

jk + P ∗i
kj .
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Further, by direct calculation one obtains

ahij
kl |

1

m|
2

n(x, ξ)− ahij
kl |

1

n|
2

m(x, ξ)

=Ã
1

h
pmna

pij
kl + Ã

1

i
pmna

hpj
kl + Ã

1

j
pmna

hip
kl

−Ã
2

p
kmna

hij
pl − Ã

2

p
lmna

hij
kp + ahij

kl<[mn]> + ahij
kl6[mn]> + T ∗p

mna
hij
kl |

1

p,

(2.7)

where we denoted

(2.8)
ahij

kl<mn> = T ∗h
pm(apij

kl,n + apij
kl,ṡξ

s
,n) + T ∗i

pm(ahpj
kl,n + ahpj

kl,ṡξ
s
,n) + T ∗j

pm(ahip
kl,n + ahip

kl,ṡξ
s
,n)

− T ∗p
km(ahij

pl,n + ahij
pl,ṡξ

s
,n)− T ∗p

lm(ahij
kp,n + ahij

kp,ṡξ
s
,n),

(2.9)

ahij
kl6mn> = apsj

kl P ∗h
[pm

`
P ∗i

ns
`

] + apis
kl P ∗h

[pm
`

P ∗j
ns
`

] + ahps
kl P ∗i

[pm
`

P ∗j
ns
`

]

− apij
sl P ∗h

[pm
`

P ∗s
nk
`

] − apij
ks P ∗h

[pm
`

P ∗s
nl
`

] − ahpj
sl P ∗i

[pm
`

P ∗s
nk
`

] − ahpj
ks P ∗i

[pm
`

P ∗s
nl
`

]

− ahip
sl P ∗j

[pm
`

P ∗s
nk
`

] − ahip
ks P ∗j

[pm
`

P ∗s
nl
`

] + ahij
ps P ∗p

[km
`

P ∗s
nl
`

],

P ∗h
[pm

`
P ∗i

ns
`

] = P ∗h
pmP ∗i

ns − P ∗h
mpP

∗i
sn,(2.10)

Ã
1

i
jmn = P ∗i

jm,n − P ∗i
jn,m + P ∗p

jmP ∗i
np − P ∗p

jnP ∗i
mp + P ∗p

jm,ṡξ
s
,n − P ∗p

jn,ṡξ
s
,m,(2.11)

Ã
2

i
jmn = P ∗i

jm,n − P ∗i
jn,m + P ∗p

mjP
∗i
pn − P ∗p

nj P
∗i
pm + P ∗p

jm,ṡξ
s
,n − P ∗p

jn,ṡξ
s
,m.(2.12)

The following theorems are related to general 10 cases obtained by virtue of (2.1).

Theorem 2.1. In the generalized Finsler space GFN the next two Ricci type identity

are valid

ar1...ru

t1...tv |
θ

mn − ar1...ru

t1...tv |
θ

nm

=
u∑

α=1

K̃
θ

rα
pmn

(
p

rα

)
a...

... −
v∑

β=1

K̃
θ

p
tβmn

(
tβ
p

)
a...

... + (−1)θT ∗p
mna

r1...ru

t1...tv |
θ

p ,
(2.13)

where K̃
θ

, θ = 1, 2 are given in (2.4), (2.5), and

(
p

rα

)
a...

... = a
r1...rα−1prα+1...ru
t1...tv ,

(
tβ
p

)
a...

... = ar1...ru
t1...tβ−1prβ+1...tv .(2.14)
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Theorem 2.2. In GFN the 3rd Ricci type identity is in force:

(2.15)
ar1...ru

t1...tv |
1

m|
2

n − ar1...ru

t1...tv |
1

n|
2

m =
u∑

α=1

Ã
1

rα
pmn

(
p

rα

)
a...

... −
v∑

β=1

Ã
2

p
tβmn

(
tβ
p

)
a...

...

+ ar1...ru

t1...tv<[mn]> + ar1...ru

t1...tv6[mn]> + T ∗p
mna

r1...ru

t1...tv |
1

p ,

where Ã
1

i
jmn, Ã2

i
jmn are given at (2.11), (2.12) and

(2.16) ar1...ru
t1...tv<mn> =

u∑

α=1

T ∗rα
pm

(
p

rα

)
(a...

