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Abstract. Let G = (V| E) be a simple graph with n vertices, e edges, and vertex degrees
di,ds,...,d,. Let dyi, d, be the highest and the lowest degree of vertices of G' and m; be
the average of the degrees of the vertices adjacent to v; € V. We prove that

if and only if GG is a star graph or a complete graph or a complete graph with one isolated
vertex. We establish the following upper bound for the sum of the squares of the degrees
of a graph G-

dege{ 2e

=1

+(n—2)}—d1 ln‘l_el—gml—EZi%dﬁ(n—m ,

with equality if and only if GG is a star graph or a complete graph or a graph of isolated
vertices. Moreover, we present several upper and lower bounds for 3" | d? and determine
the extremal graphs which achieve the bounds and apply the inequalities to obtain bounds
on the total number of triangles in a graph and its complement.
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1. INTRODUCTION

Throughout this paper G = (V, F) will denote a simple undirected graph with n
vertices and e edges. In order to avoid trivialities we always assume that n > 2. Also
assume that the vertices are labeled such that dy > dy > ... > d,,, where d; is the degree
of the vertex v; for i = 1,2,...,n. The average of the degrees of the vertices adjacent to
v; is denoted by m; .

We consider the following problem: find upper and lower bounds for 3>, d? in terms
of n, e, d; and d,,. We would like the bounds to be sharp, that is, we would like to show
the existence of extremal graphs pertaining to the bounds.

We recall some known upper bounds for Y7 ; d?.

1. Székely et al. [11]:

2. D. de Caen [2]:

Zd2<e(n2€1 Y- 2). 2)

Caen pointed out that (1) and (2) are incomparable. He has also mentioned that the
bound (2) is perhaps a bit more useful than (1), since it depends only on n and e rather
than on the full-degree sequence.

The rest of the paper is structured as follows. In Section 2, we find out the lower bound
for the sum of squares of the degrees of a graph G in terms of n and e. In Section 3, we
characterize the graphs for which the equality holds in (2) and also obtain some upper
bounds for i d? in terms of n, e, d; and d,. In Section 4, we relate the Laplacian graph
eigenvalues lt:ol the degree sequence of a graph G. In Section 5, we point out bounds on

t(G) 4+ t(G°), where t(G) denotes the number of triangles in G and G is the complement

of G. Also we determine the extremal graphs which achieve the bounds on i d2.
i=1
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2. LOWER BOUND FOR i_%l 2

n
In this section we present two lower bounds for 3 d2.
i=1

Theorem 2.1. Let G be a simple graph with n vertices, and e edges. Then
> df > 2e(2p+1) — pn(1+ p), where p = [%] (3)
i=1
and the equality holds if and only if the difference of the degrees of any two vertices of
graph G is at most one. Here [z] denotes the greatest positive integer less than or equal

to x.

Proof. Consider two vertices, v; of degree d; and v, of degree d;, where d; > d;. Also
let Y, d? be minimum.

If possible, let d; — d; > 2. Therefore there exists a vertex vy, which is adjacent to
v;, but not v;. If we remove the edge viv; and add an edge between the vertices vy and
v;, then the degree sequence of the new graph is dy,ds, ..., d,; where d; = d; — 1, d; =
di+1, dy=dy, t=1,2,...,n; t #1i,].
Therefore

2

a. pum—

)

&+ (di = 1) —d; + (dj + 1) = &}

n

-

ﬁ
Il
—

=1

d; —2(d; — d; — 1)

I

Il
i

)

3

< S, byd; >d;+2,
=1

)

n - d? is minimum.

which is a contradiction as Y 7, d;

Since v; and v; are arbitrary, therefore the difference of any two vertex degrees is at

most one. So, some of the vertices have degree p and the remaining vertices (if any) have

degree p + 1, where p = [%]. Therefore (2e — pn) vertices have degree (p + 1). Hence

n

Min Y d? = 2e(2p+1)—pn(l+p),

=1
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e, > di > 2e(2p+1) —pn(l+p), where p = [%].
i=1

Now suppose that the equality holds in (3). Therefore some of the vertices have degree
p and the remaining vertices (if any) have degree p+1, where p = [2]. Hence the difference
of the degrees of any two vertices of graph G is at most one.

