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Abstract. Recurrence relations for, fractional single and product, moments of order
statistics of a random variable drawn from the generalized extreme value distribution are
obtained. The relations for fractional moments lead to some relations between negative
moments of order statistics

1. INTRODUCTION

The Generalized Extreme Value (GEV) distribution combines into a single form
the three possible types of limiting distribution of extremes, as derived by Fisher and

Tippett [10]. Let the random variable X has distribution function

k(x —€) 1
exp|—{1— —=}*%|, kE#0
F(z) = bl 2% e sk (1)
exp[—exp{———}], k=0
taken as the limit £ — 0 and the density function
Fla) = 1= e - B, o)
| k=0
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where x is bounded by € + 7 from above if & > 0 and from below if £ < 0. The
parameters of the distribution are €, the location parameter, o, the scale paprameter,
and k, the shape parameter. The latter is most important as it determines which
extreme value distribution is represented: Fisher-Tippett Types I, I and III corre-
spond to k =0,k < 0 and k > 0, respectively. In practice, the shape parameter lies
in the range —1 < k < 3, Hoskin et al. [11]. Balakrishnan et al [4] have discussed
recurrence relations for moments of record values from the distribution.

In this paper, we look at the case k # 0 since the case k = 0 has infinite support
and we seek recurrence relations for moments of order statistics from the distribution.

It can be easily seen from (1) and (2) that
(1~ k) "k f(2) = F(x) (3)

Let Xy, < Xo.,, < ... < X, be order statistics from the GEV distribution.

Let us denote

and
/'L7(“ZS]’2L = E(X; nXgn)7 I<r<s<n (5)
Also
fron(@) = Con[F(2)] 1 = F(2)]" " f(z), 1<r<m,—oco<z<oo  (6)
n!
where C’r:n = r—1D)(n—r)! and
fT’,SZ’I’L(xy y) =

CrsaF @) [f(@)[F(y) = F@)" " fy)[l = Fly)" "1 <r<s<n

n!
r—=1)!(s—r—1)!(n—s)!

where C, 5., = (

It is of interest to point out that similar results are availavble for many other
distributions for example Adeyemi [1, 2], Ali and Khan [3], Balakrishnan et al [5, 6, 7],
Joshi [12, 13]e.t.c.
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2. RECURRENCE RELATION FOR SINGLE MOMENTS

Theorem 2.1. For —% <k<0, n>2andi=1,2,...

i-h+y _ ik—1)+k Bt (1-1 JoyLh ot () 1=k D= A
25 k(n _ 1 Z: ) [Ml:n]l [:Ul:n ] (8)
p Ly
n—1
and for 0 < k < %
Gi-Hey ik —=1)+k (i+1)\1—1 L Ga-H+1)
, = ———(uy.,, — kuy. m " 9
Proof.
e R I e
. 10
= n/xz(l_i)F(m)[l — F(z)]dx
having used (3), (4) and (6). Integrating (10) by parts, we obtain
L1 k(n—1) @a-1)+1) k (i(1—§)+1)
—k‘ ZH =y, —_ 1y, 11
The relations (8) and (9) are obtained by simply rewriting (11).
Corollary 2.1. When k = 1,% and —% and for n > 2 we have, respectively
(n - 1>ﬂ2:n =1+ Hi:n (12)
_ 1—i, ¢ 1 1
(1—1) (i) (i+1)1-1 (1—1)
: = = [ 1
H2:n n—1 [:ul.n 2:“171 ] + 1:“1 n ( 3)
- 3
@iv1) S+ 1 3\ ot ()13, (i+1)13—¢ L (siv
2 — 14
Theorem 2.2. For —% <k<0, 1<r<n—-1landi=0,1,2,..
(i(1=3)+1)
/’l’r—l—l:nk
1- (15)
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and for 0 < k < %

G1-Lyrny  i(k—1)+k
:U’r—i-lznk - T(Mr)n - k::ur:n

= Cpop [ @001 = k) HF @)L= P(@)]" f()de
= G [ DF@) T~ P e
having used (3), (4) and (6) Integrating (16) by parts, we then have

, , kr i(1—1)+1 kr i(1—L1)+1
) _ pa0y-f kT da-bey  kr da-bey
(:ur:n A, ) Z(k? — 1) + k,ur-i-l:n Z(l{? — 1) T ]{/’M :

The relations (15) and (16) are obtained by rewriting (18).