...,n + a...
...,ṡξ

s
,n)−

u∑

β=1

T ∗p
tβm

(
tβ
p

)
(a...

...,n + a...
...,ṡξ

s
,n) ,

(2.17)

ar1...ru
t1...tv6mn> =

u−1∑

α=1

u∑

β=2

(α<β)

P ∗rα

[pm
`

P
∗rβ

ns
`

]

(
p

rα

)(
s

rβ

)
a...

...

−
u∑

α=1

v∑

β=1

P ∗rα

[pm
`

P ∗s
ntβ
`

]

(
p

rα

)(
tβ
s

)
a...

...

+
v−1∑

α=1

v∑

β=1

(α<β)

P ∗p
[tαm

`
P ∗s

ntβ
`

]

(
tα
p

)(
tβ
s

)
a...

... ,

(
p

rα

)(
tβ
s

)
a...

... = a
r1...rα−1prα+1...ru
t1...tβ−1srβ+1...tv .

Proof. For a tensor ai(x, ξ) from (2.17) one obtains zero and the identity (2.15) be-

comes

(2.18) ai
|
1

m|
2

n − ai
|
1

n|
2

m = Ã
1

i
pmna

p + T ∗i
pm(ap

,n + ap
,ṡξ

s
,n)− T ∗i

pn(ap
,m + ap

,ṡξ
s
,m) + T ∗p

mna
i
|
1

p.

Also, from (2.15) is

(2.19) ai
j |
1

m|
2

n − ai
j |
1

n|
2

m = Ã
1

i
pmna

p
j − Ã

2

p
jmnai

p + ai
j<[mn]> + ai

j6[mn]> + T ∗p
mna

i
j |
1

p ,

where

ai
j<mn> = T ∗i

pm(ap
j,n + ap

j,ṡξ
s
,n)− T ∗p

jm(ai
p,n + ai

p,ṡξ
s
,n),(2.20)

ai
j6mn> = (P ∗i

mpP
∗s
jn − P ∗i

pmP ∗s
nj )a

p
s.(2.21)

It can be proved by direct calculation that (2.18) and (2.19) are valid. To prove the

general identity (2.15) by total induction method, we suppose that (2.15) is valid,

and prove that for arbitrary tensor b
r1...ruru+1
t1...tvtv+1

is also valid.
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Applying (2.15) to the tensor ar1...ru
t1...tv = b

r1...ruru+1
t1...tvtv+1

ctv+1
ru+1

we get

ar1...ru

t1...tv |
1

m|
2

n − ar1...ru

t1...tv |
1

n|
2

m

=
u∑

α=1

Ã
1

rα
pmn

(
p

rα

)
b...
...c

tv+1
ru+1

−
v∑

β=1

Ã
2

p
tβmn

(
tβ
p

)
b...
...c

tv+1
ru+1

+(b...
...c

...

...)<[mn]> + (b...
...c

...

...)6[mn]> + T ∗p
mn(b...

...|
1

pc
...
... + b...

...c
...
...|

1

p) .

(2.22)

From (2.17), (2.19) one obtains

(b...
...c

...

...)<mn> =
u∑

α=1

P ∗rα

[mn]

(
p

rα

)
(b...

...,nc
...
... + b...

...,ṡc
...
...ξ

s
,n + b...

...c
...
...,n + b...

...c
...
...,ṡξ

s
,n)

−
u∑

β=1

P ∗p
[tβn]

(
tβ
p

)
(b...

...,nc
...
... + b...

...,ṡc
...
...ξ

s
,n + b...

...c
...
...,n + b...

...c
...
...,ṡξ

s
,n) ,

(b...
...c

...

...)6mn> = c...
...

[u−1∑

α=1

u∑

β=2

(α<β)

P ∗rα

[pm
`

P
∗rβ

ns
`

]

(
p

rα

)(
s

tβ

)
b...
...

−
u∑

α=1

v∑

β=1

P ∗rα

[pm
`

P ∗s
ntβ
`

]

(
p

rα

)(
tβ
s

)
b...
...

