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ON THE CONTINUOUS DEPENDENCE OF THE FIXED POINTS
FOR (¢, ¥)—-CONTRACTIVE-TYPE OPERATORS

MEMUDU OLAPOSI OLATINWO

ABSTRACT. In this paper, we establish some results pertaining to the continuous
dependence of the fixed points in a Banach space setting for three iterative processes
by using some general contractive conditions.

1. INTRODUCTION

In this paper, we establish some results pertaining to the continuous dependence of
the fixed points in a Banach space setting for three iterative processes by using some
general contractive conditions. Two of these iterative processes have been recently
introduced in [14] and [15]. Our results are generalizations and extensions of some of
the results of [3], [4], [19] and [26]. See also the recent results of [5], [16], [20], [21]
and [22].

Let (E,d) be a complete metric space and T : E — E a selfmap of E. Suppose
that Fir = {p € E | Tp = p} is the set of fixed points of T
There are several iterative processes in the literature for which the fixed points of
operators have been approximated over the years by various authors. In a complete

metric space, the Picard iterative process {z,}. ., defined by

(1.1) Tpy1=Tx,, n=0,1,...,
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has been employed to approximate the fixed points of mappings satisfying the in-

equality relation
(1.2) d(Tz,Ty) < ad(x,y), for all x,y € F and a € [0,1).

Condition (1.2) is called the Banach’s contraction condition. Any operator satisfying
(1.2) is called strict contraction. Also, condition (1.2) is significant in the celebrated
Banach’s fixed point theorem [1].

In a normed linear space or a Banach space setting, we shall state some of the
iterative processes generalizing (1.1) as follows:

For zy € E, the sequence {z,},, defined by
(1.3) Tpi1 = (1 —ap)x, + a0, Tx,, n=0,1,...,

where {a, },~, C [0,1], is called the Mann iterative process (see [12]).

The sequence {x,},-, defined by
k

(1.4) T = 0 Ty, 20€E, n=012.. Y a=1,
i=0 '

a; > 0, ag # 0, a; € [0,1], where k is a fixed integer is called the Kirk iterative
process (see [10]).

The following two iterative processes in Olatinwo [14] and [15] generalize several well-
known iterative processes in the literature including those defined in (1.1), (1.3) and
(1.4):

(I) For zy € E, define the sequence {z,}, ~, by

k
(1.5) Topp1 = Qi T'py n=0,1,2,..., Y ay, ;=1
i=0 ‘

Qn, i >0, an 0 #0, ay, ; €10,1], where k is a fixed integer.
(IT) Let T; : E — E (i =0,1,...,k) be selfmaps of F and xy € E. Then, define the

sequence {z,} —, by

k k
(1.6) Tpi1 = i Titn, Y an =1, n=0,1,2,...,
=0 i=0

Qn, i >0, ap, 0 # 0, o, ; € [0,1], where k is a fixed integer and Tp is an identity
operator.
In many applications, the operator 7" in the Picard iteration of (1.1) depends on

an additional parameter A € Y, where Y is a parameter space. Therefore, (1.1) is
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replaced by the equation
(17) Ty = Sy Ty, QSAGE, rey.

Condition (1.2) was employed in Zeidler [26] to prove a result on the stability of the
fixed points (that is, continuous dependence of the fixed points on a parameter) for
the Picard iteration. In Rus [19] and also Berinde [3] and Berinde [4], the continu-
ous dependence of the fixed points on a parameter has been well formulated in the
following general context in a metric space: Let (F, d) be a complete metric space,
(Y, 7) a topological space and Sy : E x Y — FE a family of operators depending on
the parameter A € Y. Suppose that Sy := S(-,\), A € Y, has a unique fixed point
xy, for any A € Y.

Define the operator U : Y — E by

UN =x3, forall\eY.

We are interested in finding sufficient conditions on Sy that guarantee the continuity
of U. In Rus [19], the following contractive condition was used: For a continuous
mapping Sy : £ x Y — E| there exists a strict comparison function ¥ : R, — R,
such that, for all z,y € E,

(1.8) d(S(x,N),S(y,\) < ¢(d(z,y)), foralz,ye E €Y.

In Olatinwo [16], the concept of the continuous dependence of the fixed points on a
parameter has been extended from the complete metric space to the normed linear
space for the Schaefer and Mann iterative processes. Since metric is induced by norm,
we have that d(z,y) = ||z —y||, for all z,y € E, for the normed linear space or Banach

space setting.

2. PRELIMINARIES

We shall require the following definition and lemmas in the sequel:

Definition 2.1. (a) A function ¥ : Ry — R, is called a comparison function if
it satisfies the following conditions:
(i) * is monotone increasing;
(ii) Jim Y™ (t) =0, for all t > 0.
(b) A comparison function satisfying t — ¥ (t) — oo as t — oo is called a strict

comparison function.