(17)

(18)

Corollary 2.2. By setting k = 1,1 and —3 the results in (15) and (16) reduce to

1
Prt1m = — 7+ M
r

. 3
@ity _ S+ 1 3 9t [,(0) 137, (H D3~ L, (3i+1)
lqulzn ]y ;) t [lur:n] [H’r:n ] +lu7":n

- 1—i . 1
1—1 7
P = (ut)

) _ 1,6+ (1—4)
r 2

Ky, )_1 + Py,

Theorem 2.3. For —3 <k <0, r+k<n—1andi=1,2,..

1—

==

. 1
G-h+y _ ik —1)+k L= %\ (pyimt—t, @ qimdp, D) qi-d
lur—l—k—i-l:n ]C(T + ]f) ; ¢ ( ) [NT—H{::n] [Iur—i—k:n]
(i(1—%)+1)
+ T+k:nk

andf0r0<k<%

-+ ik =1 +k (i+1) =1 | (=21
lur—i—k—‘rli:n = W[ r+kn kur—&—k:n] F o+ Mr—&-k:nk

(19)

(20)

(21)

(22)

(23)
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Proof.
— Cripm / (2" — K )R [P @) UL = F@)" " f(a)de (94
— Crotn ] D[P - P
having used (3), (4) and (6).

Integrating (24) by parts and after simplification, we have

@ g 0p-t kAR da-pen o kO +E)  Go- e
[/j’r—&-kn H”r—i—k n] Z(k’ _ 1) Mr—i-k—&—l:n Z(k _ 1) + k,luT’—i-k:n

By rewriting (25), the relations (22) and (23) are obtained.

Corollary 2.3. By setting k = 1,35 and —% the results in (22) and (23) respectively

yield
1

Hr4-2:n = ; + Hr+1:n (26)
p0=0 i[/ﬂ' 1 PV 1D (27)

r+k+1:n —|—]€ r4+k:n 2 r+k:n r+k:n > -

; 32 +1 3 :

3i+1 i+1 3i+1
lu1(”+;r+)1:n = 7,, + k Z < ) :urJrkn [M£+k )71]3 ¢ + ILL1(”+’<,’ZTL) (28)
t

Theorem 2.4 For—%<k<0, r+k<n—1andi=1,2,...

(i(1—L)—k+2)
:u'r‘—i-lznk
(h—1)— K2+ 2k & (1—1 L )
_ i( )kr + ( t k)(_k)lkt[ﬂy(}:nk)]1k[m(}nk+1)] -t (29)

=

t=

o

(i(1—3)—k+2)

+rin
and for 0 < k < %
((1-Yy—kt2) i(k—1)—k*+2k .
P S DD oot e (30)
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Proof

[l B — ol B4

_ Crn 177) k+2(1 B kl‘)l %[F(x)]ril[l _ F(:L‘)]n*rf(l’)dl’ (31)
e, f (F@) (L~ F@)P~da

having used (3), (4) and (6).
Integrating (31) by parts and after simplification, we have

(i— k+1)]
_ kr ((171) k+2) kr (( —Ly_k+2) (32)
i(k — 1) — k2 4 2k!'r+n i(l—%)—k2+2k o '

[t — k!

By simply rewriting (32), we have the relations (29) and (30).

1

Corollary 2.4. By setting k = § and —1 the results in (29) and (30) respectively

reduce to

3i+2) 6i+9S (3 (i+3)13r, ((+3)73— (3i+3)
:ur—l-lsz = Z 275[“ ] [,ur:n ]3 t+lu7":" ’ <33)

and

G _ (3= b Lok (G
3 2 [,Mr:nz _i,uran] 1+Mr:2n (34)

3. RECURRENCE RELATIONS FOR PRODUCT MOMENTS

Theorem 3.1. For—%<k<0,and 1<r<n-—2

_1
S S AT ST S PR
r,r+2:mn pord t rn r,r+1n (35)
(1—£+1) (1-1.1) (1-%.1)
,ur+1 — Hrr+1m—1 + py sr+1n o

andf0r0</€<%

(1-%.1) _1 (1-1+41) (1-11) (1-1,1)
IuT,T—i-k2:n = [,Ur;n - k:uT,TJrlin]l k= Tlu'r—l—l = My r—i—l n—1 1 My r+1 n (36)
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Proof

