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Abstract. In this paper, we prove the endpoint estimates for the multilinear commutator
of Marcinkiewicz operator.

1. INTRODUCTION and PRELIMINARIES

As the development of singular integral operators, their commutators have been
well studied. Let b € BMO(R"™) and T be the Calderén-Zygmund operator, the
commutator [b, T] generated by b and T is defined by

[0, T](f)(x) = b(z)T(f)(x) = T(bf) ().

A classical result of Coifman, Rochberb and Weiss (see [3]) proved that the commu-
tator [b, T] is bounded on LP(R™), (1 < p < 00). In [2, 5], the boundedness properties

of the commutators for the extreme values of p are obtained. And note that [b,T]
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is not bounded for the end point boundedness (that is p = 1 and p = o0). In this
paper, we will introduce the multilinear commutator of Marcinkiewicz operator and
prove the boundedness properties of the operator for the extreme cases.

First let us introduce some notations (see [1, 4, 7, 8]). In this paper, Q@ = Q(z,r)
will denote a cube of R™ with sides parallel to the axes and center at x and edge is
7. For a cube @ and a locally integrable function f, let fo = |Q|™" [, f(z)dz and
f(Q) = Jo f(z)dx, the sharp function of f is defined by

[ (x —sup |Q|/ |f(y) — foldy.

f is said to belong to BMO(R") if f# € L*°(R") and define ||f||gymo = ||f7]| 5~

We nave [foq — fol < Cllfllsmo and |[f — forgllamo < Ckl[f|lamo for k =1 (see
[4, 8]). We also define the central BMO space by CMO(R"™), which is the space of
those functions f € L;,.(R™) such that

fllesio = sup Q.1 [ 17(w) = faldy < oe.
r>1 Q

It is well-known that

~ i -1 _
|flleso = sup int [Q(0, 7)™ [ £(x) = cldr.

Let M be the Hardy-Littlewood maximal operator, that is

M) =sup oo [ 170y

z€Q

Definition 1. A function a is called a H*(R")—atom, if there exists a cube Q,
such that

1°) supp a C Q = Q(xo,1),

2°) lallz~ < |QI7,

3°) [pna(z)dx = 0.

It is well known that the Hardy space H'(R") has the atomic decomposition

characterization (see [4], [8]).
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The A, weight is defined by (see [4])

A = {w sup <|Q|/ w(z )dx) <|$|/Qw(x)1/(p1)dm)pl < oo}, 1 <p<oo,

and

={w: M(w)(z) < Cw(z),a.e.}.

Definition 2. Let 0 < § < n and 1 < p < n/s. We shall call B}(R") the space
of those functions f on R™ such that

n(1/p—d/n)

[ f1lps = supr™ 1/ xQen e < oo
r>1

Definition 3. Let 0 < <n, 0 <~y <1 and ) be homogeneous of degree zero on
R"™ such that [gn- Q(2')do(2") = 0. Assume that Q € Lip,(S™ 1), that is there exists
a constant M > 0 such that for any x,y € S"1, |Q(z) — Qy)| < M|z —y|?. Let m
be the positive integer and b; be the locally integrable functions on R* (j=1,---,m).

The Marcinkiewicz multilinear commutator is defined by

- o - 1/2
e = ([TIFnerg)

where
Finw=[ ot ﬁ >] f()dy.
Set
R = [ R

we also define that

winw = ([ m@rs)

which is the Marcinkiewicz operator (see [6, 10]).

Let H be the space H = {h Al = (57 |h(t)|2dt/t3)1/2 < oo} Then, it is clear
that

us(f) (@) = [|F(f)(@)]] and g5(f)(@) = [|[F2(f)(@)]]-
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Note that when b; = ... = b, ,ug is just the m order commutator, and, when
m=1and d =0, ug is just the commutator generated by Marcinkiewicz operator and
b (see [9, 10]). It is well known that commutators are of great interest in harmonic
analysis and have been widely studied by many authors (see [1, 2, 3, 5, 6, 7]). Our main
purpose is to establish the boundedness properties of the operator for the extreme
cases.

