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Abstract. To Lap logic we add a new type of CP-quantifiers and prove the complete-
ness theorem for new logic szxc p- The new axioms result from the condition probability
introduced by Kolmogorov, which explains the ”k” letter in the name of the new logic.

INTRODUCTION

In this paper we will introduce the logic L% ~». This logic is similar to infinitary
logic Lap (see [2], [3]); Our logic will include a new types of quantifiers CPZ > r
and CPZ < 0 (¥ ia a finite sequence of variables). A model of this logic is also a
classical model with a probability measure in the universe, such that each relation is

measurable.

1. BASIC DEFINITION

Syntax. We assume that A is an admissible set such that A C HC and w € A.
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Let L be a countable, -definable set of finitary relation and constant symbols

(no function symbols).
We need the following logical symbols:
(1) The parentheses (, ).
(2) The variables vg, vy, ..., Uy, ...,n € N.
(3) The connectives = and A.
(4) The quantifiers
(i) PZ > r, where r € AN [0, 1]
(i1) CPZ > r, where r € AN 0, 1]
(iii) CPZ <0
(5) The equality symbol = (optional).

Definition 1.1. The formulas of Lk .p are defined as follows:

(1) An atomic formula of first-order logic is a formula of L% o p.

(2) If v is a formula of L% op, then = is a formula of Lk .p.

(3) If ® € A is a set of formulas of L% p with only finitly many free variables,
then \ ® is a formula of L% p.

(4) If ¢ is a formula of Lk .p, then (PT = r)g is a formula of L ,p.

(5) If v and ¢ are the formulas of L% op, then (CPZ > r)(p | ¥) and (CPZ <

0)(¢ | ) are also formulas of logic L% qp.
We shall assume that LY., C A and denote L p, where A = HC, by L,,cp.

Thus, L .p = AN L,,cp. All other syntactical notions are defined similarly as in the

Lap case.

Definition 1.2. We shall use the following abbreviations:
(1) (PZ <r)p for =(PZ > r)¢

(2) (PZ < r)p for (PT21—r)7¢

(3) (PZ>r)p for =(PZ>1 - )w

(4) (CPZ <r)(¢ | ) for =(CPZ = r)(p | V)

(5) (CPE<T)(p | ) fo (CPSU L=7r)(=¢ | ¥) where r # 0
(6) (CPZ>r)(¢ | ) for ~(CPE<T)(p | ¥)

\/
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(1) (CPT=r)(p | ) for (CPT27r)(¢ | ¢) AN (CPT<T)(p | )

(8) The connectives \/, — and < are defined as usual.

Models. Let (A, F, u) be a probability space such that each singleton is mea-
surable. Then, for each n € N, one shows that (A, F ), u(”)> is a probability space,
where F is the g-algebra generated by the measurable rectangles and the diagonal

sets, and p(™ is the restriction of the completion of u” to F™.

Definition 1.3. A probability model for L is a structure

A= (A, R?, C]Q‘la Wiel, jeJ

where (A, R}, C]Q-[>i€]’je‘] 15 a classical model, p is a countably additive probability
measure on A such that each singleton is measurable, each n-placed relation R} is

™ -measurable, and each CJQ-[ cA

Definition 1.4. A graded probability model for L is a structure

_ A A
2A = <A7 Rz ) Cj7 :un>i€l, jeJ, neN

such that:
(1) (A, RY, ¢¥)ier, jes is a classical model;
(2) Each p, is a countably additive probability measure on A";
(8) For allm, n € N, piy1, is an extension of the product measure fi, X fi,;

(4) Fach p, is invariant under permutations, that is, whenever m is a permutation

of {1, 2, ..., n} and B € dom(u,), if

7TB:{(a7r(1)7 e aﬂ(n))|(a1, cey Q) EB},

then mB € dom(p,) and p,(wB) = pn(B);
(5) (pn|n € N) has the Fubini property: If B is fimn-measurable, then
(a) for each & € A™, the section BX = {ij € A" | (Z,Y) € B} is u,-measurable;
(b) the function f(Z) = p,(BZX) is p,-measurable;
() [ (@)t = imen(B).