[Nrn k,u'rr—i-ln k= rr+1 n// ZE - kxy 1 %[F(ZL’)] 1[1 - F(yﬂn_r—l

% f () f(y)dady (37)
= Crpsn [ @ HF@) 7 @) 1(2)da

having used (3), (5) and (7) where

hiw)= [P~ F@) .
Integrating I;(x) by parts and substituting in (37), we have
[,ur'n - kﬂr r+1'n]17

= Crriim [F@)]"[L = F(a)]" " f(x)do
+awm// 1%F ) F(y) = F@)[L = F@)" 2 () (y)dady
FCnin | [t RF@] L= P f (@) f(0)dwdy
y[F(x

—Vrrtl: n// ]r 1[1 - F(?/)]n_r_lf(x)f(y)dxdy-

By simplifying the above expressions, we obtain our results in (35) and (36)

Corollary 3.1. Setting k = —% and 1, we obtain

13 /3 3 3
o = 32 ()20 )™ = i = s = i 39
t=0
and

Mrq-2:n = (1 - r),U/rJrl:n — Hr4+1:n—1- (39>

Theorem 3.2. For—%<k<0,and 1<r<n-1

?r\’—‘

1_,
(1,1-1) (1-1+1) 1—+ 1, 1
:urr—l—ln = :ur+1n Z ( )(_k)l k (NTJrl n)l

t (:ur r+1: n)l wt (4())
t=0
and for 0 < k < %

(11-1) (1-1+1) 1
rr+ln — Tyt 1, [,ur-i-l:n - k,“r,r—i—l:n] k
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Proof

1

[t t1m — Kfbpys 1] F 1
= r,r—i—l:n// (y - kxy)lfz[F(x)]hl[l — F(y)]"*r71f<x>f<y)dl’dy (42)

<y

= Crpitn / YR = Py f (y) Ba(y)dy

having used (3), (5) and (7) where

Upon substituting in (42) and simplifying the resulting expression we obtain the

relations (40) and (41).

Corollary 3.2. Setting k = —% and % we have

1,3 4
:U’7(",7"+)1:n = 7"/151421:11

i (3> 2 (ptry1in) (fhrr 1)~ (43)

and

(17_1) 1
Hrri1n = — <44)
i Mrt1:n — %H’T,r—‘rl:n

Remark: The expression (44) is a relationship between negative and positive

moments.

Theorem 3.3. For—%<k<0,and 1<r<s<n-1

1—

Eall

Wity =1 (1 . i) (k)5 (trin) ™ (prn) E
r4+1,s4+1:n r Pt ¢ TN r,5:M (45)
s—1. (1-11) 1-i1  s—r—1
_7[,ur,s+1:n — Mrsin ] R — VP )

r r
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andf0r0<k<%

1
-2 (e = Kprsa]TF s—roaty oala s—r—1
/’LT-"-]. s+1in — - [:U’r,s-l—klsn Hor,s: ) ] + Hr41,s:n- (46)
r r r
Proof.

==
|

o =it = G [ [ o = ) HE @) () = P

X[1 = F(y)]"~* () (y)dady (47)
= Cran [ @ HF @) B(@)f (x)da

xT

having used (3), (5) and (7), where

@) = [ [F)F(y) = @) (1= F)]" d
Integrating I3(z) by parts, we have

@) = (n=3) [ yIF@IF) = F@F 1= PO fy)dy
s—r—n/ywwﬂwww—F@W**u—F@WP#@My (48)
— [ V@) = F@) = PO )y

By substituting (48) into (47) and simplifying, we have the relation (45) and (46).

Corollary 3.3. Setting k = —% and 1 we have

(3,1) 1 (3 ot 3 3t ST (31) (3,1)
Mr—l—l s+1lmn — S Z t (/JJTZTL) (MT,SIH) r [/’L’I’ s+1:1 Mr,s:n]
=0
' s—r—1 (3,1)

+ r /J“r—f—l,s:n

and
1 2(s—r)—1

Hs+1:mn = — + ——Msin- (5())
S S

Theorem 3.4. For—%<k<0,and 1<r<s<n

1L 1
(1,1-1 1 < [(1—+2 1 1_ (1,1-1)
AR = 1S () )
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andfor0<k<%

e (52)
Proof
e = bitrsal “F = Cron [ [ (g = ko) HF@) P () = P
X[1 = Fy)]"*f(x) f (y)dedy (53)

= Cron [y F[1 = F(y)]"*Li(y) f (y)dy
having used (3), (5) and (7) where

1(y) = [[F@VF(y) = F@) ™ da.
Integrating I,(y) by parts, we have
L) = (s == 1) [ 2lF@) [Fly) = F@)) ™ f(@)da
—r [ @lF (@) P () = F)) 7 f(@)de,

Upon substituting (54) into (53), and after simplification we obtain the relations (51)
and (52).

