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COMMUTATION FORMULAS FOR -DIFFERENTIATION
IN A GENERALIZED FINSLER SPACE

SVETISLAV M. MINCIC ! AND MILAN LJ. ZLATANOVIC 2

ABSTRACT. In this work we define a generalized Finsler space GFy as N- dimen-
sional differentiable manifold on which a non-symmetric basic tensor g;;(z, ) is
defined by virtue (1.3). Some basic properties of GFx are given (§1).

Based on non-symmetry of basic tensor, we define (§2) two kinds of covariant
derivative of a tensor in the Rund’s sense and obtain 10 Ricci type identities. In
these identities appear 3 curvature tensors and 15 magnitudes, which we call ”cur-
vature pseudotensors” in GFy. All mentioned curvature tensors and pseudotensors
reduce to known curvature tensor in usual Finsler space Fy. The cited Ricci type
identities are proved by total induction method in a general case.

1. PRELIMINARIES

The generalized Finsler space (GFy) is a differentiable manifold with non-symmetric

. 1 N .1 .N _ .
basic tensor g;;(z',...,z", &', ..., 2V) = g;j(x, &), where

(1.1) gij(w, %) # gji(x, ), (9= det(gi;) # 0, & = dx/dt).

Based on (1.1), one can defined the symmetric respectively anti-symmetric part of
9ij
1

1
(1.2) 9ij = 5(9@7 + 9ji), givj = 5(9@']‘ — 9ii);
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where, following [11], is
2 0#i0rI oik

where F'(z,%) is a metric function in GFy, having the properties known from the

(1.3) @) gij (2, &) = =0,

theory of usual Finsler space (Fy) (see e.g. [10]).
The lowering and the raising of indices one defines by the tensors g;; and hi

respectively, where h¥ is defined as follows

(1.4) gy W =07, (g = det(gy) #0).
We can define generalized Cristoffel symbols of the 1% and the 2" kind:
1
(1.5) Yigk = 5(Gjik = Giki + Gikj) F Vikis

2

1, i
D (Gipk — Gikp + Gpkj) 7 Vijo

where, e.g., gjir = 0g;i/0x".

Then we have
(1.7) VikGip = Vs kM Gip = Vs.j60; = Vijk-

Theorem 1.1. In GFy the following relations are valid

(1.8) Vijk T Viik = Gijk,  Vigk T Veji = ik
(1.9) Yipdt ! = ggmkx'ix'j = ;gij,kjci:tf = ZFg%jmkaaijzj :
(1.10) %.jkx'i:tk ;gzkjm it = ;gzk]x it = iFﬁ wiik® xk
(1.11) Viged! i = (Gijn — ; Jjk, )tk

83F2

2 _
where, for example, FZ.; . = ERT RS

Proof. The equations (1.8) follow from (1.5), (1.2) and the equations (1.9)-(1.11) from
(1.5), (1.2), (1.3). O

Introducing a tensor Cjj; like as at Fy, we have

. def 1 1 1,
1.12 iy = ... = Q.= —-F%. ..
( ) ka(:v,a:) 292],1’“ (1.3b) Zgﬂ,xk T Pk
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b

where ” ) signifies "equal based on (1.3b)”. We see that Cjj; is symmetric in

relation to each pair of indices. Also, we have

i def 44 i i
(1.13) e = hPCh e WP Cipr, = WP Clpp.

With help of coefficients
(1.14) Jlk = 7;% - C;p’ngi“s 4 Pkl;j

one obtains coefficients of non-symmetric affine connections in the Rund’s sence [10,
13]:

(1.15) ;ki = %k th(CJlPPks + Cklp CjkazS) (172) ij?
(1-16) P’L*jk‘ ]k gzr Yijk — (Cmppks + Clkp Cjkp )jfs # P,

Based on non-symmetry of the connection, it is possible to define in GFy two
T1...Ty

kinds of covariant derivative of a tensor. For example, for a tensor a;} ;" (z,¢§)
we define covariant derivative of the 1 kind

ay, 7y, "|m($ £)
(1.17)