(6) Each atomic formula with n free variables is measurable with respect to pu,.
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Let 2 be one of the models defined above and let " denotes either ;™ or y,,. The
satisfaction relation is defined recursively in the same way as it was for L,p except
for the quantifier clause:

for p(¢) € Lk .p and @ € A*, (Z) € LE p and C € Al

AE(CPE=r)(p(@,9)d] [ ¢ (7,2)[d)

iff

m{z?eAnmu:gp[E,a}Ammu[z?,a]} §
ulbear | 2e i) -

at condition that "pu {56 AM | AE Y [5,5]} > 0.

AE(CPZ<0)(p(7,9)[a] | ¥ (Z,2)[c)

iff

”M{EeAn|2{W[5,5}/\mh¢[5,5]}=0

and
"u{z?eA”m»:@z)[E,a]}m.

Remark. If we had "u {56 Ar | AE Y [5,5}} = 0, then we could claim that
the formula is trivially satisfied in structure, analogous to the definition of condition

probability being one.

Theorem 1.1. (Fubini theorem.) Let p be a probability measure such that
each singleton is measurable, and let B C A™™ be u™*" measurable. Then:

(1) Every section BT = {y € A" | (Z,%) € B} is u™-measurable.

(2) The function f(Z) = p™(BZ) is p™ -measurable.

(3) pm+ 0 (B) = [ f(F)dut.
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Proof theory. We now give a list of axioms and rules of inference for L} p.
In what follows, ¢, 1 are arbitrary formulas of L%, ® € A is an arbitrary set of

formulas of L% ., and r, s € ANJ0,1].

Definition 1.5. The azioms of the weak L% p are the following:
(A1) All axioms of Ly without quantifiers;
(As) Monotonicity: (PZ > r)p — (PZ > s)p, wherer > s
(As) (a) (PT = r)p(T) — (P§ = r)e(y)
(b) (CPL = r)(p(Z) | ¥(T) = (CPY = r)(e() | (7))
(As) (PZ = 0)p
(As) Finite additivity:
(a) (PE<T)p N (PE<5s)Yp — (PT<r+s)(pVY)
(b)) (PE=71)p N (PT>
(Ag) The Archimedean property:

(A7) (CPZ = 71)(plY) N (PZ>=s)) — (P¥>=r-s)(@ A1), where s >0
(As) (PT=0)(p Ap) N (PT>0)y < (CPT<0)(pl¢)
(As) (PZ=r)y — (PE=7-s)(pAyY)] — (CPT = s)(pl¢)

rel0,1]NQ

Definition 1.6. The azioms for graded L% .p consist of the azioms for weak L% p
plus following set of Hoover’s axioms:

(B1) Countable additivity:

APz \v — (PE=r) \@

TCP

where W ranges over the finite subset of ®.

(By) Symmetry:

(Pry ... zp271)p < (Prra) ... Trw)

WV
=
S

where T is a permutation of {1, 2, ..., n}.
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(Bs) Product independence:

(PZ>r)(Py=s)p — (PEy>=r-s)p

Definition 1.7. The azioms for the full L% .p consist of the azioms for graded

Lk op plus the following Keisler’s aziom:

(By) Product measurability:
(PT > 1)(Py > 0)(PZ2r)(p(Z,2) < »(y,7))

for each r < 1, where all variables in ¥, vy, Z are distinct.

Definition 1.8. The rules of inference for all of the above logics are:

(MP) Modus Ponens: W

=P, ped
p—N\O

© — P(T)
¢ — (PT > 1)y(2)

(C) Conjuction:

(G) Generalization:

Z is not free in .

Proposition 1.1. The following are theorems of graded L% .p:
) AN (Pi< ) (P2 L) etepanre = et

2) A Vaeycao (P:i'< %) (AN Po(Z) N= N\ P(Z)), where & is finite and
N\ @(Z) € A.