Conversely, suppose that the difference of the degrees of any two vertices of the graph

G be at most one. Then we can easily see that the equality holds in (3).

Lemma 2.2. Let G be a simple graph with n vertices, e edges and let d; be the
highest vertex degree. If d;, 1 = 1,2,...,n is the degree sequence of GG, then

SNod2> (2p+1)(2e —di) +dF+2(dy —nA+141t) —pn—1)(p+1)
i=1

ifdi >n—1—t,and
SdZ>(2p+1)(2e —di) +di —p(n—1)(p+1)
=1

if dy <n—1-—t, where p= [2((21%)] and t =2(e —dy) —p(n—1).

Proof. Let v; be a highest-degree vertex of the graph G. We remove the vertex v; and
its corresponding edges and denote the resultant graph as Gy. Let d;, i =1,2,...,(n—1)
be the degree sequence of (G;. From Theorem 2.1 we get that the minimum value of

", d? is attained in terms of n, e if and only if the difference of the degrees of any two

vertices of graph G is at most one. Using this result we conclude that the value of 377! E?

(in terms of the number of vertices and edges) will be minimum if the value of 37, d?

(in terms of n, e and d;) is minimum. We have to find the minimum value of > ; d?

in terms of n, e and d;. For this first we find the minimum value of 7~ d di in terms of
the number of vertices and edges. The graph G has (n — 1) vertices and (e — d;) edges.
Using the above Theorem 2.1, we get

n—1

Sod; > 2(e —dy)(2p +1) — p(n — 1)(1 + p), where p = [2=0)],

=1
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where p is the greatest positive integer less than or equal to 2(2:?1), and the difference of

the degrees of any two vertices of graph G is at most one.

Let t = 2(e—dy) —p(n—1). Therefore G; has t vertices of degree (p+1) and (n—1—t)
vertices of degree p.

Now we add the vertex v; of degree d; and join with edges to the vertices of graph
Gy such that 37, d? is minimum. So, the vertex v; is connected to as many degree p
vertices as possible and then to the remaining degree (p + 1) vertices till the d; degrees
are exhausted.

Two cases are (a) dy >n—1—1t,(b)d; <n—1-—t.

Case (a) dy >n—1—t.

n n—1
Min S"d2 = Min S d +d>+2pn—1—t)+(n—1—1)+(dy —n+1+1)

I S
Le, > di > (2p+1)2e—di)+di+2(di—n+1+t)—pn—1)(p+1),

i=1

2(6 — dl)
(n—1)

Case (b) d; <n—1-—t.

where p=]| | and t = 2(e — dy) — p(n — 1).

n n—1
Min Y. d? = Min Y. d +d%+dy(2p+ 1),

=1 i=1
e, > df > (2p+1)(2e—di)+di —p(n—1)(p+1),
=1
2(6 — dl)

where P = [m]
Remark. The lower bounds obtained from Lemma 2.2 and (3) are the best possible

because we can construct a graph for which equality holds.

Theorem 2.3. Let G be a graph with n vertices and e edges. Then
(26 — d1 — dn)Z
— : (4)
(n—2)

2>+ d+

n
=1
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Moreover, equality in (4) holds if and only if dy = d3 = ... = dp,_1.

Proof. Let us take the degrees do, ds, . . ., d,_1 with associated weights ds, ds, ..., d,_1;
then applying A.M. > H.M., we get
TG & X d
i d; (n—2)
and equality holds if and only if dy =d3 = ... =d,_1.
Therefore

Le, Y d;<di+d+

and equality holds if and only if dy =d3 = ... =d,_1.

3. UPPER BOUND FOR 3 d?

In this section we give some upper bounds for Y% in terms of n, e, di, and d,.

'le

Let N; be the neighbor set of the vertex v; € V and m; be the average degree of the
highest—degree vertex.

Lemma 3.1. Let G be a graph with degree sequence d;, i = 1,2,...,n and >."

zlz

be maximum. If a vertex v; of maximum degree is not adjacent to some vertex v then

d, = 0.