. r1 Ty p *Tq T1-5Ta—1PTat1--Tu 7" Ty
_a...,m_l— t1...60,05, z :Ppm a’tl...tv E : tgm T1..TG_1PTg4+1---Tv

and covariant derivative of the 2"¢ kind
1.7y
Qy, . t1;|m(x £)
(1.18) - .
. D *ra a—1PTa+1---Tu 1-Tu
- +at1 to pg + Z P t1 tv Z tﬁ 7‘1~--7'B71P745+1~~-T'v’

_ Oa:
= Bir -

By the procedure that is similar to that one in a Finsler space, it can be proved

where {(z) is an arbitrary tangent vector in the tangent space Ty (z), and a ;

that covariant derivative (1.17), (1.18) of a tensor also is a tensor.

Theorem 1.2. For the tensor g;; (v, %) based on both kinds of derivative (1.17), (1.18)
15 valid
(1.19) 9ij |m<x7 §) = 20@7?(&% + Pa®), 0=12,

e

(1.20) gﬂl)m(:r,x) = 2Cijp:t’£m, 0=1,2.



280 SVETISLAV M. MINCIC AND MILAN LJ. ZLATANOVIC

Proof. Starting from (1.17), we get
9ij \m(x> §) = Jij ,m T gg,abpfﬁn - Pijggpi - ;igiﬁ
1

(1.21) : *
(L12) T +2Ci5p&h, = (Prjm + Pli)-

Based on (1.16) and using (1.8) one obtains
(1.22) P

i.jm

+ P = gﬂvm - QCZ‘ijTI;SI"S.

jam

By substituting (1.22) into (1.21) we get

9ij |m(2, &) = 2C35(&h, + Phi®).
1

As
(1.23) PP 1% = PPt
we have

9is 1m (@, &) = 2Cup(Efn + Fpisd”)-
The same result one obtains for g;;|,,, and we have proved (1.19).
For £ = & one obtains ’
9ij im (2, &) = 203, (25, + PE2®), 0=1,2.
1
Because i” does not depend on &, the previous equation becomes (1.20). [l

Theorem 1.3. For the Chronecker symbol is in force

(1.24) tim =0, “im = 0.
1 2

The proof is obtained by using the definition of J-symbols and covariant derivative
(1.17), (1.18).

Theorem 1.4. For h¥ is force

(1.25) = —hPh g jm, 0 =1,2.
0 0

Proof. From h Ipg = 52 one obtains
hlﬁng@ + hipgﬁim =0.
0

Composing with k79, from here is

hip 53’
0

|m”p

+ WP g, =0, 6 =1,2= (1.25).
e
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2. RiccC1 TYPE IDENTITIES IN GF y

It is known that in Finsler space one Ricci identity exists for J-differentiation,
corresponding to alternated covariant derivative of the 2" order. In the case of non-

symmetric affine connection there exist 10 possibilities to form the difference

1.7y T1...Ty _
(2.1) gy ty|min — My ty|m|n (A gy v,w =1,2),
Ao voow

where |, |, denotes two kinds of covariant derivative based on (1.17), (1.18), and from
12

that one obtains 10 Ricci type identities [3] and three curvature tensors. Here we
prove corresponding identities in GFy by total induction method. The mentioned

possibilities are obtained for

(A, 5 v, w) E{(l, 1;1,1),(2,2;2,2),(1,2;1,2),(2,1;2,1), (1, 1; 2,2),
(2.2)
(1,1;1,2), (1,1:2,1), (2,2:1,2), (2,2;2, 1), (1, 2; 2, 1)}.