(54)

Corollary 3.4. By setting k = —% we have

1 3. /3 1

1,3 — (1,1-%)

= & > ( )T(us:n)i‘(ur,m)?’ C i B (55)
{rr t

Theorem 3.5. For—%<k<0,and 1<r<s<n-—2

1-1 1
(i—£,i—£+1) < (1—1% 1y, (i C1, i1l (2i(~3)+1)
ur-i—lkr—i-an - Z ( k) (_k)l k t(:uf“,r—)‘rl:n)l (:ur 7::-11)1 L Mr—&-l:nlc

Z\ e S (56)
(i—Li—141) (i—¢,i—%)
_;:ur,r—iz:n i + ;/"LT,T-;C].Z’H, i
and for 0 < k < %
. . 1\
(i_i’i_i_‘_l) (1 - 7)7/ —I— 1 le 2,2 1 7l 21(1_l)+1)
Mr+11,ﬂr+2f€n = ki[:us‘ r+1: n_k:u'r r—tl )n] ko— r41: nk
: 1 (57
(1—7 z—f—l-l) 1 (1—7 2—7)
_7:ur'r+2n +7 ror+1ln

r
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Proof.

i i 1—1 i(1—1 _1 r—
[M£r+1n kurr—tlln] k= rr+1n// k) k)<1—ky)1 k[F(.T)] !

P(y))" " f(2) f (y) dady (58)
- czx+hnL}ﬁ“‘%chwr‘Pkcmfcwdx

having used (3), (5) and (7) where

wzéﬂ“WﬂMU—ﬂMW“%A

which upon integrating by parts leads to

Is(z) = 1_+1/ F)t = F@)—
er‘lt/y DAR@)][1 - F)l" 2 (y)dy
1__+L/yllﬂl Fly)" ™ F(y)dy

Putting the above expression into (58) and simplifying the resulting expression, we

have the relations (56) and (57).

Corollary 3.5. By setting k = —% we have

o 3i+13. /(3 ,
34,3i+1 7,0+1 6i+1
e = 2 (D) -
t=0

1 o@isien 1 @is)

Tlur,rJrQ:n + ”rr+1n (59)

Theorem 3.6. For—%<k<0,cmd 1<r<s<n-1

(z—f 7,—7+1) 7/<1 - l) 11—+ -1 1,0 9,0
Mr+1ks+1kn = — k- - k % /’Lrs)n]l [:us's—rtl)] -
0
S—71 (i—ii—it1 (11— l—}—s—r imdiigq (60)
- f’s—flnk—’— )+ k /,L&s;ylf e :
(i— i i+1)

+/'Lr+1 smn
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andf0r0<k<%

(—fi-pn) _ (1= ) +1

1 S—7r —Li—141
(3,2) zz+1]fz_ (i— % +)

:u'r-l-l +1:n = 7[/’%571 k:ursn :u'r +1n
) T R (61)
=
Proof
0, — k) am//< Dy =1 = ky) P (@)
x y

- ( )] L= Fy)]" T f (@) f(y)dady  (62)
= Orsn/ % T 116(23)f(1')d1'

having used (3), (5) and (7) where

= [y PP@IFG) ~ F@) 1 - F)dy,
which upon integrating by parts becomes
oy - P Pl )y
y“)“WQMHM—F@W”*D—FwW””ﬂw@
Yy TRIRE(y) — F(2) 71— F(y)]" = f(y)dy (63)
y' I F(y) = F(2)] L= F(y)]"* f(y)dy

+1
it [V F@IR) - @) - P @)y

~—

= w

]
= <
4+ |

Upon subsituting the above expression in (62) and simplifying the resulting expression

we have the relations (60) and (61).

Corollary 3.6. By setting k = —35, we have

. 3
@isiry) _ 3L LS (3 ou (i) 3y, Girnp3—t _ S TT i)
:ur—s—l,s—i-l:n 87” t:ZO t [:ur S: n] [lur s ] r Mr,s+1:n (64)
31+ s T 1,31
S D 4 G

+

r
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