94 MEMUDU OLAPOSI OLATINWO

See Berinde [2], [3], [4], Rus [19] and Rus et al [23] for the definition and examples

of comparison function.
Remark 2.1. Every comparison function satisfies ¢(0) = 0.

We shall use the following contractive conditions:

(a) For a continuous mapping Sy : £ X Y — E, there exist:
(i) a real number L > 0 and a strict comparison function ¢ : Ry — R, such that, for
all z,y € I,

(2.1) 15(2, A) = S(y, VI < L[z = Sz, M + ¢ (e —yl)), AeY;

(ii) a monotone increasing function ¢ : Ry — R, with ¢(0) = 0 and a strict compar-

ison function ¥ : R, — R, such that, for all xz,y € F,
(2.2) 15(z, A) = S(y, M| < e(lle = Sz, M) +¢(lz —yll), AeY.
(b) For continuous mappings S; : £ x Y — E, there exist a monotone increasing

function ¢ : R, — R, with ¢(0) = 0 and strict comparison functions ; : R, — R,

such that, for all z,y € E, we have

(2.3) 11Si(2, A) = Sily, M| < ez = Si(x, M) +¢i(lle —yll), i =0,1,2,..., A€,
where (|| — y||) = I(||z — y||) = ||z — y||=identity function and Sy = I (identity
mapping).

We shall require the following Lemmas in the sequel:

Lemma 2.1. Let (E,||-||) be a Banach space and let Sy : E XY — E be a mapping
satisfying (2.1), where ¢ : Ry — Ry is a sublinear comparison function. Then, for

all © € N, we have
24) 1SN — S < Z( )W il = S, M) + ¥ (1l — I,
AeY, forall z,y € E.

Lemma 2.2. Let (E,||-||) be a Banach space and Sy : E XY — E a mapping
satisfying (2.2), where ¢ : Ry — Ry is a sublinear comparison function and ¢ : Ry —
R, a sublinear monotone increasing function such that ¢(0) = 0 and ¢¥*(¢"(x)) <
O (Y5(x)), for all z € Ry, r,s € N. Then, for all i € N, we have

i

(25)  [[S"(z, ) = Sy, I < Y (;) o (W (llx = Sz MIN) + &' (e = wll),

Jj=1
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AeY, forall z,y € E.

Proof. The proof of sublinearity of both ¢ and 1 is as follows:

In order to show that v’ (i.e. iterate of ¢) is sublinear, we have to show that 1° is
both subadditive and positively homogeneous.

We first establish that v subadditive implies that each iterate ' of 1 is also subad-

ditive: Since v is subadditive, we have

v +y) <) +¢(y), foralzyeR,.

Therefore,using subadditivity of 1 in 1? yields

Pz +y) = (e +y) < PE(@) +d(y) < P() + () = ¥ (x) + 3 (y),
which implies that 1? is subadditive.
Similarly, applying subadditivity of ? in 3, we get
Ve +y) =0 (x +y) <Y () + 97 (y) < D) + (Y (y))
= ¢’ (2) + 3 (y),
which implies that 3 is also subadditive.
Hence, in general, each ¢, n = 1,2, ..., is subadditive.
We now prove that ¢ positively homogeneous implies that each iterate 1)¢ of v is also

positively homogeneous: Therefore, we have that
Y(ax) = ap(x), forallzeR,, o>0.
Using positive homogeneity of 1 in 1%, we have

¥2(az) = d(p(az)) = blay(z)) = ad(th(z)) = av(z), for all z € Ry, a >0,

which implies that 9)? is positively homogeneous.

Hence, in general, each ¢, n = 1,2, ..., is positively homogeneous.

Thus, we have that ¢, n =1,2,..., is sublinear.

Similarly, we can prove the sublinearity of ¢ as that of .

The second part of the proof of this lemma is by induction on ¢ as follows: Now,
throughout the proof, we shall use the fact that S(x,\) = Syz, z € E, A €Y.

If i = 1, then (2.5) becomes

I50-Sul < 3 (1) lo=Ssall)+6(le—sl) = elllo=Sxel) + vl

that is, (2.5) reduces to (2.2) when i = 1 and hence the result holds.
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Assume as an inductive hypothesis that (2.4) holds for i = m, m € N, that is,

m

m . .
1932 — Syl < D <j>s0j(wmj(|\fc —Saz|])) + 9" (|l —yll), forall z,y € E.

j=1
We then show that the statement is true for i = m + 1
IISm+1 — Syt

z) = S (5wl

<> (T)wwm H(ISv — S)) + ¥™(1Sax — Shll)
gf:l(j‘)wwm (Il = Snell) + (1l — Sxell)))
(|l — Saall) + (1l — )

< ")l = Syell) + 6 - Syal)
ol — Syall)) + 6™ (2 — i)

sfj Z") Aol ([l — Syell)) + 6™ 172 — Syl )