To examine the general cases based on (2.1), we observe firstly the case of a tensor
all(z,€). By virtue of (1.17), (1.18) we obtain firstly for the 1% and 2" kind of

derivative:

hii hii
akﬁmn(x7 5) - ak’ﬁnm(x7 f)
4 0

_T0h pij | Joi i T ijp
(23) _[9( pmnak‘l + [e(pmnak:l + [e(pmnak:l
70D hij _ 77p hij Orxp  hij _
_[9( kmnapl - [9( lmnakp + (_1) Tmnak”p? 0= 1a 27
0

where

(25)  K'yn(2,8) = Prijo — Prj + Prli Py — PP, + Prb 65— PGS
are Rund’s type curvature tensors of the 1° and the 2"¢ kind respectively, and
(2.6) Tji(x,@) = Py = P — P

is the torsion tensor of the connection P*. We can also denote
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Further, by direct calculation one obtains

hi hi

1 1 2
1h Z i h, hi
(27) _Apmnazlj + Apmnakéoj + Ajpmnaklp
hij hij hij hij xp _hij
Ap;cmn pl] "4]?7nnakpJ + akli[mn]> + akl]g[mn] T " akl\]p7
where we denoted
hij *h 7 1] ~s *7 h * hi hi s
(2.8) W emns = Do (a’len +ap’i&5) + 1, (a/f{m + ak )+ T / 2 (agh, + ahEs)
: * hij hij ~s hij hij ¢#s
kgb(apl,]n pljsg ) m(akpn kpjsg )
hij s xh p*i 1S
Wt = aliP P ns] T af, P[pmpns] +apt P[mens]
pz] ng *S hpj *S
hl *S hip * *S xS
pP[pm nk] - akspp[pjmpnl] + CL P[km nl]?
xh p*i *h *i *h *i
(210) P[pmpns} Pmens PmpPer
1 . *7 *7 *p *7 *P %1 *p S *p s
(211) A]mn P]mn - P]nm + ijPnp - P]npmp + ij sf Pjn,ég,ma
1 _ *7 *7 *p *7 *P *i *p S *p s
(212) éljmn P]mn_Pjnm+ijPpn_Panpm+F)]ms£n_Pjn,ég,m'

The following theorems are related to general 10 cases obtained by virtue of (2.1).

Theorem 2.1. In the generalized Finsler space GFy the next two Ricci type identity

are valid

altTu 71Ty
tioty|mn Mty nm

u NTQ 0 % T1...Ty
=3 R ()= () + B

where g, 0 =1,2 are given in (2.4), (2.5), and

p T1--.Ta—1PTa+1.--Tu tﬂ T1...Twy
(214) <70 a’... - atl R ) P a... - at1...tg_1p7‘ﬁ+1...tv'
[0

(2.13)
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Theorem 2.2. In GFy the 3" Ricci type identity is in force:

a;l :u\m|n_ :11 Zﬁn\m ZApmn< ) ZAtﬁmn< )
(2.15) 12

T1...T0 r1..Tu
t Ay ty<pmn)> T Oyt <pmn

XD T1..Ty
1> + Tmnatl...tv\p )
1

where Al Al are given at (2.11), (2.12) and

1 jmno ‘g jmn

1.7y . T P . . . ¢S
(216) a’tll ty<mn> T ZTpm ( )(CL Z t5m<p> .,n +a.“,é§,n) )

a=1

u—1 u
xrg [ D §
e — Prrep s
At .ty <mn> 0421522 [pm = ns] <TQ> (T’g)al,.
(a<B)
“ Y *Toy *S p tﬁ
.17 -x () (5)
a=1p=1 - - \le
v—1 v
i} ta (ts
+Z PP P ( )( )a:::7
= [tav fﬁ] P S
a<p)

p tﬁ — T P a1 T
T s t1.. tg 1STB+1-- dy
Proof. For a tensor a'(z,&) from (2.17) one obtains zero and the identity (2.15) be-
comes
(2.18) — A = %;mnap + T (ab, + ab&s) — Tot(ab, + ah&s,) + Tk a‘p
1

Also, from (2.15) is

(219) aj|m|n - aj|n|m - Ii{lpmnaj - A@mnap + aj<[mn]> + a]<[mn]> + T:"m ]|p ;
where
(220) CL;"<mn> T*Z ( j n + ag Sf ) (a;,n + a;‘;,s'g,sn%

It can be proved by direct calculation that (2.18) and (2.19) are valid. To prove the
general identity (2.15) by total induction method, we suppose that (2.15) is valid,

1 TuTu+1

| tetey 18 also valid.