Given a positive integer m and 1 < j < m, we denote by C7" the family of all
finite subsets 0 = {o(1),...,0(j)} of {1,...,m} of j different elements. For o € C’m,
set 0¢ = {1,...,m} \ 0. For b = (by,...,by) and 0 = {o(1),...,0(j)} € C™,

—

bo = (bo(1)s - - -+ 0o(3))s bo = bo1y - - - bo(s) and |[bs|[pro = IIbaa)IIBMo . ||ba(j>HBMo~
9. THEOREMS AND PROOFS

We begin with some preliminaries lemmas.

Lemma 1. Let 1 <r < oo, bj € BMO(R") for j =1,...,k and k € N. Then,

we have

,Q|/ H|b Joldy < C T 5o

7=1
and

1/r i
(‘Q’/ H' J Ql dy) < le;llejHBMO-

Proof. In fact, we just need to choose p; > 1 and ¢; > 1, where 1 < j <k, such
that 1/p1+ ...+ 1/pr =1 and r/q; + ... +7/q. = 1. After that, using the Holder’s
inequality with exponent 1/p;+...4+1/py, =1 and r/q1 +...4+71/q, = 1 respectively,
we may get the results by [4] and [8]. O

Lemma 2. [10] Letw € A1, 0<d<n,1<p<n/dand1/qg=1/p—3/n. Then
s is bounded from LP(w) to L(w).

Lemma 3. Let w € A,, 1 < p < oo, then wxg € A, for any cube Q', where x¢

denotes the characteristic function of the cube Q).
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Proof. By definition, we have

sup (yém/ w(z)dz ) (@/Qw(x)_l/(p_l)dx>p_l < o0,

thus
s (1g1 fyonatont) (g7 e (x)XQ’“”_l/(p_”dm)p_l
s (17 ) <|@| fpwtarotae) <o
that is wyxg € Ap. O

Theorem 1. Let 0 < 6 < n and b = (by, ..., by) with bj € BMO(R") for
1 <j<m. Then ug is bounded from L™° to BMO(R™).

Proof. It is only to prove that there exist a constant C¢ such that

101 Ju W) @) = Colds < €Il

Fix a cube @, Q = Q(xo,r), we decompose f into f = f1 + fo with f1 = fxaq, fo =
X 2q)-
When m = 1, set (b1)g = |Q]™" [ bi(y)dy, we have

P (f)(@) = (b1(x) = (b)) F(f) (@) — Fil(by = (b1)@) f1)(w) — Ful(br — (b1)@) f2) (),

SO

15 (F) (@) = ps(((b1)g — ba) f2) (o))
() @) = 1E((B1)g — bo) f2) (o)
< IE(f)(@) = Fl((b1)g = b) f) (o) |

161 (2) = (1)) F(H) @] + (b1 — (b)) f1) ()]
HIF (b1 = (b1)@) f2)(x) = Fil(by — (b1)g) f2) (o)
= A(z)+ B(x) + C(w).

For A(z), set 1 < p <n/d, 1/¢=1/p—35/n and 1/q+ 1/q¢ = 1, by the Holder’s

A

IA

inequality and Lemma 2.3, we get
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IN

1 1/q
5w < (o [ - Gelta) (‘Q,/m D a(o)i

0\|b1|\BMo|Q|q (/. 1r@pxatar)”
S1O|(=(p/m)/p

< Clloullsmoll fllpwss-

IN

< CHblHBMO

For B(z), taking 1 < r < n/d§ and 1/s = 1/r — §/n, by the Holder’s inequality, we

have

1 1 . 1/s
@/Q|B(:c)\dx < (K)l /Rn(u(;((bl(x) — (b)o) f1)(2)) da:)
< ClQITII(bi(x) — (b1)g) fxagller

1/s
< (g1 fy @) = eld) s

< Cllbllsmoll fll s

For C(z), note that r < | — y| and |z¢ — y| = |z — y| for y € (2Q)¢, we have
o) = ([T, R ) - eelay
5 1/2
Qzo — y) f2(y) dt
 Jiwo—yl<t 2o — y|n 170 (baly) = (br)o)dy t3>
= 26z = )L ()l dt
</° Vlwy|3t,|xoy|>t oyt W0 1)Q|dy] tB)

2 1/2
h 220 — Yl fo(y)] dt
" (/O [/Iy|>t,|xoy|<t |z — y|n—179 [b1(y) — (b1)ol dy t3)