Proof. If possible, let d,, # 0. Now we insert an edge vv; and drop an edge vvy, where

vy is adjacent to v as d, # 0.

The new value of the sum of squares of the vertex degrees is 37, d? = [(d; + 1)% —

d3] — [d3 — (dy — 1)%] = 2(dy — dy + 1) > 0, which is a contradiction because >, d? was

supposed to be maximum.
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Hence the result.

Corollary 3.2. Let G be a connected graph with n vertices and e edges. Then the

highest degree of G is (n — 1) if 30, d? is maximum.

Theorem 3.3. Let G be a graph with n vertices, e edges and Y7 | d? be maximum.

Then

(i)  N;—A{v;} =N, —{v;} if and only if d; = d;,
(ZZ) N; — {Uj} D) Nj — {Ul} if and only if d; > dj,

(tii)  d; <d; if v; € Ny and v € { N} — {vi}.
where d; and d; are the degrees of any two vertices v; and v; , respectively.

Proof. (i) Suppose that d; = d;.

If possible, let N; — {v;} # N; — {v;}.

Since d; = d;, there exists at least two vertices, v,, which is adjacent to v; but not v;
and v;, which is adjacent to v; but not v;. Let ds and d; be the degrees of the vertices v;

and v, , respectively.

Two cases are (a) ds > dy, (b) ds < d;.

Case (a) ds > d;.

We remove an edge v;v; and add an edge between the vertices v; and vs. Let the
degree sequence of the new graph be di,ds,...,d,; where d, = d, +1, d, =d, — 1, d; =
di, 1=1,2,...,n; i # s,t. Then
S = S P4 (de+ 1) =B+ (dy— 1) — &

=1

i=1

= > d;+2(ds—dy +1).

=1

(From the above relation we get 7", d; 2> S, d?, a contradiction.
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Case (b) ds < d;.
In this case we remove an edge v;v; and add an edge between the vertices v; and v,.

Similarly, we arrive at a contradiction.
Therefore N; — {v;} = N; — {v;}.
Conversely, let N; — {v;} = N; — {v;}. Therefore d; = d;.

(ii) Suppose that d; > d;.

If possible, let N; —{v;} B N;—{v;}. Therefore there exists a vertex v, vs € N; —{v;}
but vs ¢ N; — {v;}. We remove an edge vsv; and add an edge between the vertices v,
and v;. Then the degree sequence of the new graph is d; = d; + 1, d; = d; — 1, and
dy=d;, i=1,2,...,n; t#1,j. Then

YA = Y (1) —d (- 1) d
i=1 i=1
= > dZ+2(d; —dj +1).
i=1
> > d, (since d; > d;), a contradiction.
i=1

Therefore N; — {v;} D N; — {v;}.
Conversely, let N; — {v;} D N; — {v;}. Therefore d; > d;.

(iii) If possible, let d; > d;. Using (i) and (ii), we get N; —{v,;} C N; — {v;}.

Since v; € Ny, viv, € E. We have N; — {v;} O N; — {v;} D {v;}. Therefore v, €
N; — {v;} implies that v;v;, € E.

Since v; € {Ny}° — {vi}, then vju; ¢ E, a contradiction.

Hence the Theorem.

Lemma 3.4. [2] Let G be a simple graph with n vertices and e edges. Then

2e

n —

de < e[
i—1

1+n—4. (5)
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Theorem 3.5. Let GG be a connected graph with n vertices and e edges. Then

" 2
deze{ ‘ —|—n—2]
i=1 n—1

if and only if G is a star graph or a complete graph.

Proof. If (G is a star graph or a complete graph then the equality holds.

Conversely, let
2e

n —

Zd?:e{
i=1

When n = 2, G is a complete graph of order two as G is a connected graph. Now we are to

_9| .
o ]

prove that GG is a star graph or a complete graph for n > 2. By Lemma 3.4 and the above
result, we conclude that 37 ; d? is maximum. Using Corollary 3.2 we conclude that the
highest degree of G is n—1. Now we delete a highest—-degree vertex and the corresponding
edges from G. Let the degree sequence of G be d; = (n — 1), dy, ds,. .. ,d,. Therefore the
degree sequence of the new graphis di =dy —1,dy =ds — 1,...,dp_1 = d,, — 1.