and prove that for arbitrary tensor by
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. T RETAE
Applying (2.15) to the tensor a3 = by, "y 0 vt we get
1Ty _T1eTay
atl ty|min atl...tv|n\m
1 2 1 2

(2.22) —Z/llpmn< )b chrl — ZAt@mn< )b chtt

(b)) <mns = D Py (f )(b:::,nc::: + b7 e, e, e &)

a=1

Z tﬁn]<p> €T e Fber  +ber &)

p=1
(b¢ ) <mns = ¢ { P*Z‘:RZ"( >< )b:::
(2.23) S ts
(a<pB)
N e s [P\ (8
_Zzp[pm nt5]< )(S)b
Oéilﬁ: a
u—1 v p vs ta tﬂ
+ Z Zp[tﬁm nig] s b }
a:lﬁ:l ~ ~ p
(a<pB)

i L i L
u+1 v+1 5
(2.24) { mt Z Poni (T )b::: - Z Piom (p)b::: + b7 €]

[C" P*tv+1cs P*s tv+1 + C gs ]

...,n Tut1 NTyt1 s n
*tv+1 S _ *S tv+1 s
+ [ + P ru+1 Prqulm s + C 5 ]

Lilpm(a) f <t5>b Ot ]}[mnl'

Substituting the expression in the second brackets of the right side of previous equa-

tion by virtue of (2.21), substituting the expressions (2.23) in (2.22) and then equaling
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the right sides of equations (2.22), (2.24), after a longer arranging one obtains

102 12 a=1
Am+1 A - tv+1 .
1 pmn Futt Z tgmn 2_: tyr1mn p b
[Z P ( ) o HUE) + Pt ( ) o060

2 * t * v
(2.25) —Zﬂtﬁm]<]f>(b + 0765 — [tf+1]m( ;1>(b:::,n+b: )Lmn]

S

i€
=1 o
u—1 wu P s
gt >b ()L
a=1p=2 - r Ta) \Tu+1
(a<B)
. Z Z P Ta DD*S UZH *Ta p tv+1 b
a=1pg=1 [pin ntﬁ] [prm ntu+1] Ta S
’ )b:::

v—1 v
*T'y *S (64 t
-3 A (! )( )b +22Ptampmﬁ( )
Tut1 a=18—2 ~ - \P
(a<B)

ta tv—i—l *
+Zptam nt1i+1]<p> ( 3 >b:|[mn} pr m}

Since cﬁzfl is an arbitrary tensor, the previous equation, based on (2.16), (2.17)
becomes

u+1 v+1
71 Tyut1 - 71 Tyut1 — Z To Z
btl...tv+1|m\n btl...tv+1|n|m fi{pmn Atgmn D

1 2 12 a=1

+b<[mn}> + b...é[mn]> + T* b |p

1--Tu+1

that is (2.15) is in force for a tensor by} 7"},

and the theorem is proved. 0

Analogously can be proved the following theorems (2.3)—(2.9).

Theorem 2.3. Applying two kinds of covariant derivative in an inversed order than

in preceding case, we obtain the 4" Ricci type identity in GFy

1oTu 1.7 Te p ~ tﬁ
(226) at; to|m|n atll...tq,\n|m = Z épmn (7” >(l - Z ﬁllzﬁmn< >CL

2 1 2 1 a=1 e B=1 b

A <pmn)> T A Lmn]> T T n. \p7



286 SVETISLAV M. MINCIC AND MILAN LJ. ZLATANOVIC

where

Theorem 2.4. In GFy is in force the 5" Ricci type identity
D LI OF. M ) LEE oF S L %
1

+a; < (mn)> +a; /(mn) P*p ((1, |p ay;)v

where
QT g Prrap p S
t11 tuZmns ; ; [pln SIL] <7"a> (tﬁ) a..
a<p)
*To D*S p tﬂ
(2.30) — Z Z P Ptﬁn (r ) <S>am
a= 15 1~ a
S s ZA
_'_(XX: g:P tgvn]<p><s>a...7
(a<p)