+
u−1∑

α=1

v∑

β=1

(α<β)

P ∗p
[tβm

`
P ∗s

ntβ
`

]

(
tα
p

)(
tβ
s

)
b...
...

]
.

(2.23)

On the other hand, based on (2.22) and (1.17), (1.18), we have

(2.24)

a...
...|

1

m|
2

n − a...
...|

1

n|
2

m = (b...
...c

...

...)|
1

m|
2

n − (b...
...c

...

...)|
1

n|
2

m

= (b...
...|

1

m|
2

nc...
... + b...

...c
...
...|

1

m|
2

n + b...
...|

1

mc...
...|

2

n + b...
...|

2

mc...
...|

1

n)[mn]

= (b...
...|

1

m|
2

n − b...
...|

1

n|
2

m)c...
... + (c...

...|
1

m|
2

n − c...
...|

1

n|
2

m)b...
...

+
{
[b...

...,m +
u+1∑

α=1

P ∗rα
pm

(
p

rα

)
b...
... −

v+1∑

β=1

P ∗p
tβm

(
tβ
p

)
b...
... + b...

...,ṡξ
s
,m]

[c...
...,n + P ∗tv+1

ns cs
ru+1

− P ∗s
nru+1

ctv+1
s + c...

...,ṡξ
s
,n]

+ [c...
...,m + P ∗tv+1

sm cs
ru+1

− P ∗s
ru+1mctv+1

s + c...
...,ṡξ

s
,m]

[b...
...,n +

u+1∑

α=1

P ∗rα
np

(
p

rα

)
b...
... −

v+1∑

β=1

P ∗p
ntβ

(
tβ
p

)
b...
... + b...

...,ṡξ
s
,m]

}

[mn]
.

Substituting the expression in the second brackets of the right side of previous equa-

tion by virtue of (2.21), substituting the expressions (2.23) in (2.22) and then equaling
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the right sides of equations (2.22), (2.24), after a longer arranging one obtains

ctv+1
ru+1

(b
r1...ru+1

t1...tv+1 |
1

m|
2

n − b
r1...ru+1

t1...tv+1 |
1

n|
2

m) = ctv+1
ru+1

{ u∑

α=1

Ã
1

rα
pmn

(
p

rα

)
b...
...

+Ã
1

ru+1
pmn

(
p

ru+1

)
b...
... −

v∑

β=1

Ã
2

p
tβmn

(
tβ
p

)
b...
... −

v∑

β=1

Ã
2

p
tv+1mn

(
tv+1

p

)
b...
...

+
[ u∑

α=1

P ∗rα

[pm]

(
p

rα

)
(b...

...,n + b...
...,ṡξ

s
,n) + P

∗ru+1

[pm]

(
p

ru+1

)
(b...

...,n + b...
...,ṡξ

s
,n)

−
v∑

β=1

P ∗p
[tβm]

(
tβ
p

)
(b...

...,n + b...
...,ṡξ

s
,n)− P ∗p

[tv+1]m

(
tv+1

p

)
(b...

...,n + b...
...,ṡξ

s
,n)

]
[mn]

(2.25)

+
[u−1∑

α=1

u∑

β=2

(α<β)

P ∗rα

[pm
`

P
∗rβ

ns
`

]

(
p

rα

)(
s

tβ

)
b...
... +

u∑

α=1

P ∗rα

[pm
`

P
∗ru+1

ns
`

]

(
p

rα

)(
s

ru+1

)
b...
...

−
u∑

α=1

v∑

β=1

P ∗rα

[pm
`

P ∗s
ntβ
`

]

(
p

rα

)(
tβ
s

)
b...
... −

u+1∑

α=1

P ∗rα

[pm
`

P ∗s
ntv+1

`
]

(
p

rα

)(
tv+1

s

)
b...
...

−
v∑

β=1

P
∗ru+1

[pm
`

P ∗s
ntβ
`

]

(
p

ru+1

)(
tβ
s

)
b...
... +

v−1∑

α=1

v∑

β=2

(α<β)

P ∗p
[tαm

`
P ∗s

ntβ
`

]

(
tα
p

)(
tβ
s

)
b...
...