Therefore

iﬁ?—i—(n—1)2+4(e—n+1)+(n—1)

=N d +n?+4e —5n +4,

2(e—n+1)
n—2

2
ie., e[ €1+n—2}§(e—n+1)[ +n—3| +n*+4e—5n+4,
2¢? (n+2) nn-1)

n-Dn-2" m-2° (n-2)

ie.,

ie, 22— (n—1)(n+2e+nn—-1*>0, byn>2

ie, [e—(n—1)]2e—n(n—1)]>0. 6)
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n(n—1)

O Since GG is a connected

From (6) we conclude that either e < n —1or e >

graph, n — 1 <e < @ Therefore either e =n — 1 or e = % Whene=n—-1,G

is a star graph as d; =n — 1. When e = @, G is a complete graph.

Theorem 3.6. Let G be a simple graph with n vertices and e (> 0) edges. Then

de :e{
i=1

if and only if G is a star graph or a complete graph or a complete graph with one isolated

2e

n —

_9
p

vertex.

Proof. If G is a star graph or a complete graph or a complete graph with one isolated
vertex, then the equality holds.
Conversely, let

2e
-2
_1+n

deze{
i=1

We need to prove that GG is a star graph or a complete graph or a complete graph with

n

one isolated vertex.

If G is a connected graph then the theorem is proved by the previous Theorem 3.5. It
remains to examine the case when G is a disconnected graph. For a disconnected graph
we have to prove that GG is a complete graph with one isolated vertex.

Let G be a graph containing two connected components GG; and G5 with ny, ny vertices
and e;(> 0), ex(> 0) edges, respectively. Also let dy;, i = 1,2,...,n1 and dy;, i =
1,2,...,ns be the degree sequence of the graphs G; and G, respectively.

Therefore,

e 261
d3; < [ — 2]
;11_61 L (7)
n2 2 262
i=1

We have 261/(711-1) S 261/(n1+n2—1)—|—n2 and 262/(712—1) S 262/(ﬂ1+ﬂ2—1)+n1.
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Therefore

n ni n2
Z d? - Z d%i + Z d%i
=1 =1 =1

< 2, + (n1 — 2)er + 2, + (ny —2)

————+en ng—2)eg + ———— +ean ny — 2)e

e 112 1 1 it — 1 21 2 2
2(ey + e3)? 4ejey

< - = -2 -

>~ n1+n2_1+(n1+n2 )(61+€2) n1+n2_1
2<€1+€2)2

< — -2 ) 9
n1+n2_1+(”1+n2 )(e1 + €2) (9)

For the disconnected graph G, there are three possibilities: (i) there are at least two

isolated vertices, (ii) no isolated vertex, (iii) exactly one isolated vertex.

Case (i): Let k (k > 2) be the number of isolated vertices in G. Then

2e

n n—k
Y=Y d<e|
=1

=1

n—1

We have Enj d? = e[-2% +n — 2]. From this result and (10), we get e > (n — 1)(n —
i=1
k—1)/2. But e < (n —k)(n — k —1)/2. From these two results k£ < 1, a contradiction.

Case (ii): Let there are no isolated vertices in G. In this case let there be p connected
components in G. Therefore there is at least one edge in each component of G. Using (9)

we conclude that Y d? < e[-2% + (n — 2)], a contradiction.
i=1

Case (iii): Let G contain only one isolated vertex. Then

Zd§—2d2ge[n2e2+n—3],by(5). (11)

We have i d? = e[-25 +n—2]. Using this result and (11), we get e > (n—1)(n—2)/2.
i=1
But e < (n—1)(n — 2)/2. Therefore e = (n — 1)(n — 2)/2, that is, G is a complete graph
with one isolated vertex.

Hence the theorem.
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Theorem 3.7. Let GG be a simple graph with degree sequence dy, ds,..., d,. Then

d? < e(e +1). (12)

Proof. We show that if (12) holds for the graph G with n vertices and e edges then
it also holds for the new graph (7, constructed by joining any two non-adjacent vertices,

v, and v,, by an edge. Therefore

d,+ds <e. (13)
G4 has n vertices and e + 1 edges with degree sequence di,ds, ...,d,. Therefore
d=d.+1,dy=d;+1,and d; =d;, i =1,2,...,n;i#r,s.
We have

&= S B +2d+dy+1)

1 =1

< ele+1)+2(e+1), by (13)

n n

(2

= (e+1)(e+2).

