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Abstract. In this paper, we will study the continuity of multilinear commutator generated
by Littlewood-Paley operator and the of function b, wich belongs to Lipschiz space, in the
Triebel-Lizorkin, Hardy and Herz-Hardy space.

1. INTRODUCTION

Let T be a Calderén-Zygmund operator. Coifman, Rochberg and Weiss proved [4]
that the commutator [b, T](f)(x) = b(z)T(f)(x) —T'(bf)(x) is bounded on LP(R") for
1 <p<ooandbe BMO. Chanillo proved a similiar result [2] when 7" is replaced
by the fractional operators. Janson and Paluszynski study these result [7, 15] for the
Triebel-Lizorkin spaces and when b € Lipg, where Lipg is the homogeneous Lipschitz
space. The main purpose of this paper is to discuss the boundedness of multilinear
commutator generated by Littlewood-Paley operator and continuity of b € Lipg in

the Triebel-Lizorkin, Hardy and Herz-Hardy space.
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2. PRELIMINARIES AND DEFINITIONS

M (f) denotes the Hardy-Littlewood maximal function of f and M,(f) = (M (f?))"/»
for 0 < p < oco. @ denotes a cube of R" with side parallel to the axes. Let
fo=1QI™" Jo f(x)dz and f#(z) = sup,cq |Q|™" Jo |f(y) — foldy. Mark Hardy spaces
by HP(R"). It is well known that H?(R")(0 < p < 1) has the atomic decomposition
[11, 16, 17]. For > 0 and p > 1, let Fpﬁ"x’ be the homogeneous Tribel-Lizorkin space.
The Lipschitz space Lips(R™) is the space of functions f such that

fllzy = sup LD ZIW
Tvy;R" ’gj — y’ﬂ
TFY

Lemma 1. [15] For 0 < <1 and 1 <p < o0,

1
1lligee = |55 [ 1f(@) = folda
Q Q' /e b
it [ 1) el
~ Sllpl[cl Q/ xr) — cljaxr
-€Q |Q|1+n Q I

Lemma 2. [15] For 0 < <1 and 1 <p < o0,

1
lleis = sup. s [ 17(@) = falds

Q)

1 (1 Lo\
~ s (g [~ dap)

Lemma 3. [2] For 1 <r < oo and 3 >0, let

1/r
Mﬁ,r<f><x>=sup( ! /Q |f<y>rdy) .

re@ \ Q'

if we suppose that r < p < B/n, and 1/qg=1/p — B/n, then

[ M (f)llLe < C||f|]e-
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Lemma 4. [5] If Q1 C Q2 then

[far = faul < ClIfll3,1Q2 7"

Lemma 5. [10] Let 0 < < 1,1 <p<n/B,1/qg=1/p—F/n and b € Lipsz(R").
Then gl is bounded from LP(R™) to LY(R").

Definition 1. Let 0 < p, ¢ < o0, a € R, By = {x € R",|z| < 2%}, Ay =
Bi\By—1 and xp = Xxax for k € Z.

1) The homogeneous Herz space is defined by

K = {f € LY, (R™\{0}), || flgew < 00},

where
oo

1/p
f ] ier = [ > 2k“p||f><k\|’£q] :

k=—o00

2) The nonhomogeneous Herz space is defined by
K{P(R") = {f € Lioo(R"); || fl|ga(rny < 00},

where

[e%s) 1/p
Wl zegor rmy = [Z 25| f X0 + ||fXBo||[L’q] :
k=1

Definition 2. Let o € R and 0 < p,q < 0.
(1) The homogeneous Herz type Hardy space is defined by
HEKJP(R") ={f € S'(R") : G(f) € Kg"(R")},

and

U ageor = NG| igors
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(2) The nonhomogeneous Herz type Hardy space is defined by
HEKZP(R") = {f € S'(R") : G(f) € K"(R")},

and

A llzrgr = G xgr

where G(f) is the grand mazimal function of f.
The Herz type Hardy spaces have the characterization of the atomic decomposi-

tion.

Definition 3. Leta € R and 1 < ¢ < co. A function a(x) on R" is called a
central (o, q)-atom (or a central (a,q)-atom of restrict type), if

1) Suppa C B(0,r) for some r >0 (or for somer > 1),

2) llallzs < 1B(0, )|/,

3) [ a(z)xdx =0 for |n| < [a—n(l—1/q)].