1/2

IN

+(/°° l/ Uz —y)| 2z —y)]
0 |Jle—yistlwo—yl<t ||z —y|" 170 |z —y[r10
 dt 1/2

X |b1(y) — (b1)oll f2(y)|dy] tg)
Il + 12 + ]3a

thus
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IN

IA

IA

IN

IN

<

1/2
[ N0 = o AT ()
1/2
C [ 0 = ol |
[ 0 = ol AL b= a2,
O [ 10~ el 12U

(n—8)/n
1
~H/2 _ n/(n—>4)
C}; ? <|2k+1Q’ 2k+1Q |b1(y> (bl)Q| dy)

( L i eay)

C Z k272 [b1 || arol L f 1] s

k=1

Cllba][Barol| f]

Ln/é;

similarly, we have I < C||b1||gmol|f||pnss-

We now estimate I3. By the following inequality:

we gain

I3

<

VAN

IN

IN

IN

Qz —y) Q(zo — y)

].:1: _ y’an& B \xo _ y‘nqﬂs

|z — x| |z — xo|7
<C
B (!xo —y|n° " |lwg — y|n1=0% )7

|z — x| |z — xo|” >

C/ bi(y) — (b
R e

1/2
dt
X / — dy
|zo—y|<t,|z—y|<t t3

|zo

165

Doy R B ) (et I
2k+1Q\2kQ |.T0 _ y|n+175 _ y‘n+'yf5

1

EZ: (27" +27 ]W)W /QmQ [b1(y) = (b1)20l1f (w)|dy

e (n=d8)/n
1 _
cy @tz <|2k+1@| [ 1) = (o) ”dy)

( L rwrea)”

C||b1||BMO||f||Ln/5.
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This completes the proof of the case m = 1.
When m > 1, set by = ((bi)g. - - - (bm)q) € R", where (bj)q = |Q|™" [ b;(y)dy,
1 < j < m, we have
F/(f)@) = (i(@) = (b)g) -+ (bn(@) — (b)) Fu( f)(x)
H=D"E((br = (b1)Q) -+ (b = (b)) f)(2)
JZI > (0" (b(w) = bado | (b(y) = ba)o-tiulw = 9)f (y)dy

+(=1)"F (b1 = (b1)q) -+ - (b — (b)) f1)(@)
+ —1)mFt((bl - (bl)Q) : (bm - (an)Q>f2)(x)
+X Cm(—1)mﬂ(”(a;) —b0)s Fu((b = bg)oe ) (2)

thus

(@) = () = br) -+ () — bn) f2) (0)
< ||(b1() (b1)@) - -+ (bm(x) = (bm)@) Fr(f) ()]

+Z > (@) = bo)o Fol(b = bo)oef) ()

i= IGGC

HIE((br = (b1)@) -+ - (b — (bm) @) f1) ()]
FE((br = (b1)@) -~ (b = (bm)@) f2) () — Fi((by = (b1)Q) - - - (b — (b)) f2) (o)

For Si(x), taking 1 < p < n/d, and 1/g = 1/p — §/n, by the Holder’s inequality and

Lemma 1,2,3, we have

K'12|/ Si(x)dx

qd )|7d

< (|Q|/|H o) ) (M/W opa)”
1

< ClfllmaolQl e (/Q |f:c]pdx) Q|-

< Cl[bllsacol| f|| pos.
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For Sy(z), taking 1 < p <n/d and 1/¢ = 1/p — §/n, then

IN

IA

IA

IN

|é|/ So(x)dx
Jloe@n(r@\/ )T aa) (b [ Faonpas)

- - 1/p
¢ ; Bollmarol@ ([ 10G) - bQ>ac>f<x>\pXQ<x>dx)

m—1 . 1/q
OS5 Nl (g [, 160~ Balwlrds) [l

j=1 ceCl

m—1
C Y > bsllaollboe || Barol | 1] pnrs

j=1 oeC"

Cl[8| sarol| f1] prrs-

For S3(x), taking 1 <p <n/éd and 1/qg=1/p—6/n, we get

|é|/ Ss(x)dx

1/q
= (\@|/ Is((5 <+ (bm = (bm >Q>f1><x>|wx>
< ClQI™V|((by(x) = (b)) - - (bn(x) = (b)) f1(2)]| e
1/q
- <I2Q|/| (b — (b >Q>Pdsc> 1] e

