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Abstract. In the search for ideally embedded space-times we present an optimal inequality
for a m-dimensional Riemannian or Lorentzian manifold embedded as a hypersurface in a
(m+1)-dimensional Ricci flat space. We give some examples and discuss its applications in
higher-dimensional physics.

1. INTRODUCTION

Soon after Riemann (1854) introduced the notion of a manifold, Schlafli (1873)
conjectured that every Riemannian manifold could be locally considered as a subman-
ifold of an Euclidean space with sufficient high codimension. This was later proven

in different steps by Janet (1926), Cartan (1927) and Burstin (1931) and extended
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to semi-Riemannian manifolds by Friedmann [12]. The idea was to obtain intrinsic
information about the manifold using the knowledge of the extrinsic world.

Based on these embedding theorems some inequalities between intrinsic and ex-
trinsic curvatures of the submanifold were obtained. For example, an inequality for
surfaces in the four-dimensional Euclidean space, proved by Wintgen (1979), states
that the squared mean curvature is always greater then or equal to the sum of the
normalised scalar curvature of the surface and the normal curvature in the normal
bundle. Equality holds if and only if the ellipse of curvature is a circle. This inequality
was generalised by Rouxel [23] and Guadalupe and Rodriguez [14] to surfaces with
general codimension in a real space-form and by De Smet, Dillen, Verstraelen and
Vrancken [7] for general m-dimensional submanifolds with codimension two. Recently
the inequality was proven in the semi-Riemannian case and space-times satisfying the
equality were found by Dillen, Haesen, Petrovié¢-Torgasev and Verstraelen [8]. Further,
new relations between intrinsic and extrinsic curvatures using arbitrary dimensional
normal sections and their projections on appropriate subspaces were considered in
[15].

In 1993 Chen introduced new intrinsic curvatures which satisfy an optimal in-
equality with the squared mean curvature in the Riemannian case [2, 3, 4, 25]. These
were applied to Lagrangian and Sasakian spaces and adapted for Einstein and con-
formally flat spaces. Recently a generalisation was made to semi-Riemannian spaces
which are locally and isometrically embedded in a pseudo-Euclidean space [16].

In this paper we present a further generalisation to semi-Riemannian spaces em-
bedded in a Ricci flat semi-Riemannian space and consider applications in higher-

dimensional physics.

2. IDEALLY EMBEDDED HYPERSURFACES

Take (M, g) to be a m-dimensional semi-Riemannian manifold which is locally

and isometrically embedded in a n-dimensional manifold (N, g). Denote with V the
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Levi-Civita connection on M and with V the corresponding Levi-Civita connection
on N.
We can decompose the covariant derivative in A between two tangent vector fields
X and Y on M as
ViV =VxY +QX,Y),

with Q : TM x TM — N(M) the second fundamental form.
Let {€4} be an orthonormal basis in the normal space N(M) of M. We have

n
AUX,Y)= Y €ad(VxYi&a)éa,
A=m+1
with A= §<£A7£A) = +1.
The mean curvature vector is defined as
A=t Xn: ea g™’ E.
m aff GA >
A=m+1
with summation convention on the indices o, 3 =1, ..., m.
Let {€,} be an orthonormal basis of M. The sectional curvature of a two-plane

in T, M spanned by {€,, €3} is given by
K (€a N €5) = cap 9(R(€a, €5)€a, €3)

with e,3 = €465 and R is the curvature operator.
The scalar curvature of an r-plane section L in T, M spanned by {é1,...,€} is

then given by

1<a<gB<r
Analogously we define the scalar curvature of the same plane considered as a subspace
of T,N,

FL)= ) K(E.AE).

1<a<fB<r
We denote the difference of these two scalar curvatures of the same plane in a point
p by

o(L)y=71(L)—7(L) .
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Definition 1 For any given set of mutually orthogonal plane sections {L;} with di-
mensions (ny,...,ng) such that ny + ...+ ni < m, the A-curvatures of Chen in the

semi-Riemannian case are given by
Ay, ...,ng) =17 —inflo(L1) + ...+ 0(Ly) | L;j a non-null plane section, L; 1. L;}

and

~

A(na,...,ng) =7 —sup{o(L1) +...+0(Lg) | L; a non-null plane section, L; 1. L;} |

Remark that these newly defined A-curvatures reduce to the d-curvatures of Chen
in the case N is Euclidean.