Theorem 2.5. In GFy is in force the Gth Ricci type identz’ty

1 1 2

+ a.“<mn> + a...gmns )

where
u—1 u o P s
e = 8 P me P () ()
a=13=2 @ B
(a<p
= Z *T o *S *T oy p th
(234) - Z (P[pm}Pt,gn + Pp P[tmw]) r s a,
a=1p=1 «

v—1 v s t t
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Ai _ p*i *7 *D ki *P H*1 *p s *P#s
(236) "éljmn - ij,n - Pjn,m + ijPpn - Pjn Ppm + ij,ég,n - Pjn,ég,m‘

Theorem 2.6. In GFy the " Ricci type identity is valid

1T 1Ty - AT p ~ tﬁ
(237) atll...tv\mn - atll...tv\n|m = Z épmn (T’ )CL - Z {}ﬁfgmﬂ( )CL

1 21 a=1 o =1 p
o Xp .. D*p ...
+a7 s T A <nms (Pmna...\p an@..\p)?
1 2
where

Ai o *7 *1 *P *i *P *i *P s *P ¢S

(238) ‘éjmn - ij,n - Pnj,m + ijPpn - Pnj Ppm + ij,ég,n - Pnj,é mo
Ai o *7 *1 *P *i *P *i *P s *P ¢S

(239) ‘{%jmn - ij,n - Pnj,m + ijpnp - IDjn Ppm + ij,s'é-,n - Pnj,ég,m‘

Theorem 2.7. In GFy the 8" Ricci type identity is valid

1Ty 1Ty S AT p ~ tﬁ

2 12 a=1 Ta B=1 p

P KD e AP
. <nm> + A zmn> + Pmna.l.\p ana...\]n
1 2

where
u—1 u o P s
e = X P 4 (D) (e
a=1 =2 Ta) \Ip
(a<p)
N [ e s sraprs A [P [E8) ..
(241) - Z (Pmp P[ntg} + P[np] Pmtg) (T’ > <S>a"'
a=1 =1 «a
v—1 v
PP prs PP pxs ta (ts) .
+Z ( mta” [ntg) + [nta] mtg) D s a. .
a=1 =1
a<pB)

Theorem 2.8. In GFy the 9" Ricci type identity is valid
. (P ~ 7 to
arl...ru _ arl...ru — Aro;nn " — Ap mn a
(244) tl.‘.tvémn tl...tan\lm O; 13D (Ta> ﬂz::l 148 (p)

- a:::<mn> + a:::énrr@?

287
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where

Theorem 2.9. In GFy the 10" Ricci type identity is valid

u
1.7y o T1Ty o Ara
Ay, . ty|m|n atl...tvn|m_2‘épmn< > Z tmnn( )
(247) 12 21 a=1
_ PP (g
an<a...|p a’...|p)?
1 2

where

(248) Az P*z _ P*z + P*p P*z P*;Dp*z + P]*;:L 558 n] 358 )

5Jmn jmmn nj,m jm* np nj* pm

The identity (2.47) can be written in another form. Namely, counting the difference
in the last brackets in (2.47) , one obtains

T1...Tu T1-.-Tu Ta
Gy ..ty [m|n Oy, tv\ |m Zé(pmn< ) ZKtﬁmn<p> a:,

1 2 =

where
(2.49) A’]mn ;%T;;
=P = P + PPy = Pai Pon + Pt (Bl — Pry) + Pip &5 — Pob 65

Remark 2.1. The magnitudes flg, 0 =1,2,3 are tensors and magnitudes {1, t=1,15,
have the form and the role of the curvature tensor, but they are not tensors. For
example, from (2.33) one obtains

i
a/|mn —a
1

Tnpm = Apmn@® + T (0, + a%E5,),
1 2
from where we see that 1§ is not a tensor, because the expression in the bracket is not

a tensor. These magnitudes %, t = 1,15 we call curvature pseudotensors of the
1%, ..., 15 kind in GFy.

Remark 2.2. For g;;(z, %) = g;i(r,%) we obtain usual Finsler space Fy. If g;;(z) #
gji(x) one obtains a generalized Riemannian space GRy [2]. For g;;(z) = gj:(z), GFy

reduces to the Riemannian space Ry.
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