< O||bl|sarol| f1] -

For Sy(z), we have

Sy(x)

< /“/ 2z = Yl f2(y
=\ o | Ja—yistleo—yl>t |z —y[nT0

> 1Qzo — Y| f2(W)] {5
L
( 0 { a—y|>t|zo—y|<t  |To — y[P 710 1:[ i)ee)

+</°" V Q2 -yl 92z —y)|
0 lz—y|<t,Jzo—y|<t

|l’ _ y|n—1—§ |[L’0 _ y|n—1—5

ﬁ bj)2q)




168

9 1/2
m d
< |1 b,) <>>M>4tg
j=1
= Vi+Vo+ Vs,
thus
NN B ) AN
i < C (2Q)c jrll(bj(y) (bj) ) |x—y|"‘1_‘5 </ﬂc—y§t<|xo—y| t3> ay

Q1)

|:L‘O _ y|n+1/2—6

IN

ﬁ 7)2q)

2EF1Q\2kQ

1
k2L

Cli/

IN

ﬁ b)ao)| )y

n/(n—9) (n=0)/n
dy) Vs

> 1
< C 2—k/2
B kgl |2541Q] Jart1q

< Clpllzaollfl]gnss;

f[ bj)2q)

similarly, we have Vy < C||bl|sarol| ] pon-

We now estimate V3. Similar to the case m=1, we gain

. /2
|f(y)|]z — o ( dt>1
v, <C bi(y) — (by)ag)| LE— Tol / =)
’ (2Q)° jl;[l( i(9) = (b)20) lzo — y|" 0 \Jlso—yi<tjo—y/<t t3 Y
n /2
|fW)llz — 2o < dt>1
+C b(y) — (b / ) d
(2Q)¢ le( 1) = (b)) w0 — y|" 10 \jwo—yi<tfa—yl<t ¢ Y
<o [ e - G| (D Y s
- o1 2R IQ\2RQ i1 iy 7/2Q |l’0 y|n+1—6 |ZE0 _ y|n+7—6 y)ay

< C kM2 + 27|l sarol ]| s
k=1

< Cllbllsmoll fllpass-

This completes the total proof of Theorem 1. O

Theorem 2. Let 0 < § < n, 1 < p < n/d and b = (b1, -+, by) with
bj € BMO(R") for 1 <j<m. Then ,ug is bounded from BS(R™) to CMO(R™).
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Proof. It suffices to prove that there exist constant Cg, such that

<
57 J, W)@ = Colds < €1,

holds for any cube @ = Q(0,d) with d > 1. Fix a cube @ = Q(0,d) with

d>1 Set fi = fx2q, f2 = fXrm2q and Z;Q = ((b1)g; .-, (bm)g), where (bj)g =
[ Jo 1bi(y)ldy, 1 <j < m, we have

() (@) = 1s(((Br)g = 1) -+ (bm)g — bn) f2) ()|
<||(b1() (b1)Q) - -+ (bm(x) = (b)) Fi(f) ()]

+Z ST (0(2) = bo)o Fi(b— bg)oe f) ()]

j=1 UECm

HIF (b = (b)) -+ (b — (bm)@) f1) ()]
HIE((br = (b)) -~ (b = (bm)@) f2) () = Fi((b1r = (b1)@) - - (bm — (bm) @) f2) (o)

Taking 1 < p <n/d, 1/s = 1/r — d/n, by the Hélder’s inequality and Lemma 1,23,

we have

’22‘/ Hy(2)dz
(|@|/ e, 'qd’r) <|c2|/ sl f |qu>

/p
ClfllmolQ] ( [ 1r@yar)
ClBllmarod ™7~ fxqll1s
Cl[bl| 5ol £115s-

IN

IN TN

IN

For Hy(z), taking 1 <p <n/d, 1/s=1/r —d/n,and 1/s' +1/s =1, then

W;I/ Ha(z)dz
o8y (L6 -fanrw) (L@ nerar)

j=1 oeCm
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m— 5 . 1/r
O S W llowol@ ([ 166) ~ B F@) vl

7=1
m—1 . (p—r)/pr 5
n—1
<O 3 Willawo (g7, 60) = e ) e gl
J: C7n |Q|
<C Z 3" N1bollBarol boc | | Barod ™ P~/ || fxql | 1o
7j=1 EC’”