Let {é1,...,€n, €m+1, o ,f_;} be an orthonormal basis of A. If M is Lorentzian,
and because we have space-time applications in mind, we take M to be time-orientable,

i.e., there exists a global nowhere-zero timelike vector field which we denote with €,.

Definition 2 An embedding f : (M(m—m), g) — (,/\f(n_l’l),'gv) is called causal-type
preserving if 65{154 is spacelike, Voo =1,...,m and VA=m+1,...,n.

Definition 3 An embedding f : (./\/l(m_m),g) — (,/\/'(m_lm_mﬂ),'gv) 18 called causal-
type preserving if 6%@1 is timelitke, VA=m+1,... n.

Because Q2 = —§(Ep, Va,Ea) = —§(a, Vi, €4), we have that causal-type pre-
serving embeddings satisfy Q4 =0, a=1,...,m — 1.

In the following theorem we consider the embedding of a Riemannian or Lorentzian
manifold as a hypersurface into a semi-Riemannian space. If M is Lorentzian, the

embedding is understood to be causal-type preserving.

Theorem 1 Let a m-dimensional Riemannian or Lorentzian manifold (M, g) be lo-
cally and isometrically embedded in a (m+1)-dimensional semi-Riemannian manifold

(N, §) with diagonalisable Ricci tensor S (i.e., there exists an orthonormal basis {€,}

of N such that S = Zzzrll A€o @ €g).
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Then, for every k > 0 and every set (nq,...,ng) such that ny <m andny + ...+

ng < m, we have

1 m
||H”2 > c(nyy ... ,ng)A(ny, ..o ng) — ic(nl, cey ) {;ga)\a — )\m+1} , (1)

if sign(N) = (sp + 1,tpm), and

. 1 m
IH|? g(inl,..,nkp\@h,.“,nk)_-§coh,“.,nk){j{:gaxa4-xm+l} . (2

a=1
if sign(N') = (sptam +1).
The constant c¢(ny, ..., ng) is defined as
20m+k— Y5 n))
m?(m+k—1— Z?Zl n;) '

c(ny,...,ng) =

Proof. The Gauss equation in this case reads,

Raﬁw = Raﬁw - g(Qanﬂu - Qauﬂﬁv) )
with € = §(€m+t1,Ent1) and Q,p the second fundamental form of the embedding.

Since we only have one normal direction, we have

- 1 _ .
H = _5gaBQaﬁ €m+1 -
m

Remark that 2,43 is not necessarily diagonal with respect to the orthonormal basis
{€,} which diagonalises Eab. If we contract the Gauss equations two times using the
metric g,g we find,

m

21 = £ Ao — Edmpr + E{(QF)7 — QasQ’} (3)

a=1

Introducing the notation a, = €40 (n0 sum) and

m mim+k—1-%*% n,
¢ = 27 (Zma—ﬁwl) — e
p— m+k — Zj:l U

k
v o= m—i—k’—an,
j=1
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equation (3) becomes

g(Z%) :7{¢+§Z(%)2+5 > gaﬁ(Qaﬁf} . (4)

a#p=1

If we use the notation

@ = dai,

as = a2+...—|—an1,

C_L3 = Qpy+1 +...+ Any+4ngy
k41 = Opitogng 41T oo T Cnygo gy
dk+2 = Any+..4np+1 >

Ay = Qp-1,
a'y+1 = Qm,

we have
v+1 2 m 2
§ Qo = E Qq )
a=1 a=1
and
v+1 m

Z(aQ)Q = Z(a&>2 + Z Aoy Gy + Z L e e Z Gy, Ay,

a=1 a=1 2<a1#B1<n1 a2 #B2€Q2 ap#BreQy

with Ql = {1,...,711}, QQ = {n1+1,...,n1+n2},..., Qk = {n1+...+nk_1+
1,...,n1 4+ ...+ ng}. Equation (4) becomes

741 2 y+1 m
g (Z %) =7 {¢> +E) (@) +E Y cap(Qas)’
a—1 a=1 a#f=1
—£ Z Aoy A3y — - — g Z aakaﬁk} (5>
2<a1#B1 <n1 ap#Br€Qk

We need the following algebraic lemma.
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Lemma 1 ([4]) Ifay,...,a,,c aren+1 (n > 2) real numbers such that

n 2 n
(Sa) - (e
i=1 i=1

we have that 2a1as > ¢ and equality holds if and only if a1 + as = a3 = ... = a,.