2. COMPLETENESS THEOREM

Consistency properties and weak models.

Definition 2.1. A weak model for L% .p is a structure

A A
2= <A7 R, G :un>i61, jeJ, neN
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such that (A, R}, c?l)iemej 18 a classical model, each i, is a finitely additive proba-

bility measure on A™ with each singleton measurable, and with the set
{ce A" | AF ola, d}

pn measurable for each o(T,7) € LY .p and each @ € A.

Let us introduce some convenient notation. ¢~ is defined as follows:

@~ = —p, @ atomic (Anwn) =V, ¢n
(mp)" = (V,en) =N\, ~¢n
(PT=r)p)” = (PT>1—r)"p

(CPZ = 7r)(pl)” = (CPT > 1 —1)(=plY)

(CPZ <0)(¢ply))” = (CPT < 1)(—plt)

We can suppose that A is a countable set. Let C be a countable set of new
constant symbol, and let K = L U C. Then we form the logic K¥.p coresponding to

K and we introduce a notion of a consistency property.

Definition 2.2. A consistency property for Lk .p is a set S of countable sets s
of sentences of K¥op which satisfies the following conditions for each s € S:
(C1) (Triviality rule) ¢ € S;
(Cy) (Consistency rule) either ¢ & s or = & s;
(C3) (= — rule) If mp € s, then sU{p"} € 5;
(Cy) (N — rule) If NP € s, then for all p € O, sU{p} € S;
(C5) (N — rule) If \| @ € s, then for some ¢ € ®, sU{p} € S;
(Cs) (P - rule) If (PZ > 0)p(Z) € s, then for some ¢ € C, sU{p(d)} € S;
(C;) If () € K¥qop is an aziom, then
(a) s U{(PT > 1)p(T)} €5,
(b) sU{p(@)} € S, where ¢ € C.

Theorem 2.1. (Model Existence Theorem) If S is a consistency property,

then any so € S has a weak model.
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Proof. Let ¢y, 1, ©2, ... be a enumeration of the sentences of K¥.p. We shall
construct a sequence sy C s1 C s9 C ... of elements of S as follows. s is given. Given
S, choose s,,11 to satisfy the following conditions:

(1) sp, C Spya-

(2) If s, U{p,} €S, then ¢, € sp41.

(3) If s, U{pn} € S, v, =\ P, then for some § € &, 0 € s,,,.

(4) If s, U{pn} €S, @, = (PZ > 0)1(Z), then for some ¢ € C, ¥(¢) € Spt1.

We now define a model 2 of sy. Let s, = U sn. Let T be a set of constants of

n<w
Kfiop. Forc, d €T, let c ~diff c=d € s,. Then, ~ is an equivalence relation.

Let [¢] denote the equivalence class of the constant c. Let 2 have the universe set

A={[c] | c€T}. If Ris an n-placed relation symbol and ¢, ..., ¢, € C, then
AE R([c1], ..., [en]) It R(er, ...y cn) € Su

Define 41, on the subset of A" definable by formulas of L%, with parameters from
A, by
p{G € A" | AF p[@, A} = sup{r | (PF > r)¢(7,d) € 5.}

Only difference in relation to the logic Lsp is that formula ¢ can also contain quan-
tifiers C'PZ > r, resulting in no change.
It is not difficult to show that everything is well-defined, u,,’s are finitely additive

probability measures, and it is routine to check that
Ak pllal ... [l i pler, ..oy ) € s

Therefore 2 is a weak model of s,,, and hence a model of sg. O

Theorem 2.2. (Weak Completeness Theorem) A set T of sentences of L% - p
has a weak model if and only if T is consistent in weak L% p.

