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Faculty of Technical Sciences, University of Novi Sad,
Trg Dositeja Obradovića 6, 21000 Novi Sad,
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Abstract. We shall investigate a necessary and sufficient condition for a
submanifold immersed in an almost paracontact Riemannian manifold to be
invariant and show further properties of invariant submanifold in a manifold
with the (ϕ, ξ, η,G)-structure.

1. (ϕ, ξ, η, G)-structure

Let M̄ be an m-dimensional differentiable manifold. If there exist on M̄ a
(1, 1)-tensor field ϕ, a vector field ξ and a 1-form η satisfying

η(ξ) = 1, ϕ2 = I − η ⊗ ξ, (1.1)

where I is the identity, then M̄ is said to be an almost paracontact manifold.
In the almost paracontact manifold, the following relations hold good:

ϕξ = 0, η ◦ ϕ = 0, rank (ϕ) = m− 1. (1.2)

Every almost paracontact manifold has a positive definite Riemannian
metric G such that

η(X̄) = G(ξ, X̄), G(ϕX̄, ϕȲ ) = G(X̄, Ȳ )− η(X̄)η(Ȳ ), X̄, Ȳ ∈ X (M̄), (1.3)
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where X (M̄) denotes the set of differentiable vector fields on M̄. In
this case, we say that M̄ has an almost paracontact Riemannian structure
(ϕ, ξ, η, G) and M̄ is said to be an almost paracontact Riemannian manifold
[1]. From (1.3) we can easily get the relation

G(ϕX̄, Ȳ ) = G(X̄, ϕȲ ). (1.4)

Hereafter, we assume that M̄ is an almost paracontact Riemannian man-
ifold with a structure (ϕ, ξ, η, G). It is clear that the eigenvalues of the
matrix (ϕ) are 0 and ±1, where the multiplicity of 0 is equal to 1.

Let M be an n-dimensional differentiable manifold (m − n = s) and
suppose that M is immersed in the almost paracontact Riemannian man-
ifold M̄ by the immersion i : M → M̄. We denote by B the differential
of the immersion i. The induced Riemannian metric g of M is given by
g(X, Y ) = G(BX,BY ), X, Y ∈ X (M), where X (M) is the set of differen-
tiable vector fields on M. We denote by Tp(M) the tangent space of M at
p ∈ M, by Tp(M)⊥ the normal space of M at p and by {N1, N2, . . . , Ns}
an orthonormal basis of the normal space Tp(M)⊥.

The transform ϕBX of X ∈ Tp(M) by ϕ and ϕNi of Ni by ϕ can be
respectively written in the next forms:

ϕBX = BψX +
s∑

i=1

ui(X)Ni, X ∈ X (M), (1.5)

ϕNi = BUi +
s∑

i=1

λijNj , (1.6)

where ψ, ui, Ui and λij are respectively a induced (1, 1)-tensor, 1-forms,
vector fields and functions on M and Latin indices h, i, j, k, l run over the
range {1, 2, . . . , s}. The vector field ξ can be expressed as follows:

ξ = BV +
s∑

i=1

αiNi, (1.7)

where V and αi are respectively a vector field and functions on M. Using
(1.5) and (1.6) for X, Y ∈ X (M)

g(ψX, Y ) = G(BψX, BY ) = G(ϕBX,BY ) = G(BX,ϕBY ) = G(BX,BψY ).

Therefore we have g(ψX, Y ) = g(X,ψY ). Furthermore, from G(ϕBX,Ni) =
G(BX,ϕNi) and G(ϕNi, Nj) = G(Ni, ϕNj), we can respectively get the
equations ui(X) = g(Ui, X), λij = λji.
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Lemma 1.1. In a submanifold M immersed in an almost paracontact Rie-
mannian manifold M̄, the following equations hold good:

ψ2X = X−v(X)V −
s∑

i=1

ui(X)Ui or ψ2 = I−v⊗V −
s∑

i=1

ui⊗Ui, X ∈ X (M),

(1.8)

uj(ψX) +
s∑

i=1

λjiui(X) + αjv(X) = 0, (1.9)

ψUj +
s∑

i=1

λjiUi + αjV = 0, (1.10)

uk(Uj) = δkj − αkαj −
s∑

i=1

λkiλji, (1.11)

where v is a 1-form on M and v(X) = g(V, X).

Proof. From (1.5), we have

ϕ2BX = ϕBψX +
∑

i

ui(X)ϕNi

= Bψ2X +
∑

i

ui(ψX)BUi +
∑

i

ui(X)
∑

j

λijNj .

On the other hand, since we have

ϕ2BX = BX − η(BX)ξ = BX − v(X)i− v(X)
∑

j

αjNj ,

we get (1.8) and (1.9). Similarly, from (1.6) we have (1.10) and (1.11).
Equations (1.9) and (1.10) are equivalent.