+
v∑

α=1

P ∗p
[tαm

`
P ∗s

ntv+1
`

]

(
tα
p

)(
tv+1

s

)
b...
...

]

[mn]
+ T ∗p

mnb
...
...|

1

m

}
.

Since ctv+1
ru+1

is an arbitrary tensor, the previous equation, based on (2.16), (2.17)

becomes

b
r1...ru+1

t1...tv+1 |
1

m|
2

n − b
r1...ru+1

t1...tv+1 |
1

n|
2

m =
u+1∑

α=1

Ã
1

rα
pmn

(
p

rα

)
b...
... −

v+1∑

β=1

Ã
2

p
tβmn

(
tβ
p

)
b...
...

+b...
...<[mn]> + b...

...6[mn]> + T ∗p
mnb

...

...|
1

p .

that is (2.15) is in force for a tensor b
r1...ru+1
t1...tv+1

and the theorem is proved. ¤

Analogously can be proved the following theorems (2.3)–(2.9).

Theorem 2.3. Applying two kinds of covariant derivative in an inversed order than

in preceding case, we obtain the 4th Ricci type identity in GFN

ar1...ru

t1...tv |
2

m|
1

n − ar1...ru

t1...tv |
2

n|
1

m =
u∑

α=1

Ã
3

rα
pmn

(
p

rα

)
a...

... −
v∑

β=1

Ã
4

p
tβmn

(
tβ
p

)
a...

...(2.26)

−a...
...<[mn]> − a...

...6[mn]> − T ∗p
mna

...

...|
2

p,
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where

Ã
3

i
jmn = P ∗i

mj,n − P ∗i
nj,m + P ∗p

mjP
∗i
pn − P ∗p

nj P
∗i
pm + P ∗p

mj,ṡξ
s
,n − P ∗p

nj,ṡξ
s
,m,(2.27)

Ã
4

i
jmn = P ∗i

mj,n − P ∗i
nj,m + P ∗p

jmP ∗i
np − P ∗p

jnP ∗i
mp + P ∗p

mj,ṡξ
s
,n − P ∗p

nj,ṡξ
s
,m.(2.28)

Theorem 2.4. In GFN is in force the 5th Ricci type identity

ar1...ru

t1...tv |
1

mn − ar1...ru

t1...tv |
2

nm =
u∑

α=1

Ã
5

rα
pmn

(
p

rα

)
a...

... −
v∑

β=1

Ã
6

p
tβmn

(
tβ
p

)
a...

...(2.29)

+a...
...<(mn)> + a...

...0(mn)1 − P ∗p
mn(a...

...|
1

p − a...
...|

2

p),

where

ar1...ru
t1...tv0mn1 =

u−1∑

α=1

u∑

β=2

(α<β)

P ∗rα

[pm
`

P
∗rβ

sn
`

]

(
p

rα

)(
s

tβ

)
a...

...

−
u∑

α=1

v∑

β=1

P ∗rα

[pm
`

P ∗s
tβn
`

]

(
p

rα

)(
tβ
s

)
a...

...(2.30)

+
v−1∑

α=1

v∑

β=2

(α<β)

P ∗p
[tαm

`
P ∗s

tβn
`

]

(
tα
p

)(
tβ
s

)
a...

... ,

Ã
5

i
jmn = P ∗i

jm,n − P ∗i
nj,m + P ∗p

jmP ∗i
pn − P ∗p

nj P
∗i
mp + P ∗p

jm,ṡξ
s
,n − P ∗p

nj,ṡξ
s
,m,(2.31)

Ã
6

i
jmn = P ∗i

jm,n − P ∗i
nj,m + P ∗p

mjP
∗i
np − P ∗p

jnP ∗i
pm + P ∗p

jm,ṡξ
s
,n − P ∗p

nj,ṡξ
s
,m.(2.32)

Theorem 2.5. In GFN is in force the 6th Ricci type identity

(2.33)
ar1...ru

t1...tv |
1

mn − ar1...ru

t1...tv |
1

n|
2

m =
u∑

α=1

Ã
7

rα
pmn

(
p

rα

)
a...

... −
v∑

β=1

Ã
8

p
tβmn

(
tβ
p

)
a...

...

+ a...
...<mn> + a...