Two separate cases appear. We first look at the case when H is spacelike, i.e. € = 1.

Using the above lemma, eqn.(5) becomes

1 1 & 1 1
aas > §¢ + 3 Z €ap(Qap)® — 5 Z Gy gy = -~ 5 Z Ao, 03, -
a#pB=1 2<a1 #B1<n1 a#PrLEQk
Because
Z Ao, 08, = 2 Z Ao, 0p;
a;#B; o <f;
we have
1 - )
Z Z aajagj > §¢+ Z 8aﬂ(Qa5) . (6)
J=1 a;<B;€Q; a<p=1

Let L; be a n;-dimensional subspace of 7, M such that

Lj = Span{enl+---+nj—l+17 R en1+---+nj} :

The scalar curvature of the plane section is given by
~ 2
7(L;) = Z Ca;8; € [Q%’%‘Qﬁjﬁj - (Q%ﬂj) ] :
a;<B;€Q;

Then, using the above notation, we find

k k

L)+ +7(L) =Y Y aaas = > a5 (Qayp)’
J=1 a;<B;€Q; J=1 a;<B;€Q;

If we use the inequality (6) and the notation

Qrei = {mi+...+np+1,....m},
Q = QU...UQrUQri1 ,
Q° = (QixQ)U...U(Qr x Q) U(Qry1 X Qrs1)
Vi = (@xQ)/Q,
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we have

T(Ly) + ...+ 7(Lg) >

Z 5aﬂ Qap)? . (7)
a,B)e

The signature of the embedding space E,, is chosen to be (m,1) such that € = 1 and

l\DIH
l\DI»—

the condition of causal-type preserving ensures that the terms with possible minus

signs appearing on the righthand side vanish. We have

(L) + ...+ 7(Ly) > 59

N —

This holds for all mutually orthogonal subspaces L;, in particular for the infimum,
1
||H||iZc(nl,...,nk)/\(nl,...,nk)—écnl,..., {Zea a— m+1} . (8)

The case when H is timelike is analogous and we find instead of (7),

T(Ly) + .. 4+ 7(Lg) < ¢+ &) cap(Qap)’

(a,3)€V2

We choose the signature of the embedding space to be (m — 1,2), i.e., the normal

direction is timelike. We find

T(L1) + ...+ 7(Ly) < 50

DN | —

This holds again for all mutually orthogonal subspaces, in particular for the supre-

muim,

~ 1
||HH2LSc(nlv---7nk)A(nl>"'ank)_2cn17"'7 {Z{fa a m+1} . (9)

It remains to show the inequality when k& = 0. Starting from (3) and again choosing

éms1 along H we find

m

21 = em?||H||2 — Z ag)* — € Z ap(Qag)’ Z«% Ao = €Ayt (10)

a#p=1 a=1
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with a, = €,Q4.. We have

(aq)? = <Zaa> -2 Z Al

NE

a=1 a=1 CY<,8:1
= em’|HIR + ) (a—ag)’—(m—1)> (aa)’
a<f=1 a=1
mY (@) = EmHR 4 Y (00— ag)’
a=1 a<f=1

> em?|HIlT .

If H is spacelike, (10) with the above inequality becomes

2r <m(m = DH|L = Y €ap(Qap)’ + > €adra = EAmi1 -
a#p=1 a=1

The signature of the embedding space is chosen to be (m,1) and because of the

condition of causal-type preserving, we find

2 1
i72 Z
> — —
11 m(m — l)T m(m — 1) (a:l Foke = A +1)

> A(0) — ﬁ (Z Eada — )\m+1) . (11)

The proof for the timelike case is similar. [

Corollary 1 FEquality holds in (1) or (2) if and only if the second fundamental form

has the following form with respect to the eigenframe of the Ricci tensor g,

A, 0 0
Qa = - 3
(Qap) 0 4,
0 wl

with s =m — Z?:l nj, An, is a symmetric n; X nj-matriz with Tr(A,;) = p.