Lemma 1.2. In a submanifold M immersed in an almost paracontact Rie-
mannian manifold M̄, the following equations hold good:

ψV +
s∑

i=1

αiUi = 0, ui(V ) +
s∑

j=1

αjλji = 0, (1.12)

v(V ) = 1−
s∑

i=1

α2
i , (1.13)

g(ψX,ψY ) = g(X, Y )− v(X)v(Y )−
s∑

i=1

ui(X)ui(Y ), (1.14)

where X,Y ∈ X (M).
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Proof. From (1.7),

ϕξ = ϕBV +
∑

i

αiϕNi = BψV +
∑

i

ui(V )Ni +
∑

i

αi(BUi +
∑

j

λijNj).

By means of ϕξ = 0, we have (1.12). Similarly, from η(ξ) = 1 we get (1.13).
And using G(ϕBX,ϕBY ) = G(BX, BY )− η(BX)η(BY ), we have (1.14).

Let {N1, N2, . . . , Ns} be an orthonormal basis of the normal space Tp(M)⊥

at p ∈M [1]. We assume that {N̄1, N̄2, . . . , N̄s} is the another orthonormal
basis of Tp(M)⊥ and we put

N̄i =
s∑

l=1

kliNl. (1.15)

By means of G(N̄i, N̄j) =
s∑

l=1
kliklj = δij , from which

s∑
h=1

kihkjh = δij .

Consequently a matrix (kij) is an orthogonal matrix. Thus from (1.15), we

have Nj =
s∑

l=1
kjlN̄l.

Making use of (1.15), equations (1.5), (1.6) and (1.7) are respectively
written in the following form:

ϕBX = BψX +
s∑

l=1

ūl(X)N̄l,

ϕN̄l = BŪl +
s∑

h=1

λ̄lhN̄h, (1.16)

ξ = BV +
s∑

l=1

ᾱlN̄l,

where

ūl(X) =
s∑

i=1

kilui(X), Ūl =
s∑

i=1

kilUi, (1.17)

λ̄lh =
s∑

i,j=1

kilλijkjh, λ̄lh = λ̄hl, (1.18)

ᾱl =
s∑

i=1

kilαi.

By virtue of (1.17), the linear independence of vectors Ui(i = 1, 2, . . . , s)
is invariant under the transformation (1.15) of the orthonormal basis
{N1, N2, . . . , Ns}.
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Furthermore, because λij is symmetric in i and j, from (1.18) we can
find that under a suitable transformation (1.15) λij reduces to λ̄ij = λiδij ,
where λi(i = 1, 2, . . . , s) are eigenvalues of matrix (λij). In this case, (1.16)
and (1.11) are respectively written in the next forms:

ϕN̄l = BŪl + λlN̄l,
ūk(Ūj) = δkj − ᾱkᾱj − λkλjδkj ,

(1.19)

from which we have ūj(Ūj) = 1− ᾱ2
j − λ2

j and ūk(Ūj) = −ᾱkᾱj(k 6= j).

2. Invariant submanifolds of an almost paracontact
Riemannian manifold

Let M be a submanifold immersed in an almost paracontact Riemannian
manifold M̄. If ϕ(B(Tp(M))) ⊂ Tp(M) for any point p ∈ M, then M is
called an invariant submanifold [4]. In an invariant submanifold M, (1.5),
(1.6) and (1.7) are respectively written in the following forms:

ϕBX = BψX, X ∈ X (M), (2.1)

ϕNi =
s∑

j=1

λijNj , (2.2)

ξ = BV +
s∑

i=1

αiNi. (2.3)

Furthermore, from Lemma 1.1 and Lemma 1.2, we have the following lem-
mas.

Lemma 2.1. In an invariant submanifold M immersed in an almost para-
contact Riemannian manifold M̄, the following equations hold good:

ψ2 = I − v ⊗ V, (2.4)

αiV = 0, (2.5)

δkj − αkαj −
s∑

i=1

λkiλji = 0, (2.6)

ψV = 0, (2.7)
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s∑

i=1

αiλij = 0, (2.8)

v(V ) = 1−
s∑

i=1

α2
i , (2.9)

g(ψX, ψY ) = g(X,Y )− v(X)v(Y ), X, Y ∈ X (M). (2.10)

From (2.5) and (2.9), we get the following two cases:
When V = 0 (or

∑
i

α2
i = 1), that is, ξ is normal to M, since from

(2.4) and (2.10) we have ψ2 = I, g(ψX, ψY ) = g(X,Y ), (ψ, g) is an almost
product Riemannian structure whenever ψ is non-trivial.

When V 6= 0 (or αi = 0), that is, ξ is tangent to M, by means of
(2.4), (2.9), (2.10) and v(X) = g(V, X), (ψ, V, v, g) is an almost paracontact
Riemannian structure. From [2], [3] we have

Theorem 2.1. Let M be an invariant submanifold immersed in an almost
paracontact Riemannian manifold M with a structure (ϕ, ξ, η, G). Then one
of the following cases occurs.