Therefore (12) holds for graph G;. Also for the star graph S;,—; of order n, the
equality in (12) holds. The inequality in (12) also holds for the graph constructed by
adding an isolated vertex to the graph G. Any graph G can be constructed by starting
with the star graph S 4 (di, the highest degree) and making required constructions
(addition of edges and vertices) at each step of which (12) holds true. Hence the theorem
is proved for any graph G.

Theorem 3.8. Let G be a connected graph with n vertices and e edges. Then
> d? < 2en —n(n—1)d, + 2e(d, — 1), (14)
i=1
where d,, is the lowest degree. Moreover, the equality holds if and only if G is a star graph

or a regular graph.
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Proof. We have > | d? = 37, d;m;, where m; is the average degree of the adjacent
vertices of the vertex v; € V.

We have d;m; < 2e —d; — (n—d; — 1)d,, and the equality holds if and only if d; = n—1
or vertex v; is not adjacent to the d,, degree vertices. Using this result, we get

i=1 i=1
= 2en —n(n —1)d, + 2e(d, —1).

Suppose now that equality in (14) holds. Then either d; = n — 1 or d; = d,,, for all
v; € V, vv; ¢ E, which implies that either (a) G is a star graph or (b) G is a regular
graph.

Conversely, it is easy to verify that equality in (14) holds for a star graph or a regular

graph.

Theorem 3.9 Let G be a graph with n vertices and e edges. Then

2e
n_

de (n+1)
n—l_le_md1+(n_1) : (15)

where d; is the highest degree and m; is the average degree of the vertices adjacent to the

highest degree vertex. Moreover, equality in (15) holds if and only if G is a star graph or

a complete graph or a graph of isolated vertices.

Proof. Let v; be the highest—degree vertex of degree d;. Two cases are: (i) d; =n—1,

(i) dy < n — 1.

Case (i): dy =n — 1.

In this case m; = 2= The inequality (15) reduces to
- 2
dege[ ‘ —i—n—Q}, (16)
i=1 n—1

which is true by (5).
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Case (ii): d; <n — 1.
In this case all the vertices those are not adjacent to the vertex v, are adjacent to the
vertex v;. Denote the new graph by G;. Also let d;, i = 1,2,...,n be the degrees of Gj.
By Lemma 3.4 on Gy,

2(e+n—d1—1)
n—1

?S(e%—n—dl—l)[

N
Il
i

—I—n—2]. (17)

Now, ZE? —de =n—-1)?—d?+22e—dmy —di] +(n—d; —1),
=1 =1
) “ 4e n—+1
ie., de Se[n_ +n—2} —dy ln—l —2m1—En_1;d1+(n—1)].

s
Il
i

Suppose that equality in (15) holds. Then the equality holds in either (16) or (17).
Using Theorem 3.5 we conclude that G is either a star graph or a complete graph if the
equality holds in (16). Since the graph G is connected, using Theorem 3.5, GG; is a star
graph or a complete graph if the equality holds in (17). Since d; < n — 1, G is a graph
of isolated vertices if the equality holds in (17). Hence G is a star graph or a complete
graph or a graph of isolated vertices.

Conversely, it is easy to verify that equality in (15) holds for a star graph, a complete

graph, and a graph of isolated vertices.

Corollary 3.10 Let G be a graph with n vertices and e edges. Then

dege[

=1

2e
n_

Moreover, equality holds if and only if G is a complete graph or a graph of isolated

vertices.

Remark. In the case of trees, the upper bound (15) is always better than D. Caen’s

bound, but it is not always so for any graph.
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4. LAPLACIAN EIGENVALUE WITH DEGREE SEQUENCE

Let A(G) be the adjacency matrix of G and let D(G) be the diagonal matrix of vertex
degrees. The Laplacian matrix of G is L(G) = D(G) — A(G). Clearly, L(G) is a real
symmetric matrix. From this fact and Gersgorin’s theorem, it follows that its eigenvalues
are non-negative real numbers. Moreover, since its rows sum to 0, 0 is the smallest

eigenvalue of L(G). The spectrum of G is
S(G) = (M(G), Xa(G), ..., \(G)),

where A (G) > X\a(G) > ... > A\, (G) = 0 are the eigenvalues of L(G) arranged in non-

increasing order.