Lemma 6. [6, 14] Let 0 < p < o0, 1 < ¢ < oo and a > n(l —1/q). A temperate
distribution f belongs to HK(‘;"Y”(R”)(OT’ HEKZP(R")) if and only if there exist central
(o, q)-atoms(or central (o, q)-atoms of restrict type) a; supported on B; = B(0,27)
and constants \j, 3; |\j|P < oo such that f = 322 Naj(or f = 352, \ja;)in the

j=—00
S'(R™) sense, and

1/p
S gz geew Cor [ f | mrmcoe) ~ (Z W!”) :
J

Definition 4. Let ¢ > 0 and v be a fized function which satisfies the following
properties:

1) frn )z =0,

2) [(x)| < C(1+ |zf)~0D,

3) [b(@ +y) — (@) < ClylF (1 + |a])~ ") when 2|y| < |a.

Let m be a positive integer and b;(1 < j < m) be locally integrable functions and

b= (b1, -+, bm). The multilinear commutator of Littlewood-Paley operator is defined
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@) = ( I |Ff<x>|2‘f) -
where

F@ = [, TT0) = bWt = ) )

and Y(x) = t7"(x/t) for t > 0. Let Fy(f) = ¢ * f. Define Littlewood-Paley g
function by [17]

st = ([T IRn@rY) "

Let H be the space, H = {h : ||h|| = (Js° |h(t)]?dt/t)}/? < oo}. For each fixed
x € R", F;(f)(x) may be viewed as a mapping from [0, 4+00) to H, and it is clear that

gu(F)(@) = [|F())@)]| and g (F)(w) = [[F(£)()]]

Note that when b; = --- = b,,, gfj) is just the m order commutator. It is well known
that commutators are of great interest in harmonic analysis and have been widely
studied by many authors ([1]-[4][7]-[10][12][15]). Our main purpose is to establish the
boundedness of the multilinear commutator on Triebel-Lizorkin, Hardy and Herz-
Hardy space.

Let m be a positive integer, 1 < j < m, ||l;||Lz~pﬁ = [Tj%, |1bj]|Lip, and CF*
be the family of all finite subsets o = {o(1),...,0(j)} of {1,...,m} of j differ-
ent elements. For o € C7", let 0¢ = {1,...,m} \ 0. For b = (by,...,by) and
o = {o(1),...,0(j)} € C let by = (boqrys---+bos)s bo = boa)-~bo(jy and

6o [ Lips = o)l Lips = - [bo(i) || Lips-
3. THEOREMS AND PROOFS
Theorem 1. Let 0 < f < min(l,e/m), 1 < p < o0, b = (b1, ...,by) where

b; € Lz’pﬁ(R") for1 <73 < m and gi be the multilinear commutator of Littlewood-
Paley operator. Then
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(a) gf; is bounded from LP(R") to FT">(R™).
(b) gi is bounded from LP(R™) to LY(R™) for 1/p—1/q=mfB/n and 1/p > mfS/n.

Proof. (a) Fix a cube Q = (x0,!) and = € (), when m = 1 [10]. Now consider the
case when m > 2. Let I;Q = ((b1)g,---, (bm)q), where (bj)q = |Q|™" Jo bj(y)dy and
1<j<m. If f=fi+ fo where fi = fx20 and fo = fxgm 20, then

FiN@) = [ 01@) = bi) - Gule) = buly)
= (01(2) = (b)) -+ (bulx) = (b)Q) (£ ()
+ (“)" (b = (b)) -+ (b = ()0 ) (@)

£ 3 F (") <Rl [, (o) Bl — ) o)y

VE(f)(@)
+ (ZD)"Fl(by = (b)) -+ (b = (b)) 1) (2)
+ (D" E((Br = (01)Q) - (b = (bm)o) f2) ()
33 (U ble) = bl (b~ Be)or ()

Therefore

195.(F) (@) = gu () = b1) -+ (b = bm) f2) (o)
< IF)(@) = Fi(((b1)g = b1) -+ ((bm) — bm) f2) (o)
< (

H(bl( ) = (b1)Q) -+ (b(2) = (b)) E1(f) ()]
+Zl XC:mH ) = 6Q)o Fi((b = bo)oe f) ()]

+ |[F((br = (b1)@) -+ (bm — (b)) f1) ()
+ [E((by = (b1)@) - -+ (bm — (bm) @) f2)(x)
— Fy((by = (b1)@) -+ (bm — (bm)@) f2) (20)]|
= L(x)+ L(x) + I3(x) + Iy(x).
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1 1 1

1
+ ‘Q’H”Zf/cgh(x)dx
= I+ 1T+ 11T+ 1V.