1.) ξ is normal to M. In this case, the induced structure (ψ, g) on M
is an almost product Riemannian structure whenever ψ is non-trivial.

2.) ξ is tangent to M. In this case, the induced structure (ψ, V, v, g) is
an almost paracontact Riemannian structure.

Furthermore, we have the following theorems.

Theorem 2.2. In order that, in an almost paracontact Riemannian mani-
fold M̄ with a structure (ϕ, ξ, η, G), the submanifold M of M̄ is invariant,
it is necessary and sufficient that the induced structure (ψ, g) on M is an al-
most product Riemannian structure whenever ψ is non-trivial or the induced
structure (ψ, V, v, g) on M is an almost paracontact Riemannian structure.

Proof. From Theorem 2.1, the necessity is evident. Conversely, we first
assume that the induced structure (ψ, g) is an almost product Riemannian
structure. Then from (1.8) we have v(X)V +

∑
i

ui(X)Ui = 0, from which

g(v(X)V +
∑
i

ui(X)Ui, X) = 0, that is, v(X)2+
∑
i

ui(X)2 = 0. Consequently,

since we get v(X) = ui(X) = 0 (i = 1, 2, . . . , s), the submanifold M is
invariant and ξ is normal to M.

Next, we assume that the induced structure (ψ, V, v, g) is an almost
paracontact Riemannian structure. Then from (1.8) we have

∑
i

ui(X)Ui = 0,
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from which ui(X) = 0 (i = 1, 2, . . . , s) and from (1.9) we get αi = 0. Thus
M is invariant and ξ is tangent to M.

Theorem 2.3. In order that, in an almost paracontact Riemannian mani-
fold M̄ with a structure (ϕ, ξ, η, G), the submanifold M of M̄ is invariant,
it is necessary and sufficient that the normal space Tp(M)⊥ at every point
p ∈M admits an orthonormal basis consisting of eigenvectors of the matrix
(ϕ).

Proof. We assume that M is invariant.
1.) When ξ is normal to M, at p ∈ M we consider an s-dimensional

vector space W̃ and investigate the eigenvalues of the (s, s)-matrix (λij).
By means of (2.8) and (2.9), it is clear that the vector (α1, α2, . . . , αs) of

the vector space W̃ is a unit eigenvector of the matrix (λij) and its eigenvalue
is equal to 0.

Next, suppose that a vector (w1, w2, . . . , ws) satisfying
∑
i

αiwi = 0 is an

eigenvector and its eignevalue is λ. Then we have
∑
j

λjiwj = λwi. ¿From

this equation, we get
∑
i,j

λkiλjiwj = λ
∑
i

λkiwi, from which
∑
j
(
∑
i

λkiλji)wj =

λ2wk. Using (2.6), we have
∑
j
(δkj − αkαj)wj = λ2wk, that is, wk = λ2wk.

Then we get λ2 = 1.
Consequently, if by a suitable transformation of the orthonormal basis

{N1, N2, . . . , Ns)} of Tp(M)⊥, the matrix (λij) becomes a diagonal matrix,
then the diagonal components λ1, λ2, . . . , λs satisfy relations

λ2
1 = λ2

2 = . . . = λ2
s−1, λs = 0.

In this case, if we denote by {N̄1, N̄2, . . . , N̄s} the orthonormal basis of
Tp(M)⊥, then from (1.18) we have ϕN̄l = λlN̄l. Therefore, N̄l(l = 1, 2, . . . , s)
are eigenvectors of the matrix (ϕ) and N̄s = ξ.

2.) When ξ is tangent to M, from (2.6) we have
∑
i

λkiλji = δkj . If we

denote by (w1, w2, . . . , ws) an eigenvector of matrix (λij) and by λ its eigen-
value, then we have

∑
j

λjiwj = λwi. Consequently, we have
∑
i,j

λkiλjiwj =

λ
∑
i

λkiwi, that is, wk = λ2wk, from which we get λ2 = 1. Thus since

the eigenvalues of (λij) are ±1, if by a suitable transformation of the or-
thonormal basis of Tp(M)⊥, {N1, N2, . . . , Ns} becomes {N̄1, N̄2, . . . , N̄s},
then N̄1, N̄2, . . . , N̄s are eigenvectors of matrix (ϕ).

Conversely, if the orthonormal basis {N̄1, N̄2, . . . , N̄s} of Tp(M)⊥ con-
sists of eigenvectors of (ϕ) and these eigenvalues λ1, λ2, . . . , λs satisfy λ2

1 =
λ2

2 = . . . = λ2
s−1 = 1, λs = ±1 or 0, then we have ϕN̄l = λlN̄l. Consequently,

since we have Ūl = 0, M is invariant.
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