< Cl|bl[smol | f1]ss-
For Hs(x), taking 1 <p<n/§,1/s=1/r—4d/nand 1/s' +1/s =1, we get
1
@’/QHS(:U)da:

] 1/s

< CIQI Y II((br(x) — (b1)q) - (bu() — (b)) el
(p—r)/pr

< € (g oy 100 = 00)0)- (o = ()0 ) a4 g

2Q] /20
< Cl[ollsamol| 1] ss-

For Hy(x), we have

> 2z —y)l[f2(y
H4(~T> < (/0 |:/x—y<t,|xo—y|>t |£B _ |n 1— 6
> 2z — Y20 |17
" (/0 [/|$—y|>t,|zo—y|§t |zg — y|n= 170 |
= [z —y)| [z —y)
i (‘/O [/x—yISt,Ixo—yISt

|z — y[n—1-9 N |zg — y|P—1-0
. 2 i@t 1/2
11 (05(y) = (5)20) Ifz(y)!dy] ﬁ,)

= M1+M2+M37

X

thus
QI f(y)]

o — y|rt1/2-

dy

Z /2k+1Q\2kQ
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1 m
k2 b _
< O e g 100 ~ (i) L7y
] m p/(p—1) (p=1)/p
k/2
< 022 / |2k+1Q|1- 19k+1()[1-d/n (/2k+1Q g(bj(y) — (b))2q) dy)
1/p
< (L F0IPa)
0 1 m /(p—1) (r=1)/p
< CY 272 bi(y) — (b d
= kz::l (2k+1Q| R H1Q Jl_[l( J(y) ( )QQ) y)

x |28 Q| (A /p=o/m) | fX2+10]| e
< ClBllmwoll flls:

similarly, we have My < C'||g||BMO||f||Bg-

We now estimate V3. We gain

M3§C§:1/

ﬁ 20 ( Q" Q™

d
|ZL‘O _ y|n+l—5 + |I0 — y|n+,y_5> |f(y>| Y

m

H 20)| 11 (y)ldy

p/p-1) N\ PD/P
dy)

2kHLQ\2kQ

ad 1
SC’E 2_k+2_k7—/
k:1( )|2k+1Q|1 o/n 2k+1Q

ﬁ bj)2q)

<oy (27F427m
=~ kgl( ) |2k+1Q‘ 2%Q
x (281 Q0P| fxarargl o

< C|[bl|sumoll 1] s-
This completes the total proof of Theorem 2. O

Theorem 3. Let 0 < & < n and b = (by,...,by) with b; € BMO(R") for
1 <j <m. If for any H'(R™)—atom a supported on certain cube Q and u € Q, there

18

>y

j=1oceCr (2Q)¢

Qz —u)

n/(n—3)
- — <
/Q(b(y) bQ)aa(y)dy‘x T ) dr < C,

(|<b<x> )]

then ,ug is bounded from H'(R") to L™/ ("= (R™).
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Proof. Let a be an atom supported in some cube ). We write
[ @@ e = [ @) et [ () @) Ode = 11
Rt 2Q (2Q)°
For I, taking 1 <p <n/d and 1/¢ =1/p — /n, we have
1 < @)@ @00 < Cljal =)@ e < ¢

For 11, we first calculate th(a)(x), we have

b N Qz —y)
F@l < |- 0 [ 5oy
< i Q-y) _ Qz—u)
2 2 0@ e [ )
><(5(y) — bQ)aa(y)dy\
+3° 3 |e) ~Bohwe [ ()~ oty
e le—y|<t |T — ul

= 1+ v+ s,

b B o0 1/2 0 1/2 - 1/2
o) = oo () (o) () )

= A(x)+ B(z) + C(x).