By using Lemma 2, we have for I,

I < ’Q‘11+":f3 xlelp|b1( ) — (bl)Q|~.-|bm(ZL’)—(bm)Q|/Q|gw(f>(x)|dI
< C||b||Lip5 m5|Q| 0 / 190(f) (@) |dz

T
< Ol M (90(1)) )

Fix r, such that 1 < r < p. Let u, ¢’ be the integers such that p+p' =m, 0 < u<m
and 0 < g/ < m. By using Holder’s inequality, the boundedness of g, on L" and

Lemma 2, we get

12 S Y e 0~ Rl Fole o

IN

O”f Z 11 o[ 16~ Borar) " ([ laul - o))

IA
Q

P ALCE BQw'dx)W ([ 1) - Bl St )

ollmll ([ 15@rar)

IN
Q
™

Z T 1LmB |Q

j=1 o‘GCm ’Q‘1+
|

C18)| 1ips Mo (f) ();

IN

By Holder’s inequality, we have for 111

111 = |Q|1+ : /’gw 1= (b1)g) -+ (b — (b)) f1)(x)|dx
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. 1/r

< OW ( /. JouT1 6 - <bj>Q>f1><x>|dx) Q'

< 1 1-1/r M " "

< Coopaldl /QIH(bj@)—(bj)Q)f(fv)I da
1/r

1-1/r |5 - "
< Ol Bl Q1 ([ Vo)
< C||b||Lipﬁ M, (f)(x);

Since |rg — y| = |x — y| for y € (2Q)°, using by Lemma 4 and the condition of 1, we

have for IV,
1E((b1 = (01)@) -+ (b — (bm)@) fo) () = F((by — (01)@) -~ - (b — (b)) fo) (z0)]|
1/2
o0 odt
< |, e =) = oo =)l 7o |H|b bi)aldy)’ ]
1/2
o0 t|z — xol® dt
< /0 (/@@c (oo — g 'H'b Q'dy) t]
< c/ o — 2|20 — y| " £ (y) 1H|b (b))aldy
< ckgl L 170 = oll0 = =15ty |H|b bs)eldy
< O 2R [ @I TL0b) — G))asorgl + 1(b)aees = (By)al)dy
k=1 2 j=1
< O 27 2R QU |Bl iy, M (f)
< OBl | QI M(f) 3 20757
k=1
< OBl nips Q1™ M(f).

The following holds

IV < O|[bl|in, M (f).

Putting these estimates together, taking the supremum over all () such that x € Q)



and by using Lemma 1, we obtain

195 (F) @)l gmsce < ClIBl Lip 1 f |-

This complete the proof of (a).
(b) Like in the proof of (a), we have

Thus

IN

IN

o L @) = (@) = 1) -+ () = b)) o)
1 1 1
] Jy D@+ W'/ng(x)d:c—l—M/@L;(w)dw%—@/cgh(x)dx

CHgHLipg (Mmﬁ,l (gw(f)) + Mmﬁ,r(f) + Mm,@,r(f) + Mmﬁ,l(f))'

(95(F))* < ClIbll iy (M1 (90(F)) + Mo (f) + Ming(f)):

By using Lemma 3 and the boundedness of gy, we have

[PREI

O (F)#||a
OB zips (1| Mo (9 ()20 + [ Mase (F) 12+ [ Minsa ()] 4)
< ClIf|le»-

IN

IA

This completes the proof of (b).
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Theorem 2. Let 0 < § < 1, max(n/(n + mp),n/(n+me)) < p <1, 1/q =

1/p—mB/n and b = (by, . ..

bounded from HP(R™) to LI(R™).

\b) where by € Lips(R") for 1 < j < m. Then gl is

Proof. It is enough to show that there exists a constant C' > 0 such that for

every HP-atom a,

g (@)l]ze < C.

Let a be a HP-atom supported on a cube Q = Q(wzo,7), |la|lz~ < |Q|7'/? and
Jpn a(z)xVdz = 0 for |y| < [n(1/p —1)].