Definition 4 If the equality is satisfied in (1), the mean curvature is minimal, i.e.,
the hypersurface receives the least amount of tension from the surrouding space, and
we call the embedding ideal. We apply the same name if equality holds in (2), although

the situation there is far from ideal.
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3. APPLICATIONS IN GENERAL RELATIVITY

3.A. WHY MORE THAN FOUR DIMENSIONS?

In 1916 Einstein and Hilbert independently constructed the equations for the pure
gravitational field [19, 24],

Gag = Sap — %gaﬁS = KTs ,
with S the trace of the Ricci tensor, T3 the energy-momentum tensor and x some
dimension-transposing parameter.

The remaining part of his scientific career Eistein searched for an unification be-
tween his description of gravity and the other known forces, in particular electromag-
netism [13]. Several attempts were made by using e.g., a non-symmetric metric, a
connection with torsion, etc.

In 1921 Kaluza proposed to unify gravity and electromagnetism into a theory of
five dimensions. To avoid the question why no fifth dimension was ever observed,
Kaluza demanded that all derivatives with respect to the fifth coordinate would van-
ish. In other words, physics was to take place on a four-dimensional hypersurface in
a five-dimensional universe (= Kaluza’s cylinder condition). With this assumption
one is able to obtain the field equations of both gravity and electromagnetism from
a single five-dimensional theory, i.e., from %Gy, = 0, with a,b = 0,...,4, we find
CGop = KT, o, =0,...,3, together with Maxwell’s laws.

Klein in 1926 proposed to compactify the fifth dimension, i.e.,

1) one assumes a circular topology in which case physical fields would depend

periodically on the fifth coordinate and could be Fourier expanded,
2) assume a small enough scale (= compactified) in which case only the zero mode

in the Fourier expansion is physically interesting.

Although the theory was later abandonned because it gives the wrong mass for

the electron with discrepancy of 22-orders of magnitude, the ideas of Kaluza and
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Klein came to dominate later attempts at unification in physics leading to the eleven-

dimensional superstring theories and the recent membrane theory [20].

An alternative to the compactified approach is to take the extra coordinate at
face value, i.e., to follow the example of Minkowski’s (1909) unification of time and
space, and assume that the extra dimension, like time, is not lengthlike. In this
case the explanation why we observe space-time as being four-dimensional is to be
found in the physical interpretation of the extra coordinate, i.e., in the values of the
dimension-transposing parameters (like ¢) needed to give it unit length. For example,
in the space-time-mass theory of Wesson [26] it was suggested that a fifth dimension

might be associated with rest mass of a particle via z* = GC—Qm

In these non-compactified Kaluza-Klein models physics is allowed to depend on the
extra coordinates. The general theory, in which any part of the metric can depend
on the fifth coordinate has recently been explored by Wesson and others [18, 27].
One starts from the five-dimensional vacuum field equations °G4, = 0 and obtains
four-dimensional general relativity, ‘G, = k*T,3, with a general four-dimensional
energy-momentum tensor constructed from the terms containing the fifth coordinate.

In this way, we arrive back at an old idea of Einstein, namely geometrizing matter.
Matter is induced on the four-dimensional space-time by the properties of the fifth
dimension.

The mathematical justification of this model is given by the Campbell-Magaard
theorem [1] which states that every (semi-)Riemannian manifold with analytic metric
can be locally and isometrically embedded as a hypersurface in a Ricci flat space.
Recently, generalisations for embeddings into spaces with non-degenerate Ricci tensor
were found [6].

Of course several problems remain. For example, there are several ways to em-
bed a given four-dimensional space-time in a five-dimensional Ricci-flat manifold and
vice versa, given a five-dimensional Ricci-flat manifold we can extract different four-
dimensional space-times. The theory gives no criterion how to choose a particular
embedding. In classical general relativity there exists a analogous problem. Namely,

how to choose a particular solution of the field equations from the infinite solution
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set.

Using methods of submanifold theory we can give criterions to look for certain
special solutions. For example, Pavsi¢ [21, 22] and Chervon, Dahia and Romero [5]
consider the space-time as a surface with H=0ina higher-dimensional embedding
space. As an extension, the above mentioned inequalities leading to the notion of
ideal embeddings, in which the submanifold receives the least amount of tension
from the surrounding space, are mathematically meaningfull criterions with a physical
interpretation.

