97

Kragujevac J. Math. 25 (2003) 97-110.

NEW ITERATION METHODS FOR
PSEUDOCONTRACTIVE AND ACCRETIVE
OPERATORS IN ARBITRARY BANACH SPACES

Olusegun O.Owojori and Christopher O. Imoru

Department of Mathematics, Obafemi Awolowo University Ile-Ife, Nigeria

(Received April 23, 2003)

Abstract. 1. In [1] Owojori and Imoru [10] introduced a three-step iteration procedure
and established some convergence results.

2. In this work, a more acceptable revised three-step iteration scheme is introduced as
a generalization of the Ishikawa and Mann iteration schemes with errors given by Liu [11]
and Xu [16]. Some new fixed point results are then established which improve the results of
Owojori and Imoru [13] and are generalizations of the results of Ishikawa(1974), Chidume
[1, 2, 3, 4], Liu [11], Xu [16], and Chidume and Osilike [5, 6] on fixed points (solutions) of

pseudocontractive operators (accretive operator equations) in arbitrary Banach spaces
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1. INTRODUCTION

In the last four decades, researchers have been investigating fixed points
of nonlinear operators with one-step and two-step iteration schemes, for which the
Mann and iteration schemes have been prominent . Liu [8] introduced the Ishikawa
and Mann iteration schemes with errors as a generalization of the Mann and Ishikawa
iteration schemes . He defined the Ishikawa scheme with errors iteratively for arbitrary

x1 € K by:
LTp41 = (1 - Ozn)xn + OénTyn + Uy,
>1 1.1
yn<1 - ﬁn)xn + ﬁnTJZn + Uy = ( )

where {a,}, {0.} are sequences in [0,1] ,

and Y- ||u,|| < oo and Y ||lu,|| < oo .

This was used by many researchers to approximate solutions of nonlinear operator
equations for various contractive mappings. However, it was observed by some au-
thors that the condition that the error terms be absolutely summable is rather too
restrictive. Xu[15] later introduced a more acceptable Ishikawa iteration schemes
with errors which he defined for an arbitrary xq € K - a nonempty convex subset of

a normed space X by :

Tpt1 = Ty + 0y TYy + cruy }n > 1 (1.2)

ynalnxn + blnTxn + C;Lvn
where T is a selfmapping of K. {u,}, {v,} are bounded sequences in K and {a,},
{b.}, {ca}, {a,}, {b.}, {c,}, are sequences in [0,1], satisfying

v
—

an+bn+cn:1:a;—|—b;l+c;, and an:(), Vn

The scheme (1.2) became more acceptable than (1.1) because of the less restrictive
conditions on the error terms. However, in either case, when b, = ¢, = 0 for all
n > 0 then the resulting scheme is called the Mann iteration scheme with errors. In

particular, (1.2) reduces to

Tyl = AnTyp + 0, T2, + Ccruy, (1.3)
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2. A GENERALIZED ISHIKAWA TYPE ITERATION SCHEME

We now consider a new improved iteration scheme which is a three-step
iteration scheme, given by the following :
Definition 2.1 Let K be a nonempty compact and convex subset of a Banach
space B. For arbitrary x; € K, define sequence {xz,} iteratively by :
Tpt1 = QnZp + 0, Ty, + Sy

Y = @, Ty + b, Sz, + C 0, n>1 (2.1)
zna;;:vn + b’,;Txn + c;;wn

where S, T are uniformly continuous self-mappings of K satisfying some contractive
definitions, {v,}, {w,} are arbitrary sequences in K and {a,}, {a,}, {a.}, {b,}, {b.},
(b2}, {cn, {c,}, {c.}, are real sequences in [0, 1] satisfying

(i) an +bp+cn=a,+b,+c,=a,+b,+c, =1,

(ii) > b, =00.

The scheme (2.1) is called the generalized Ishikawa type iteration scheme with errors.