When m = 1 see [10]. Now consider the case m > 2.

g% (a)(@)]]e < </Ir—ro§2r|gi<a>(m)‘qu>l/q+</|m_w0>2r ’gi(a)(l')dl.’q>l/q

= I+ 1I.
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Choose 1 < p; < 1/f and ¢; such that 1/¢; = 1/p; — #/n. By the boundednss of gfi
from LP*(R"™) to L9 (R")(see Lemma 5), we get for [

F n(-1) n(d-2)
1< Cllgh(@)llznr™G ) < Cllal [ pmr™& %) < €

Let 7,7 € N such that 7+ 7" = m, and 7" # 0. We get for 11

-

[F(a)(x)] <

IN

IN

<
Thus
g5, (a) ()]
SO
II

This completes

|(by () = ba (o)) - - (b () = by (0)) /Bwt(:c —y) — u(x — m0))a(y)dyl

CllBlipale = 2ol ™ [ fin(x =) = ala = o)l |a(y)|dy

+ Wiy 3 o= w0l [y = ol louto = llaty)ldy

T+7'=m
|z — o|™5t
(1 & — a1+

Cl1ol i /, leo = yl*la(y)ldy

e t /
+ C||bl| 1 x — xo|™ / — 20" Pla(y)|d
|| ||LP;3 T+TZ/:m| 0| (t+ ‘l’—$0|)n+1 B |y 0| | (y)| Yy
- t 1
mpB+e+n(l—=)
7 3 mB+n(1—2
+ CHbHLipg L pmBn(l=1)

(t + |z — zo|)"*!

IN

t AN
NI o b . mB+e+n(1—1)
CHbHL%Pﬁ (/J ((t + |$ _ xol)n—‘rl-‘rs) t ) r !

t 2\
2 * at  mBtn(1-1)
+ Clillasns </0 ((t+\x—xo\)”+1> z) ' ’

< C||g||Lip5|x — $0|—n . Tmﬂ+n(17%)’

S C||g||sz5 . rmﬂ+n(17%) (/
|

T—xo|>2r

1/q
|z — x0|_"qu>
< Cbl[Lipg-

the proof of Theorem 2.
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Theorem 3. Let 0 < f<1,0<p<oo, 1 <q,q <oo, /g1 — 1/ =mf/n,
n(l—1/q) <a <n(l—1/q)+mB and b= (by, ..., by) where bj € Lips(R") for
1<j5<m. Then gi 15 bounded from HK%’I’(R") to K;‘Z’p.

Proof. Let f € HKSP(R™) and f =22 Aja;, suppa; C B; = B(0,27), a; be
a central (o, ¢)—atom, and 332 [\;|P < co (Lemma 6).

When m = 1, we have

[e%¢] k—2 p
g ras < C 30 20 |ST N (g8 () Xkl on
q2

k=—o00 j=—o00

0 S ?
+C Y 2’“““( > \Ajl~!\g$(aj>xk!\m)

k=—00 j=k—1

= [1 +[[2

By the boundedness of gZ} on (L%, L%), we have for 1],

o0 oo P
IL<Ob7, D Qkap( > |)\j|'||aj||Lq1)

k=—00 j=k—1

0o 0o p
<ClbillLi, > QIM( > |>\j|p'2_3a)

k=—o00 j=k—1
R o T [Nl 200 < p <]
p/p’

SR oo 257 (052 [l - 27072) (3552, 27707 2) " 1 < p < o0
Y2 NPT 2k 0 <p <
p/p

¥ (Z?ik_l I\ P 2%(k—j)ap) (Ziok_l 2”2(kz—j)a> 1 <p<oo

SCIIMIIJZW{

3061’2%{

<Cllbnllfy, 32 AP

j=—00

For I;, we have
[F (a5)(@)] < [(ba(z) = 5 (0)) /Bwt(:z: —y) — thu(x))a;(y)dy|

+1 [ ilbry) = b (0))as(y)dy

|| |y|*t
C|b1]| Lips VB i o] |a;(y)|dy

S

£ o g

IN
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i .
< CHblHLiPﬁ WW/B ]y| |aj(y)\dy
J
t
+7/ las()d
(t + [z])m*+1 Jp, [y[la;(y)] y}
|x’ﬁt J(e+n(l—L)—a)
S C||b1||LipB [WW .9 o
! j(B+n(1- L) —a)
MR l
Thus
t 2 1/2
b N i(e+n(l—-L)—a
gwl(aj)(lﬂ) < CHblHLipﬁ (/0 (WW)) .’x‘ﬁ_2j(6 ( o))
2 1/2
+ /OO # @ -Qj(’g'i_”(l_i)—a)
o \(t+Taly+T)
(L) e
< Cllallu, [lal-+) - a7 . e300

a7 23’(,6’+n(1—qll)_a)]

< Cl[ba|Lipy || - i (B+n(1=£)—a)

From that, we have

/a2

(Btn(l—L)—a . 1
g% @)Xkl e < Cllbul|np, - 2700720 )(/Bk|x| qux)

CHblHLipﬂ . 2j(5+n(1_ﬁ)—a) ) 2—].:”(1_%)