We have
i=1 i#j
i=1 i#j
Since

from the above two relations follows,

n n

S-S =23 did — 23 NN

i=1 i=1 i#j i#j
From matrix theory is known that the sum of the product of two eigenvalues of L(G)
is given by 3, MiAj = 3,45 didy — e.

Therefore

SN =D d 4 2e,
i=1 i=1

that is,

n

SN =Y dild+1) .

n
i=1 i=1
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Lemma 4.1. Let G be a graph. If we remove an edge v;v; then the maximum possible
drop in eigenvalue A\ of L(G) is di+d}:’+2

S, where d; and d; are the degrees of the vertices

v; and v; , respectively.

Proof. We have

nz—:l M= zn: dz + 2e .
Also we know that if we removel;il edge Zf;(l)m the graph then the Laplacian eigenvalues
of the graph are non-increasing.
Let A), be the drop of the k-th eigenvalue A\ of L(G). Then, S71( A\ — AN)? =
Shoy di —2(d; + dj) + 2e.

From these two results, we get

n—1 n—1
DAY (e — AN =2(d; + dy),
k=1 k=1

n—1

n—1

k=1 k=1
n—1

e, Y NN <di+dj+2, by i (AN)? < 4,
k=1

. .19
i.e., A)\k < m,

k=1,2,...,(n—1).
k

Example 4.2. Consider a graph G depicted in the Fig. 1.

K,® . °

Fig. 1

In G, v; and v; are two adjacent vertices connected by edges to one vertex each of

the two complete graphs of order p. Therefore the highest degree of G is p. If we remove
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an edge v;v; then using Lemma 4.1 the largest eigenvalue can drop by a maximum of A%,

where \; is the largest eigenvalue of G. Therefore

E
A’
. / 6
e, A =M-—-AN 2)\1_)\77

1

AN <

6 /
ie, p+1 2)\1—)\—1, (since A\ = p+1),

+ 1) ++/(p+1)2+24
e AIS(p )+ (p+1) |

2

which is an upper bound for A\; of the graph GG. Also this bound gives a better result than
the other bounds (Section 1, [3]) for p > 4.

Lemma 4.3. [10] If G is a simple connected graph, then

)\I(G) < dn‘f‘ ; + \J (dn - 1>2+idi<di _dn) :

Equality holds if and only if G is a star graph [see [1], p. 283] or a regular bipartite graph.

In [7] is shown that for a connected graph G with n > 1, A\ > d; + 1. Moreover,
equality holds if and only if d; =n — 1.

Theorem 4.4. Let GG be a simple connected graph with n vertices and e edges. Then

n

M od? > (dy — dp)? + di + dn(2e — dy), (18)

=1

Euality in (18) holds if and only if G is a star graph.

Proof. We have A\{(G) > d; + 1, where d; is the highest degree of G. From Lemma
4.3 and using this result, we get
d? > (dy — dp)* + dy + d,(2e — d,,) .

1

2
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Moreover, we can easily determine that the equality holds in (18) if and only if G is a

star graph.

5. APPLICATION

Let ¢(G) denote the number of triangles in G. It was first observed by Goodman [4]
that ¢(G) + t(G), where G¢ denotes the complement of G, is determined by the degree
sequence:

(n—1).,
2 P+ 24

HE) +1(G%) = = 3 [di - (19)

2 v, EV

Goodman [5] raised the question of finding a best possible upper bound of the form
t(G)+t(G°) < B(n,e), and he conjectured an expression for B(n,e). This conjecture was
proved recently by Olpp [8]. Moreover, the expression of B(n,e) is rather complicated.
We remark that two lower bounds and the four upper bounds on ¢(G) + t(G¢) follows
from (3), (4) and (12), (14), (15), (17), respectively.
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