Remark 2.2 When S = T in the (2.1), we obtain a version given by :

Tpi1 = Xy + b, Ty, + ¢, Tz,
Yn = Ty + b, T2 + €0 n>1 (2.2)
Zp = a;;xn + b’,’LTxn + c’,;wn
which is contained in (2.1) as a special case.
Since S is uniformly continuous and K is convex, then we can always find an u,, € K
such that Sz, = u,. In this case, (2.1) reduces to :
Tp+1 = AQpTp + bnTyn + Cplin

Yo = @, Ty + b, Sz, + v, n>1 (2.1a)
Zp = a;;xn + b;;Txn + c;;wn

Now letting S =T in (2.1a), we obtain the following

Tp4+1 = ApTp + bnTyn + cLuy,
Y = @, 7y + b, T2, + 0y n>1 (2.3)
Zp = a/,;xn + b;;Txn + c;;wn

We observe that the iteration schemes (2.1), (2.2) and (2.3) are well defined and

are generalizations of the Mann and Ishikawa types iteration schemes with errors in
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the sense of Liu[8] and Xu[15]. This is evident by specialising some of the parameters.
Indeed, when ¢, = b, = 0, then (2.3) reduces to:

xn-i—/l = anx/n + bnTy/n + cpn n>1

YnQp Ty + 0, TT, + Uy,
which is the Ishikawa iteration scheme with errors in the sense of Xu [16]. Further-
more, if in addition, ¢, = c;L = 0, then it becomes the Ishikawa iteration scheme.
When b.c, = 0and ¢, = b, = 0, then (2.3) will reduce to the Mann iteration scheme
with errors in the sense of Xu [16]. Hence the revised generalized Ishikawa type itera-
tion scheme (2.1) and its special cases (2.2) and (2.3) include the Mann and Ishikawa

iteration schemes with errors in the sense of Liu [11] and Xu [16] as special cases.

3. FIXED POINTS OF PSEUDOCONTRACTIVE OPERATORS

In this section we establish the convergence of the revised three-step Ishikawa
type iteration scheme (2.3) to the fixed point of uniformly continuous and strongly
pseudocontractive operators in arbitrary Banach spaces. Then the convergence of
the slightly more general scheme (2.2) to solution of the uniformly continuous and
strongly accretive operator equation T'x = f, for a given f € K, is established.

Let K be a nonempty subset of Banach space B. An operator T': D(T') — B, where
D(T) is a proper subset of a Banach space B, is called pseudo-contractive if for all

r > 0, the inequality
lz =yl < [(L+7r)(@—y) —r(Tz—Ty)| (3.1)

holds for each pair of points x,y € D(T) .

Also, an operator T with domain D(7T") and range R(T") in a real Banach space B

is called accretive if the inequality

e =yl < [lz =y +r(Tz =Ty (3.2)
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holds for each pair of points x,y € D(T') and for all r > 0 .
An operator T is strongly pseudocontrctive ( strongly accretive), if there exists a real

number k € (0,1) such that (7" — kI) is pseudocontractive (accretive).

In the sequel, we shall require the following result:

Lemma 3.1 (L. Qihou [14]) Let {z,,}°°, be a sequence of real numbers satis-

fying the following inequality:
Tpp1 < wx, + 0p, n>1 (3.3)

where z,, >0, 0, >0and lim 0, =0, 0<w< 1. Then z, — 0, as n — oc.
n—oo

Our main result is the following:

Theorem 3.2 Let K be a nonempty closed bounded and convex subset of an
arbitrary real Banach space B and suppose 7' is a uniformly continuous and strongly
pseudocontractive self-mapping of K. Define sequence {z,} iteratively for arbitrary

x1 € K by:

Tp+1 = Anp + bnTyn + cpuy
! ! !

Yn = a, Ty + b, T2, + C, v,
" 4 "

Zn = G, Ty + b, Tx), + c,wy,

where {u,}, {v,} and {w,} are bounded sequences in K and {a,}, {a,}, {a.},
(b} {0}, (b}, {ca}, {c,}, {c,}, are real sequences in [0, 1] satisfying:
(i) ap+bp+e,=a,+b,+c,=a, +b +c, =1,

(ii) > b, = 00,
(i) i, b = linn by, lixy b, =0,
(IV) Qp 1= bn + ¢y, ﬁn = bn, + Cnla Tn - bn” + Cn”,

Jim s =0, forall ke (0,1)

Then, the sequence {z,} converges strongly to a fixed point of T
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Proof. The existence of the unique fixed point of 7" follows from Deimling [5].
Let 2* be the unique fixed point of T, i.e. Tx* = z*. The operator T is strongly
pseudocontractive implies that (I—T) is strongly accretive and therefore (I-T)—kI =

(I — T — kI) is accretive. Therefore, for all r > 0 and &k € (0,1), we have
lo = gll <l —y+rl(I =T — kD) — (I = T — kI)y] (3.4)

From our hypothesis, we obtain the following estimates.