...6mn1 ,

where

ar1...ru
t1...tv6mn1 =

u−1∑

α=1

u∑

β=2

(α<β)

(P ∗rα

[pm]P
∗rβ
sn + P ∗rα

pn P
∗rβ

[sm])

(
p

rα

)(
s

rβ

)
a...

...

−
u∑

α=1

v∑

β=1

(P ∗rα

[pm]P
∗s
tβn + P ∗rα

pn P ∗s
[tβn])

(
p

rα

)(
tβ
s

)
a...

...(2.34)

+
v−1∑

α=1

v∑

β=2

(α<β)

(P ∗p
[tαm]P

∗s
tβn + P ∗p

tαnP
∗s
[tβn])

(
tα
p

)(
tβ
s

)
a...

... ,
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Ã
7

i
jmn = P ∗i

jm,n − P ∗i
jn,m + P ∗p

jmP ∗i
pn − P ∗p

jnP ∗i
mp + P ∗p

jm,ṡξ
s
,n − P ∗p

jn,ṡξ
s
,m,(2.35)

Ã
8

i
jmn = P ∗i

jm,n − P ∗i
jn,m + P ∗p

mjP
∗i
pn − P ∗p

jnP ∗i
pm + P ∗p

jm,ṡξ
s
,n − P ∗p

jn,ṡξ
s
,m.(2.36)

Theorem 2.6. In GFN the 7th Ricci type identity is valid

ar1...ru

t1...tv |
1

mn − ar1...ru

t1...tv |
2

n|
1

m =
u∑

α=1

Ã
9

rα
pmn

(
p

rα

)
a...

... −
v∑

β=1

Ã
10

p
tβmn

(
tβ
p

)
a...

...(2.37)

+a...
...<nm> + a...

...6nm1 − (P ∗p
mna...

...|
1

p − P ∗p
nma...

...|
2

p),

where

Ã
9

i
jmn = P ∗i

jm,n − P ∗i
nj,m + P ∗p

jmP ∗i
pn − P ∗p

nj P
∗i
pm + P ∗p

jm,ṡξ
s
,n − P ∗p

nj,ṡξ
s
,m,(2.38)

Ã
10

i
jmn = P ∗i

jm,n − P ∗i
nj,m + P ∗p

jmP ∗i
np − P ∗p

jnP ∗i
pm + P ∗p

jm,ṡξ
s
,n − P ∗p

nj,ṡξ
s
,m.(2.39)

Theorem 2.7. In GFN the 8th Ricci type identity is valid

ar1...ru

t1...tv |
2

mn − ar1...ru

t1...tv |
1

n|
2

m =
u∑

α=1

Ã
11

rα
pmn

(
p

rα

)
a...

... −
v∑

β=1

Ã
12

p
tβmn

(
tβ
p

)
a...

...(2.40)

−a...
...<nm> + a...

...0mn> + P ∗p
mna...

...|
1

p − P ∗p
nma...

...|
2

p,

where

ar1...ru
t1...tv0mn> =

u−1∑

α=1

u∑

β=2

(α<β)

(P ∗rα
mp P

∗rβ

[ns] + P ∗rα

[np]P
∗rβ
ms )

(
p

rα

)(
s

rβ

)
a...

...

−
u∑

α=1

v∑

β=1

(P ∗rα
mp P ∗s

[ntβ ] + P ∗rα

[np]P
∗s
mtβ

)

(
p

rα

)(
tβ
s

)
a...

...(2.41)

+
v−1∑

α=1

v∑

β=1

(α<β)

(P ∗p
mtαP ∗s

[ntβ ] + P ∗p
[ntα]P

∗s
mtβ

)

(
tα
p

)(
tβ
s

)
a...

... ,

Ã
11

i
jmn = P ∗i

mj,n − P ∗i
jn,m + P ∗p

mjP
∗i
np − P ∗p

jnP ∗i
mp + P ∗p

mj,ṡξ
s
,n − P ∗p

jn,ṡξ
s
,m,(2.42)

Ã
12

i
jmn = P ∗i

mj,n − P ∗i
jn,m + P ∗p

mjP
∗i
pn − P ∗p

nj P
∗i
mp + P ∗p

mj,ṡξ
s
,n − P ∗p

jn,ṡξ
s
,m.(2.43)

Theorem 2.8. In GFN the 9th Ricci type identity is valid

(2.44)
ar1...ru

t1...tv |
2

mn − ar1...ru

t1...tv |
2

n|
1

m =
u∑

α=1

Ã
13

rα
pmn

(
p

rα

)
a...