For A(x), denoting I'(x) = {(z,t) € R} : |x—z| < t} and the characteristic function
of I'(x) by Xr(z), we have

A(x)
2 N1
= ([T, (o) xeeBE S ) ) LT - Gl
0 n \ |z =yl |z — w170 j=1

o0 Qx — Qr —u > d
(/O o XTO) (!96—(y!”‘y1>‘5a(y) - |x—<u|n—1)—5> a(@/)dfl/> t;f
<L) - Bl
als

= A1<J]) + AQ(J]),

IN

/n (Xr(y) — Xr@)Qz — u)a(y)dy>2 dt

|z — u[r—1-0
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by the following inequality:

Qz-y)  Qz—u
‘l’ _ y‘nflfé ’iC _ u|n7176

ly — ul ly —ul?
< (C
<0t )

we have
Ay (z)
| | ly — AR
y—u y—u
<C d _ b — (b
N ( |5E _U|n J T |SU —u|”—1—6+7> \a(y)\ y] t3> jl:[ll J(x> ( J)Q’
/2 m
ly — ul ly — ul? /OO dt\'
< — d b. — (b
- / < u|n 1) + |[L’ _ u|n7175+'y |6L<y>| 0 t3 y]]:[1| ]("E) ( J)Q|
|Q|l/n+l |Q|’y/n+1 m
<C T 16 () — (b
< 0 (s g ) el T i) ~ 0l
thus

o) (n—¥8)/n
A nAn=o) d
(gt e-0us)

’Q‘l/n-s-l ’Q|7/n+1
< Cllalle~ [Z /k+1Q\2kQ << — qy|rt=o + | — u|rtr=0

. n/(n—o) (n=3)/n
H Q|) dfC]

o) k 8/ m n/(n—9) (n=8)/m
< CIQMlal 1= 3 22O [T 15(s) = )l da
- Lee 2k+1Q |2kQ|(n+1)/n J

k=1
_ (n—=9)/n
L/ 0o |2kQ‘5/n m n/(n—=o)
+OIQI ol 3 Lo, g L@ = ®)el dz

- . . n/(n—) (n=6)/n
k kv . _ .
g 2 + 27 |2k+1Q‘ 2k+1(Q) (]];[1 |b](ZL‘) (bJ)Q|) dx

< C|1bl|zwro-

For As(x), we have
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Az ()
1/2
\Xr(y) )] 2 dt m
< T i dy | — bi(x) — (b.
- ( o T Sapica lawldy) 5] TL) = Bl
1 dt 1 dt 1/2
< - - - @ d
B / /Irr d<t v —yPrB /qugt |z — u|2n—2-2 ¢3 la(y)|dy
1 1 |dr\"?
= = d
a / ( o)<t Joty—ul<t | |T + y — u|?"2 20 |z [2n—2-20 t3> la(y)|dy
/2 m
ly — ul dr\ '
< C’/ / — d bi(z) — (b
B ( aistioryuze oty —uprimp ) 11O LLb@ = ()l
ly —ul'? "
= C/Rn Tty —upraslal )|d?/H|bj<93)—(bj)Q|
< C‘Q’l/2n|$ ‘ (n+1/2— 6)H|b (bj)Q‘,
7j=1

thus

PPl
A n/(n— d
</;QV< 2()) x)

1

00 m n/(n—>4)
—k/2 ' _ 4
< C Z 2 (2k+1Q ok +1Q (Jl;[l |b;() (bj)Q’) dx)

k=1

< C||b]|smo-

For B(z), we have

- 00 _ 9 1/2
5 5 ) o ([ ([ e o060 ~ oo )

a—y|<t |x —

5 1/2
x ( [ ( [ xew (, el - ff“ul‘n?'g) a(y)(B() - 5Q>Udy) ‘f)
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+ > ) — bg) e

p— m
j=1 UECJ

9 1/2
x ( [ ( [ <Xr<y>|;fj;7;>_?_<§ ~at i o) )

similarly, we get

<.

IB( )|
. QP QP QM -
< Czl ezc:m‘ - bQ o’C‘ <|I — u|n+1_5 + |l’ — u‘N—(S‘FW + |l‘ — u|n+1/2_5 ||bJHBMo,
j=lo
thus
— (n—98)/n
B(x))"\"%dx
([, (B =a:)
< 0 > Y@ty
j=10€CT k=1
(n—¥8)/n
1 - - n/(n—2o) -
8 <|2’“+%2| 9k+1Q) ‘(b(x) — bg)oe df) 16| Br1O
< Cl[bllsmo-
So, if
m . . Q(ZC . U) >n/(n—6)
b(w) = b@)oel || [ (B(y) — Badoaly)dy—— 1 dx < C,
52 5 g (1060~ b01et | [ 0~ Foeatirtn 25
then
[ @ @[z < C.
This completes the proof of the Theorem 3. a
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