Proof. Let S be the set of all countable sets s of sentences of K¥.p such that
only finitely many ¢ € C' occur in s and not l_Kiicp = As. We claim that S is a

consistency property. We check that S satisfies (C).
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Let (PZ > 0)p(Z) € s but for all €€ C, sU{p(€)} ¢ S. Take a ¢ € C which does
not occur in s. Then Fpr = A(sU{p()}), hence Frx = (AsAp(0) and Frr
N\s — —p(c). Let ¢ be a type of variables not occuring in s. Then replacing ¢ by ¥
in the proof and using axioms and rule (G) we get Fyr /A s — =(Py > 0)¢(y) and

hence - Kk, /\'s. A contradiction. U

Graded Models.

Theorem 2.3. (Graded Completeness Theorem) Every countable set T of
sentences which is consistent in graded L% ,p has a graded model.

Proof. Let V(S) be a superstructure over S and RU A C S. We suppose that
a formula (%, @) with parameters from A, a weak model 2 of 7', and the relation F
are represented by sets in V(S). Then *¢(#,d@) and * are sets in the nonstandard

universe V' (*5), and *F' is an internal relation. If the context is clear we write simply

F.
((*A)™, L(pn,)) is a probability space by Loeb’s theorem. The model

<*A7 *R?[a C]Q‘[a L(Mn)>iel, Jj€J, neN
is graded because of the fact that the weak model 2 is a model for graded L% . p.

The main step in our proof is to show that for each (%) € LY .p and @ € A

(&, ) Epla] iff (A L(pn)) = o]
To prove this, we prove by induction on formulas that for ¢(Z, %) € Lk .p, @€ A
L(pn) ({€€ CA)" | (A L)) F ole,al} a{ee (FA)" | " ) F “ple d]}) =0

The nontrivial steps in our induction are conjunction and quantification.
Case 1. ¢(Z) = \,, ¥n(Z)
Then “(A,, ¥n) = Nnen “Un # Npe n “¥n- By proposition 1.1.(2) we have:

t= L) {Z€ (A" |2 L)) (N\timld) & A "0l =0

The introduction step follows by the triangle argument and the induction hypoth-
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L(pn){€€ CA)™ | *(, L(pm)) E *(ple]) & le]}
St 2, Llpn){e e CA)™ | (A, L(pm)) F " (¢mle]) & ¢Ymle]} =0
Case 2. ¢(¥) = (Py = 1)Y(Z,7)
Then we have *((PZ > r)Y(Z)) < *u,{d | *¢lal} > r and )
(PE > r)0(@) o (e n) (fd ] vla) - )
By the triangle argument:
L(pn){€ € (CA)" [ (2, L(pm)) E " (0le]) A ole]}
< Llpn){ee CA)" [ & Lipm)) B ((PY = r)(€,7)) A (PY =) "(€,9)}
+L(pn)({€€ CA)" [ (A, Lpm)) B (P = 1) "p(€,7)}
afee (A" | (A Lipm)) F (PY = 1)0(E9)})
The first term is 0 by proposition 1.1.(1). By applying the induction hypothesis:

L(ptnym)({(€,6) € (A" | *(2, ) = "0[€, ]}
a{(@¢) e (A | (A, L)) E ¥le; ) =0

So, for all &’s but a set of L(,)-measure 0 we have:
L(pm)({¢ € CA™ [ 7@ ) & “ple, A} a{ce CA)™ | (A, L)) E ¢le, d}) =0

So, for all &’s but a set of L(j,)-measure 0 we have:

L(pm)({¢ € CA)™ [ 7 ) E “Plec} =7
iff
L(pm)({e € CA)™ [ (%) B YlE A} =7
Hence the second term in the inequality is 0.