... −
v∑

β=1

Ã
14

p
tβmn

(
tβ
p

)
a...

...

− a...
...<mn> + a...

...0nm>,
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where

Ã
13

i
jmn = P ∗i

mj,n − P ∗i
nj,m + P ∗p

mjP
∗i
np − P ∗p

nj P
∗i
pm + P ∗p

mj,ṡξ
s
,n − P ∗p

nj,ṡξ
s
,m,(2.45)

Ã
14

i
jmn = P ∗i

mj,n − P ∗i
nj,m + P ∗p

jmP ∗i
np − P ∗p

nj P
∗i
mp + P ∗p

mj,ṡξ
s
,n − P ∗p

nj,ṡξ
s
,m.(2.46)

Theorem 2.9. In GFN the 10th Ricci type identity is valid

(2.47)
ar1...ru

t1...tv |
1

m|
2

n − ar1...ru

t1...tv |
2

n|
1

m =
u∑

α=1

Ã
15

rα
pmn

(
p

rα

)
a...

... −
v∑

β=1

Ã
15

p
tβmn

(
tβ
p

)
a...

...

− P ∗p
nm(a...

...|
1

p − a...
...|

2

p),

where

Ã
15

i
jmn = P ∗i

jm,n − P ∗i
nj,m + P ∗p

jmP ∗i
np − P ∗p

nj P
∗i
pm + P ∗p

jm,ṡξ
s
,n − P ∗p

nj,ṡξ
s
,m.(2.48)

The identity (2.47) can be written in another form. Namely, counting the difference

in the last brackets in (2.47) , one obtains

ar1...ru

t1...tv |
1

m|
2

n − ar1...ru

t1...tv |
2

n|
1

m =
u∑

α=1

K̃
3

rα
pmn

(
p

rα

)
a...

... −
v∑

β=1

K̃
3

p
tβmn

(
tβ
p

)
a...

... ,

where

K̃
3

i
jmn

=Ã
15

i
jmn + P ∗p

nmT ∗i
pj

=P ∗i
jm,n − P ∗i

nj,m + P ∗p
jmP ∗i

np − P ∗p
nj P

∗i
pm + P ∗p

nm(P ∗i
pj − P ∗i

jp) + P ∗p
jm,ṡξ

s
,n − P ∗p

nj,ṡξ
s
,m.

(2.49)

Remark 2.1. The magnitudes K̃
θ
, θ = 1, 2, 3 are tensors and magnitudes Ã

t
, t = 1, 15,

have the form and the role of the curvature tensor, but they are not tensors. For

example, from (2.33) one obtains

ai
|
1

mn − ai
|
1

n|
2

m = Ã
7

i
pmna

p + T ∗i
pm(ap

,n + ap
,ṡξ

s
,n),

from where we see that Ã
7

is not a tensor, because the expression in the bracket is not

a tensor. These magnitudes Ã
t
, t = 1, 15 we call curvature pseudotensors of the

1st, . . . , 15th kind in GFN .

Remark 2.2. For gij(x, ẋ) = gji(x, ẋ) we obtain usual Finsler space FN . If gij(x) 6=
gji(x) one obtains a generalized Riemannian space GRN [2]. For gij(x) = gji(x), GFN

reduces to the Riemannian space RN .



COMMUTATION FORMULAS FOR δ-DIFFERENTIATION 289

Acknowledgment: Authors were supported by Project 174012 of the Serbian

Ministry of Education and Science.

References

[1] E. Cartan, Les Espaces de Finsler, Paris, 1934.
[2] L. P. Eisenhart, Generalized Riemannian Spaces, Proc. Nat. Acad. Sci. USA, 37, (1951), 311-

315.
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[6] A. Moór, Über die Kurven bestimmten Sektianalkrummungen der Finslerschen and Weylschen
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