+ (e — Shall)) + 6™ ([l — i)

33 ")l - Suel) +Z(j) (W (e - Syall)
+ o (llz — Saall)) + 6™l — i)

e le = sl + [( ")+ (2)]enete - sl

) s

) ; (@)qux — Syall)) + ™z — gl

E el = sl + (") omulle - suel)
+1
-1
m—+1 m+1

;e = swal) + (") etwn e - )

+ 9™ (llr = yl)
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m—+1 <m+1

:; j )s@j(@/}m“‘jﬂlx—Sﬂfll))+¢m“(llx—yll)-

O
Lemma 2.3. [13] Let {*(t)}7_, be a finite set of comparison functions. Then, any
linear combination 377, c; Y (t) of the comparison functions is also a comparison

function, where Z;L:O c; =1 and c,,c1,. .., c, are positive constants.

3. MAIN RESULTS

Theorem 3.1. Let (E,|| - ||) be a Banach space and (Y,T) a topological space. Let
S; ExXY — FE (i=0,1,...,k) be continuous mappings satisfying (2.3). Suppose
that 1; : Ry — Ry (for each i) is a strict comparison function and ¢ : Ry — R, a
monotone increasing function such that p(0) = 0. Let x3 be the unique common fized
point of Sy, for each i, where Spx = S;(xz, \), x € E, X € Y. Suppose {x,},, is the
Kirk-Mann iterative process defined by (1.6) with %, an; = 1. Then, the mapping
U:Y — E, given by U(X\) = a3, A € Y, is continuous.

Proof. Let A1, Ay € Y. Then, we shall apply the contractive condition and the triangle
inequality in the sequel. Let Sy = I (identity mapping). Then, I(zy,\) = Iyz) = x,.
Since

|23, = 25l

k k
<D ol 1955, Ar) = S, M)l + D lan — g

i=0 =0

k
<Y angl 1Si(a5,, A1) = Siay,, M)+ [1Si(23,, M) — Si(,, A2 ]

=0

k
+ Y o — gl [1Si(a3,, A2
1=0

|[Si(},, A2)]|

k
=" ilISi(h,, M) — Silai,, M|

1=0

k k
+ Y anllSi(ay, M) — Si(@,, M) ||+ D i — gl 11532, A2)]

=0 i=0

k
<> {e(llar, — Si@h,, M) + dilllzs, — 23,10}
=0

k k
+ Y anallSi(ay, M) = Si(@,, M) ||+ D i — gl [1Si(2,5 A2
=0

= 1=0
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k

k
=Y anithilllay, — 23,00) + D0 anallSi(as,, Ar) — Sia3,, A2
(3.1) i=0 i=0

k
Zlam gl 19623, A2)]-
=0

Therefore, we have from (3.1) that

k k
||x§\1 _I;2|| _Zaklﬂdjl(Hxil _$§\2||) S ZOC)\171||SZ(CC§2,A1> _Sl(x§\27)\2)||
(32> =0 ZZO

+ ‘&Alﬂ' - a/\z,il HS71<':E;27 )‘2)||7
0

1=

so that from (3.2) we have

123, — 23,11 = o]}, — 23, 11)

k k
<Y an il [Si(a3,, M) = Si(@h,, AN+ D o — gl [1Si(23,, A2)|

=0 i=0

k k
(33) = ZaA17i|’SiA1x;2 - Si>\2x§\2H + Z ’00\1,1' - O‘>\27i| ||Si>\2$§\2||7

=0 1=0

im0 ona¥i(llas, — 25,10).

By Lemma 2.3, we have that 1 is also a (strict) comparison function.

where ¢ (|2}, — 23, |[) =

Since S; is continuous for each i, we have

|[Sia,y, — Six,xy, || — 0 as Ay — Ay,

and also,

Dl — @l 1Sy, |l — 0 as Ao — Ay,

so that (3.3) leads to

|23, — 23, — 0 as Ay — Ay

That is,
HU(/\1> — U()\Q)H — 0 as )\2 — )\1.

Hence, the mapping U : Y — E, defined by U(\) =z}, A € Y, is continuous.
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Theorem 3.2. Let (E,|| - ||) be a Banach space and (Y,T) a topological space. Let
S : ExXY — FE be a continuous mapping satisfying (2.2). Suppose ¢ : Ry — Ry
is a sublinear monotone increasing function such that ¢(0) = 0 and ¢ : Ry — Ry
a sublinear comparison function such that °(¢"(x)) < ¢"(Y*(x)), for all x € R4,
r, s € N. Let x} be the unique fixed point of Sy, where Sxx = S(z,\), © € E,
A e Y. Suppose {x,},~, is the Kirk-Mann iterative process defined by (1.5) with
S oan i = 1. Then, the mapping U : Y — E, given by U\) = 23, A €Y, i

continuous.