Case 3. CP - quantification
We should, in fact, only prove that

=,

<Q(7 :U’n> F (Cpf > T)(Sa(f7 b) | ¢(f75))
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iff
<*Ql’L(/~Ln)> F (CPf = T)((,O(f, E) | ¢(f’6))7 5786 A
Then we will have

(2, p1n) F (CPE > r)(p(,0) | $(F,0))

iff -
podd | (A pon) &[G O] A L o) Bl )
Mn{c_i | <2l7 :um> F @D[@, E]} -
iff -
L{pa)ia@ | A, pom) = pla, b A R L)) FYld, T}

L(pn){a | ("4, L(pm)) F ld, cl} g

iff
(*A, L)) F (CPT = 1)(p(@,b) | ¥(Z,0))

because of:

-

p{d | (2, ) B pld, O] A (A, ) F [d, ]}
= L(pn){@ | (", i) F 0lai, B A (R, L(pi)) F [, 7}
since (2, pin) E (P = t)@(Z,b) < (A, L)) E (PT > t)p(T, b)
and (2, ,) E (PZ = t)(Z,b) < (A, L)) E (PT > t)1h(Z, b)
We only have to prove that all this is also true for the formula with quantifier
(CPZ <0)

@ pn) E(CPTS0)(ply) it (A, L(pn)) F (CPZ < 0)(0|9)

This is direct consequence of case 2 and axiom (Ag).

Probability Models.
Lemma 2.1. Let \, v and p be probability measures on A, B and A x B such that
AX v Cu. Let T be p-measurable . Then, for each € > 0, there is a finite union M

of A x v-measurable rectangles such that (T & M) < € iff there is a A X v-measurable
set N such that (T A N) = 0.

Lemma 2.2. (Rectangle Approximation Lemma for L,p logic) Let 2

be a graded probability structure satisfying axiom (B,). Then for each ¢ > 0 and a
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formula (%) of Lap, there are finitely many formulas v;;(§, x;), wherei =1, ..., m
and 7 =1, ..., n such that

m n

AE (PG> 0)(PE>1—e)(p(@) — \/ N\ vyl )

i=1j=1

The lemma says that any definable set () in 2 can be approximated within
by a finite union of definable rectangles and this can be done uniformly in parameters

¢ from a set of positive measure. In the proof, axiom (By) is used n times.

Theorem 2.4. (Soundness and Completeness Theorem for full L;.,) A
set of sentences T of the full L% ~p has a probability model if and only if T is consistent
in the full L - p.

Sketch of the proof. Soundness of our logic is the consequence of the soundness
of logic Ly p since the axiom (A7), (As) and (Ayg) relate to the properties of condition
probability.

Let us prove the second part of the theorem. Since T is consistent to axiom
(By), we immediately get Rectangle Approximation Lemma for L ., logic, i.e. we
extend the original version of lemma also to the case when formula ¢ can contain
CP-quantifiers.

We use "new” Rectangle Approximation Lemma in order to find an ordinary
probability model 9B such that 9B is L% - p-equivalent to 2 (2 is graded model for T
which we have). Models 2 and 9 have the same universe, constants and measures.
For each R* and € > 0 there is a finite union M of p"-measurable rectangles such
that p,(M A R¥) < e. Then, by lemma 7.1. there is a p"-measurable (and also
p™-measurable) R® such that p,(R* A RT) = 0.

By induction on ¢ we can show that
AE pla] iff BE pld

for p,-almost all ¢. It follows that B F T U



111

References

[1] J. Barwise, Admissible sets and Structure, Springer — Verlag (1975).

[2] D. N. Hoover, Probability logic, Annals of mathematical logic, 14 (1978),
287-313.

(3] H. J. Keisler, Probability quantifiers, in: Model-theoretic logics. etds. J. Barwise,
S. Feferman, Perspectives in Mathematical Logic, Springer — Verlang, Berlin

(1985), 509-556.

[4] Z. Ognjanovié, N. Ikodinovié, Z. Markovi¢, A logic with Kolmogorov style condi-
tional probabilities, Proceedings of the 5th Panhellenic logic symposium, Athens,

Greece (July 25-28, 2005), 111-116.

[5] M. Raskovié, R. Djordjevié, Probability quantifiers and operators, Vesta, Beograd
(1996).