IN

i(B4n(l—L)—a)— (1L
C||b1||Lipﬂ . 2[J(5+ (1 ql) ) k(,@—i— (1 - ))}

1

IN

I

SO

p
S a S j(B4n(1—L)—a)—k(B4+n(1—L
Lo< O, S 2’”’(2 0| - 20—k (B0t qlm)

k=—0c0 j=—00

SR o Tt Pyl - 20700 g < <

Zzo:,oo okap (E?;QOO |>\j|p . 2§[j(6+n(1_¢111)_a)—k(ﬁ-i-n(l—;l))])

IN

/[, 1 / 1
% < -’; '2‘CX) 2 ‘7(/8 n( _TZ]) a) IC(/B “(1_ q ))}> ’ : < '“ < o0

Z?O:—oo |)\j|p Zzozj-t,a 2(]'—/?)(,34-11(1—%)—04)[)’ 0 < P S 1

S O bl pi Pis 1
H HL P { Z;)i_oo ‘)\]|p ZZij+2 25[(]—19)(5“!"”(1_;1)_06)}’ 1 < p < 0
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o0

< Clballzi, > [Nl

j=—00

Then

o0

16 (Dllicer < Clbtlzins (D2 NI < Il pgies

j=—o0

When m > 2, we have

. 9] k—2 . p
I < C % Qkap<z |Aj||rgz<aj>xk|rmz)

k=—00 Jj=—00

[ee) S - P
oy 2( > |Aj|\|gz<aj>xkum)

k=—00 j=k—1

= [I+1I.

By the boundedness of gi on (L9, L%), we have for 1]

[e.0]

11 < CfbllL, Z 25 (3 Illlaylpm )P
k=—00 Jj=k—1

< ClblIE,, Yo 250 [Nl 2)p
k=—0oc0 j=k—1

< ol (SRS A2, 0 <p <
- P | 00 e 2P (5 NP - 27 ]ap/Q)(Zoo | 2792l ] < p < o0
< Ol 3 I
j=—00
For I, we have

|F/(a;)) ()]

IN

04(2) ~ 0 (O) - () — b 0)) [, (sl — ) — @) (0}
£33 1bl) — bO0))or [, (6(0) — BO))o iz — )y ()

j=loeCy J
CllBllialel™ [ (e =) = u(a)l ;) ldy
# Ol 32 Jal™ [ W ol = llas )l

IN

T+7'=m
, 2|t
< Ol o pypyerse [y, Wi lastoldy
7 |x|T !
F OBl 3 oy 7 i)l
ﬁ‘r+7":m (t+|$| i
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- [0 je+n(—1)—a)
S C||b||L1p5W2 a1

7 "L‘Tﬁt i(r'B4+n(1— L) —a
+O||b||Lipﬁ Z L_2J( fn(l-2-) )'

T41'=m (t + |x|)t!
Therefore
b o Jdt 1/2
go(a)(x) = jﬁ [ (a))(@)]*
2 1/2
' e h t dt
< Clfllyloln? e ()t
= el 1 o \(t+[z|)n1te ] ¢
2 1/2
ﬁ - - t dt
Cl1b||Li Tﬁ'2j(rﬁ+n(1 ql) a)./ 0 Va
FOe, 2 W o T )
+ CHEHLip@ Z ‘3;|Tﬁ|$|—n . 2j(T'ﬂ+”(1—ﬁ)—a)
T“l"T’:m
< C||g||Lipﬁ|x|_n . 2j(mﬁ+n(1fﬁ),a).
Then,

1/q2
b P i(mB+n(l—L)—a —n
Il < Yy, 20 ([ ol )

J

S CHgHLlpﬁ ° 2[j(mﬁ+n(17i)fa)*k(mﬁa}n(lii))]

Y

SO

~
[\

i k—2 ' »
Cl‘b|’%ip5 > 2kap( >IN .2[3(m5+n(1qll)a)k(mﬁ+n(1qll))]>

k=—o00 j=—o0

ZZO:_OO k—2 |)\j|p . Q(j—k)(mﬂ—&-n(l—ﬁ)—a)p 0 < p< 1

j=—00 )

S0 gkap <Zk2 - 212’[j(m,8+n(1—qll)—a)—k(mﬁ—i—n(l—qll))])

IA

elluly =

Lipg

. p/v
y (Zk:Q 2”2[J(m/BJrn(l—qll)—a)—k(mﬁJF”(l_czll))]) 1 <p<oo

< O, > NP

j=—00

From I and 11, we have

o 1/p
W < Ol ( > w) e

j=—o0
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This completes the proof of Theorem 3.
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