Proof. Let A1, Ay € Y. Then, we shall apply Lemma 2.2, Lemma 2.3 and the triangle
inequality in the sequel. Let T° = I (identity mapping). Then, I(xy, \) = [yz) = ).

||fC§1 — 3, ||
. k .
- Hzahl xAla)‘ ) Sl(xigv)‘Z) ] _'_Z(a)\l,i _Oé/\27i>51($§2a>‘2)H
=0
<D an ST, M) = SHay,, M)l + D s — anyal [1S°(23,, A2l
i=0 i=0

<

M=

gl 115723, 4, M) = S'(@3,, M)+ [1S7(23,, M) = S'(a3,, M) ]

-
I
o

‘04/\12 O‘Azﬂy Hsz(x;y)‘Z)H

- 11

ax, |15 (23, A1) — S* (a3, A1)

.
=l
<)

+ 3 il 1S (@5, M) — Sk, A2l
0

)

=

+ 3 lani — ol 115°(23,, A2)

1=0

= Z >\1,i||Si(x;17 /\1) - Si(ZE;Q, )‘1)H + a>\1,0HI(ZE§\17 >‘1) - ](x§\27 >‘1)||

1

+ 5 anillSH g, M) — S, M)
1=0

e

Ed

=

+ 2l — gl [18'(23,, M)
0

1=



100 MEMUDU OLAPOSI OLATINWO

%

S z() (W3, s — S, AID) + (1l — 2, D) ]

Jj=1

+an ol |73, — 2l + Z il S (23,0 Ar) = S"(a3,, M)l

=0

k
+ ) o — gl 15°(a5,, A2)||
=0

i

k .
Y Y (j) P W(0) + ([, — 2,1 ]+ anollas, — o
=1

=1

k k
_'_ Za)\lyiHsiqxjg - 52\2‘%‘;2“ + Z ‘Oé)\lfi - O{,\%i’ HS;QQZ‘;\QH?
=0 =0
ie.

k k
123, = 25,01 < D an ' (a3, — 23,11 + 2 anallSh, 23, — Sh,23, |l
i =0

(3.4) :
+ Z |O‘>\17i - a>\2,i| ||S§\2:L'§2||,

since o7 (¥777(0)) = ¢(0) = ¢'77(0) = ¢(0) = ¢(0) = 0.
It follows from (3.4) that

k
13, = 23,1 = D3, — 23, 1D) < D anall 9,23, — Shai,|l
(3.5) =0

k
+ 2 oo = angl 1193,23, 11
=0

where ¢(|[23, — 23,[1) = Zio an @' ([}, — a3, 1)
By Lemma 2.3, we have that ¢ is also a (strict) comparison function.

Since S is continuous, we have

HSf\l:U}‘\Q — Sf\QxLH — 0 as Ay — Ap,

and also,

Z |Qny i — Qi ||S§29C§2H — 0 as Ay — Aq,

so that (3.5) leads to

|23, = 23,]| = 0as Ay — Ay
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That iS, HU()\l) — U()\Q)H — 0 as )\2 — )\1.
Hence, the mapping U : Y — E, defined by U(\) =z}, A € Y, is continuous. O

Theorem 3.3. Let (E,|| - ||) be a Banach space and (Y,T) a topological space. Let
S:E XY — FE be a continuous mapping satisfying (2.1). Suppose that 1) : R, — Ry
a sublinear comparison function. Let x3 be the unique fived point of Sy where Syx =
S(z,\), x € E, X € Y. Suppose {x,} -, is the Kirk-Mann iterative process defined
by (1.5) with ¥ ;o s = 1. Then, the mapping U : Y — E, given by U(X) = x5,

A €Y, is continuous.

Proof. The proof is similar to that of Theorem 3.2, except for the application of
Lemma 2.1. [

Theorem 3.4. Let (E,|| - ||) be a Banach space and (Y,T) a topological space. Let
S EXY — E be a continuous mapping satisfying (2.2). Suppose p : Ry — R,
is a sublinear monotone increasing function such that ¢(0) =0 and ¥ : Ry — Ry a
sublinear comparison function. Let x3 be the unique fized point of Sy where Syx =
S(z,\), x € E, A€ Y. Suppose {x,} —, is the Kirk iterative process defined by (1.4)
with Y% o; = 1. Then, the mapping U : Y — E, given by U\) = 25, A €Y, is

continuous.
Proof. The proof is similar to that of Theorem 3.2. U

Remark 3.1. Our results generalize, extend and improve Proposition 1.2 of Zeidler
[26]. Our results also extend Theorem 7.7 of Berinde [3] and [4] (which is Theorem
7.1.2 of Rus [19]) from the complete metric space to the Banach space setting. See
also the results of [5], [16], [20], [21] and [22].
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