Tpr1 = (1 —ap)z, + b, Ty, + chuy
Tn — Ay + b, Ty, + Cruy,

So that

Ty = Tyt + Xy — b, Tyn — Cruy, (3.5)

From (3.5), we have

Tp = Tp+1 + o, — bnTyn — Cpln
=Tpi1 + ATyl — OpTppl + 0Ty — bnTyn — Cplun
=(1+ap)rp+a,(I =T —kDlxy —an(I =T — kl)x,

- an(xn+1 - In) - bnTyn — CpUp (36)
=1+ an)rp+a,(I =T —klxy1 — an(I — kD
+ anTxn+1 + an(xn - xn—&—l) - bnTyn — Cplun
Since z* is a fixed point of T', we can also write
= 1+a,)r" +a,(I =T —klz" — an(l —k)z* (3.7)

Subtracting (3.7) from (3.6) yields

Tp— 2" =14+ o) (@pi1 — %)+ =T —kl)xpy — (I =T — kI)z*
— a,(1 = k)(xp1 — %) + [an(T — Dxpyr — 0,7y, (3.8)
+ [anxn - Cnun]

Therefore,

[z — ¥ = |1+ o) [(@n1 —2") + 2AI =T — kDzpyr — (I =T — kI)a"}]
— ap(1 = k) (@1 — ) + [an(T — Dy — cuuy)
+ [an@n — b, Ty,
> (1+ ap)||[xne — 2" + 11271 (I —-T—kDzpy — (I =T —kla*}]
— an(I = k)||zn — 2| = |l (T = Dapin — o]

- H&nxn - bnTynH

(3.9)
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But T is strongly pseudocontractive, then (3.9) yields

2o —2*[| = (1 + an)||2n — 27| = an(l = k)[|2n — 27|
—[lon(T = I)aps1 — cpun|
— llan@y — b, Ty,
(1 + ko) ||znsr — 7| = [Jan(T — Dxpys — cptin|| — [[an®n — 0, Tyy||
Therefore,

[#n1 =2 < [z — 2"+l an(T = I ani1 = con || + |onzn — b Tynll] (3.10)

1+ kay,

Since T is uniformly continuous on the bounded set K, there exists a positive real
number M < oo such that
lon (T — D xpy1 — cpugl] < M/2 and ||anz, — b, Ty, || < M /2. Thus (3.10) reduces to

1 1
=2t < ot M 3.11
fns ="l < Tepllen = 2"l o (311)
Now, put 5"@’ o, = 0,M and
pn = |0 — 27|

Then (3.11) reduces to

pn—l—l S 6npn + On

Clearly, 0 < 9, < 1 and nhrgo o, = 0 since nhlglo 0, = 0. Therefore, by Lemma 3.1
(Qihou [11]), we have
lim p, =0

n—oo

which implies that the sequence {z,} converges strongly to z*. This completes the

proof.

Remark. Theorem 3.2 above is a genralization of Theorem 1 of Ishikawa [9],
Chidume [1, 2] and Chidume and Osilike [3, 4], Ishikawa [7] and others to the more
general Ishikawa type iteration scheme and also to continuous pseudocontractive op-

erators in arbitrary real Banach spaces.
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Corollary 3.3 Let B be a Banach space and K a nonempty closed bounded
convex subset of B. Suppose T is a continuous pseudocontractive selfmapping of K

and define sequence {z,} iteratively for arbitrary x; € K by

Tpi1 = pXyp + b, Ty, + ¢ Txy,
Yn = a;l:vn + b'nTzn + c’nun n>1
2y = a;xn + b;;Txn + c;;vn
where {u,}, {v,} are bounded sequences in K and {a,}, {a,,}, {a.}, {b,},{b,}, {b.},
{c., {c,}, {c.}, are real sequences in [0, 1] satisfying the following conditions:
(i)an + by + ¢u = a, + b, + ¢, =a, +b, +c, =1,
(73) > b, = 00
(4i1) 0ty = by + Cpy Bu = b, + €Y = b, +C,.
Then the sequence {z,} converges strongly to the fixed point of 7'
Proof. The proof follows directly by following exactly the same procedure as in

the proof of the Theorem (with u, replaced by T'z,,).