We can thus apply Theorem 1 on two different levels:

1) look within a class of solutions of the Einstein-Hilbert field equations in 4D for

those in which the three-dimensional space is ideally embedded,

2) look for those space-times which are ideally embedded in a five-dimensional

Ricci-flat space.

In [16] we considered ideally embedded space-times in a five-dimensional pseudo-
Euclidean space. In the following we will present some examples of four-dimensional
perfect fluid Bianchi models for which the three-dimensional spacelike hypersurface

on which the group acts transitively, is ideally embedded.

3.B. PERFECT FLUID BIANCHI A MODELS

A Bianchi model is a space-time whose metric admits a three-dimensional group
of isometries acting simply transitively on spacelike hypersurfaces [9, 11]. Bianchi
cosmologies thus admit a Lie algebra of Killing vector fields with basis (;, 1 = 1,2,3
and structure constants ij,

[Gir ¢ = Ce -
The Killing vector fields (; are tangent to the group orbits, i.e., the spacelike hyper-
surfaces.

The Bianchi cosmologies can be classified by classifying the Lie algebra of Killing

vector fields. The problem then becomes that of classifying the structure constants
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C’fj, which transform as a rank (1,2)-tensor under a change of basis of the Lie algebra

and satisfy the Jacobi identities,
Cé[i ;k] =0.
One can decompose the structure constants as
ij = siﬂnkl + aiéf — ajdf ,
with n¥ = n/% and a; constants. The Jacobi identities become
na; =0 .
Going over to the eigenframe of n”, with a; # 0, we can set

(n”) = diag(n1,na,n3) , (a;) = (a,0,0) .

There exists the following classification of the Bianchi cosmologies into ten groups

using the eigenvalues of n%:

Group class Group type ny

I

I1

A (a=0) Vg
VIl
VIII

IX

v

B (a #0) v
VI,
V11,

o o+ o
o o

oo o o+
+ + oo+ +++ 2|3
+ o+ + +

+

The constant A is defined by a? = hngns if nons # 0.

In the following we will consider Bianchi A non-tilted perfect fluid models, i.e.,
the four-velocity of the fluid is orthogonal to the group orbits, such that the spacelike
hypersurface on which the group acts transitively, is ideally embedded in space-time.

From Corollary 1 we have that the second fundamental form is either

Qa,@ - ¢gaﬂ 5
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i.e., the embedding is umbilical, or

Qap = (@ —V)erqe1p + Yeaneas + 2ve1ae25 + degqess - (12)

In the umbilical case we find the following possible Bianchi models with ideally

embedded spacelike hypersurface:

1) A conformally flat perfect fluid Bianchi I model,

ds? = —dt® + (3yt — )37 {da? + dy® + d2?} |

with v # 0. The constant 7 is defined through the equation of state p = (y—1)pu.

> with ¢ an integration constant.

The energy density of this metric is pu = %

2) A conformally flat Einstein Bianchi I model,
ds? = —dt? + 2 {dz? + dy® + dz?}
with S,p = —3H?g.s5, H a constant.
3) A conformally flat perfect fluid Bianchi IX model,

ds? = —dt? + e ¥ {da’ + dy? + 2 cos(z)dydz + d=*} (13)

with f(t) a solution of

J0) = Srf 02 + 537 - 29O

The energy density is = 3(f)? + e2f,

If the second fundamental form satisfies (12) we find the following Bianchi models:

1) A Kasner-type Bianchi I model,
ds? = —d? + ¢ 75 da? + ¢ o dy? + tdz? |

with (y—2)pu =0, p = 75(45— ¢?) and c an integration constant. Remark that

if ¢ = v/45, the model becomes the vacuum Kasner space-time.
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2) Two Jacobs stiff (v = 2) perfect fluid Bianchi I models [17],

ds* = —dt* + V¢ — 6t{dz? + dy?} + (c — 6t)dz? ,

and

ds? = —dt* + da? + (c — 6t){dy* + d=*} .
3) The Ellis-MacCallum dust (7 = 1) perfect fluid Bianchi VIy model [10],
ds? = —dt* 4 t{e*da? + e *dy?} + t2d2?
with g =t"2 and p = 0.

4) A conformally flat perfect fluid Bianchi IX model, analogous as (13), with f(t) =
0,7:§andu:%.
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