4. APPROXIMATION OF SOLUTIONS OF ACCRETIVE
OPERATOR EQUATIONS

In this section, the convergence of the slightly more general Ishikawa type iteration
scheme to the solution of accretive operator equations in Banach spaces is established.

Our main result here is the following

Theorem 4.1 Let T be uniformly continuous and strongly accretive selfmapping
of a closed convex bounded subset K of an arbitrary real Banach space B . Define a
mapping R : K — K by Rx = x — Tx + f for some f € B. Consider the sequence
{z,,} defined iteratively for arbitrary z; € K by
Tpt1 = QpTp + by Ry, + ¢/ Tz,
Yn = @, T, + b, Rz, + €, 0, n>1 (4.1)
zna;;xn + b;;Txn + C;;wn
where {u,}, {v,} are bounded sequences in K and {a,}, {a,}, {a,}, {b,}, {b.}, {b.},

{ca}, {c,}, {c.}, are real sequences in [0, 1] satisfying the following conditions
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i) an+b,+co=a,+b, +c,=a,+b +c, =1,

i) > b, = o0,
iii) lim b, = lim b, lim b, =0

(
(
(
(iv) ap:=by 4y, Bn =0 + ¢/ =07 + ¢
and lim as =0, forall ke (0,1)

Then the sequence {z,} converges strongly to the solution of the equation Tx = f.

Proof. The existence of the unique solution of the equation Tx = f follows from
Deimling [7]. Let p be the solution. Then from the definition of R, p is a fixed point

of R. We observe that R, T are uniformly continuous and for any given f € K,
I—-Rrx=x—f+Te—ac=Tx—f

Since T' is strongly accretive, it follows that 7' — kI is accretive. Therefore, for all

ke (0,1) and z,y € K,
|z —yll < llz =y +r[(T = kI)z — (T — kI)y]|

for all » > 0. Thus, we have

le =y +r((I = R— kI)e — (I = R— kIy)]|
— lo — y+r{( - R)a — Iz — (I — Ry — k]|
=z —y+r((Tz—f)—kle —(Ty — f) — kly]
=z —y+r[(T = kl)x — (T — kl)y]
> [l =yl

Hence, the

inequality
le =yl < [le—y+r[l = R=kDz— (I - R—kly)lly (4.2)
holds when T' is strongly accretive.
Following the same procedure as in the proof of Theorem 3.2, we have
Tptl = ApTp + bnRyn +cTxy

=(1—ay)z, + bRy, + ¢,/ Tx,
=T, — Ty + b, Ry, + ¢, Tz,
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Therefore,
Ty = Tpi1 T Qplp — bnRyn - CnTxn
= Tpy1 + Ty + aann - anbnRyn — apcp Ty,
—b, Ry, — ¢, Tx, (4.3)

=1+ an)tp1 +a, (I —R—kDxpy —an(l — kI)x,iq
+ apRrpy1 + an’x, — (14 an)by Ry, — (1 + o), T,

where k is a real constant in (0, 1).

Since p is a fixed point of R, we can also write
p=0+a,)p+a,(I—R—klp—ca,(I—kI)p

for all £ € (0,1). Then, we have

T, —p =1+ aon)(@py1 —p)+an(l — R—FKI)(zp41 —p)
— an(I — kD) (2pi1 — p) + anRTpy1 + a’a,
—(14 an)b Ry, — (1 + ay) e, Tx,
= (14 an)[(p1 —p) — 172 — R = kI)(zpt1 — p)]
— (I = kD) (xpi1 — p) + [a2w, — (14 ay)en Ty
+ [, Rrp1 — (1 + ay)b, Ry, (3.15)
> (14 an)[[(zps1 —p) — 772 = R— kI)(2p1 — p)||
— ap(I = kD)||zni1 — pl| = oz, — (14 an)en T, ||
— [JanRny1 — (1 + an)b, Ry,
> (1 + an)l|Tn — pll — an( = kD) |71 — pl]
— a2z, — (1 + an)enTay|| — [[anRrpyr — (14 ay,)b, Ry, ||

But b, < land ¢, < 1. Therefore

lzn —pll = (14 ) |#ng1 — pl| = an(I = EI)||J2ng1 — p|
— ez — (1 4 )Tz, — ||an Rnir — (1 + o) Ryy||

4.4
— (14 ank)[zus — pll — lon?n — (1 + )T | (44
— lanRepi1 — (1 + ap) Ry, ||
This implies that,
(14 ank)|zner = pll < llzn = pll + llan?zn — (14 )Ty
+anRrn1 — (14 ay) Ry, ||
Therefore,
[ns1 —pl| < 1+inkl|xn —pll+ ﬁ[“aﬁxn — (1 + o) Ty (4.5)

HlanRenyy — (14 an) Rya|l]
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Now, let 9, = m Observe that the continuity of R and 7" on the bounded set K
implies that there exists a real numbers M < oo such that,
oz, — (1 + ap)Tx,|| < M and ||a, Rz — (1 + a,) Ry,|| < M.

Substituting into (4.5) gives
@041 = pll < Onllwn — pll + 26, M (4.6)
Put p, = ||z, — p|| and o, = 25,,M in (4.6), we have

pn—l—l S 6npn + On

It is clear that 0 < §,, < 1 and o, = 0(d,).
Also, lim ¢, =0, since lim 4, = 0.

Hence, by Lemma 3.1, we have

lim p, =0

n—oo
which implies that the sequence {z,} converges strongly to p, the unique solution of

the operator equation Tx = f. This completes the proof.

Remark 4.2 Theorem 4.1 is clearly an extension of the related results of Chidume
[3], Chidume and Osilike [5], Liu [11], and Xu [16] to the more general Ishikawa type
iteration sheme with errors. Furthermore, this result is also valid for the iteration

scheme (3.6) above.

5. GENERALIZED MANN ITERATION SCHEME IN BANACH SPACES

Consider the following iteration procedure for two nonlinear operators in Banach
spaces.

Definition 5.1 Let K be a nonempty compact convex subset of an arbitrary
Banach space and suppose 17" : K — K and S : K — K are uniformly continuous,

nonlinear operators. Define sequence {x,} for arbitrary z; € K by
Tpy1 = ApTp + b T, + CnSLCn, n=>1 (51)

where {a,}, {b.}, {c.} are real sequences in [0,1] satisfying

a, +b,+c,=1and > b, = oc0.
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The sequence {x,} generated by (5.1) is called the generalized Mann type iteration

procedure.

Considering the generalized Mann iteration scheme, we have the following results.

Theorem 5.2 Let K be a nonempty closed bounded convex subset of an arbi-
trary real Banach space B and T' a uniformly continuous strongly pseudocontractive

selfmapping of K. Define sequence {x,} iteratively for arbitrary z; € K by
Tpi1l = AnTy + b, Tx, + Sy, n>1 (5.2)

where S is uniformly continuous selfmapping of K, {a,}, {b.}, {c.} are real se-
quences in [0,1] satisfying

(i) an+b,+c,=1and Y b, =0

=0, forall ke (0,1)

.o e . 1
(i) «,:=b,+¢, and nh_)rgo T

Then the sequence {z,} converges strongly to a fixed point of T

Proof. The proof follows directly by replacing u,, with Sz, in the proof of The-

orem 3.2.

Theorem 5.3 Let K, B,S be as in Theorem 5.2 above. Define a mapping R :
K — K by
Rr=x—-Tx+ f

for a given f € B, where T is a uniformly continuous strongly accretive selfmapping

of K. Define sequence {z,}, defined iteratively for arbitrary z; € K, by
Tpi1l = AnTy + by Rx, + ¢, ST, n>1 (5.2)

where {a,}, {b.}, {c.} are real sequences in [0,1] satisfying
(i) an+b,+c,=1and Y b, =00
=0, forall ke (0,1)

.o ._ . 1
(i) «,:=b,+¢, and nlljgl@ T

Then the sequence {z,} converges strongly to the solution of the equation Tx = f.
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Proof. The proof follows directly by replacing Tz, with Sz, in the proof of

Theorem 4.1.

Remark 5.4 It is clear that Theorem 2.5.2 is a generalization of the results of

Chidume [2] and Schu [15] on fixed points of pseudocontractive operators in Banach

spaces. Also, Theorem 5.3 is also a generalization of previous results on solutions of

accretive operator equations by Mann iteration procedures.
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