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Abstract. The Gumbel distribution also called the extreme value distribution has re-
cently been generalized. Some relationships between this generalized distribution and other
distributions are established in this paper.

1. INTRODUCTION

The probability density function of the Gumbel random variable also called the

extreme value density is given as
fx)=e¢ezp—e®, —o0 < z < o0. (1.1)
The corresponding characteristic function is given as
Q. (t) =T'(1 —it). (1.2)

This distribution has been generalized for the first time in a recent paper (Ojo [2]).

The generalized version of the distribution is given as

1
g(y) = =——e Pexp—e?, —o0 < y < o0 (1.3)

['(p)
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where p > 0 is the shape parameter; and its characteristic function is given as
['(p—it)

L(p)
In this paper, relationships between this generalized distribution and some commonly

Oy (t) = (1.4)

encountered statistical disrtributions are established.

2. CHARACTERIZATION THEOREMS

In what follows we prove some theorems that relate the generalized Gumbel dis-

tribution to other distributions.

Theorem 2.1. Let X be a continuously distributed random variable with density
function f(x) with Pr(X > 0) = 1. Then the random variable Y = —log X has the

generalized Gumbel distribution if and only if X has the gamma distribution.

Proof. Suppose X has the gamma density with parameter p. The characteristic

function of Y = —log X is given as
» 1 oo ['(p—it)
Pv(t) = BE(X zt:_/ xpzt lewdl‘:i

vlE) = B '(p) Jo I'(p)

which is the characteristic function of the generalized Gumbel distribution. Con-

versely, suppose —log X has the generalized Gumbel distribution, then

- I'(p—t
E(szt) — (p [ )
[(p)
That is
© I'(p—it)
Tfla)dr = ——— 2.1
f et = = (2.1)
Obviously, the unique function f(x) satisfying (2.1) is given as
1
flx) = —aP'e ™, x>0.

'(p)
Before we state and prove the next theorem, we re-introduce the generalized logistic

distribution for the purpose of this paper. The random variable X has been said to
have the generalized logistic distribution if its density function is defined as

~ Tlp+q) eP?
90 = T [+ e

— 0 <Tr<o
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where p and q are the shape parameters. The corresponding characteristic function
is given as
Dp+it) T'(qg—1t
s — Dot it) Dl —in
I'(p) - T'(q)
This distribution has been earlier on considered by George & Ojo [1].

Theorem 2.2. Let X; and X, be independent random wvariables with a com-
mon density. Then the random wvariable Y = X, — X5 has the generalized logistic
distribution with parameters p and q if X1 and X5 each has the generalized Gumbel

distribution.

Proof. Suppose X; and X, are independent with density function

h1($1) =

e ®lexp —e ™, —oo <1 <00

I'(q)
and

ho(zs) = e PPexp —e ™, — 00 < X9 < 00.

I'(p)
Then the charateristic function of X; — X, is given as
(g —it)T(p + it)

q)X17X2 (t) = @Xl (t) : (I)Xz(_t) = F(q) . F(p)

by equation (1.4).
Since this is the characteristic function of the generalized logistic random variable,

the theorem is proved.

Theorem 2.3. Let Xq,..., Xo,_1 be a random sample of size 2n — 1 from the
logistic population. Let U and V' be continuously distributed independent random
variables. Then

L

X(n) U-V

if U and V' each has the generalised Gumbel distribution with parameter n, where

Xn) denotes the logistic sample median and L denotes “equality in distribution”.

Proof. The density function of X(,), the logistic sample median of a sample of
size 2n — 1 is given by

O U@y - P @)

Gn (SU)
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T o Tew) e
= T T Ty T TS

The characteristic function of this distribution is readily obtained as

['(n+it)-T'(n —it)

) = T r

Since the characteristic function of U-V is

C(n—it) T(n+it)
B O R

the theorem is proved.

Theorem 2.4. Let X and X5 be independent and identically distributed random
variables and let F(2q,2p) denote an f-random variable with (2q,2p) degrees of free-
dom. Then Xo— X % — log %F(2q, 2p) if X1 and Xo each has the generalized Gumbel

distribution with parameters p and q, respectively.

Proof. The probability density function of an f-random variable with (2¢,2p)

degrees of freedom is given as

fw) = go— (G

W , w>0
B(p,q) 'p" (1+ L2)rta

and the characteristic function of — log %F(2q, 2p) is given as

1 q.. . 00 wqfitfl
®,(t) = )4 ’t/ —— __d
0 = soa 0 [ w

(p,a) p 14 L2)pta
1 ! p—it—1 —u q—it—1 U
- B(p,q)/o ! (1=w I
_ Blp+it,g—it) _ T(p+it)(q —it)
B(p,q) I'(p) - T'(q)

Since this is the characteristic function of Xy, — X, the theorem is proved.

Theorem 2.5. Let X and Xy be independently and identically distributed random

variables and let U be a beta (p,q) random variable. Then

U
X; — Xy £ log(——
1 2 Og(l—U)
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if X1 and X5 each has the generalized Gumbel distribution with parameters p and q.

Proof. If U is a beta (p, ¢) random variable the characteristic function of log %

is given by
U it 1 ) )
o) = E(i—p) = B(; q)/o Uritl (1 — Uity
 Bp+it.g—it)  T(p+it)T(g—it)
Bp,g9) T T(g)

which is the characteristic function of X; — X5 if X; and X, each has the generalized

Gumbel distribution.

Theorem 2.6. Let X1, Xo, ..., X,, 1 be independently distributed random variables
each with density function

in k
fr(x) = i I, -0 <z < oo, k=1,..,n-1
X

and 21, za, ... be independent double exponential random variables with density function

1
f(z) = 56"”, — 00 < 2z < 00,

X1, Xo, .., X, 1 and z, 29, ... being independent. Let U and V' be independently and

tdentically distributed random variables with characteristic function ¢. Then
I n—1 00
Uu-v = Z X+ Z Z;
k=1 j=0
if U and V' each has the generalized Gumbel distribution with parameter n.

Proof. If U and V are independent the characteristic function of U — V' is given

* ['(n —it)['(n + it)

(C(n))?

¢(t) = ¢n(t)¢v(_t) =

this can be expressed as

00 t2 B
o(t) = H(1+ﬁ) '
k=n
(George and Ojo [1]). This can further be written as
t2 L n—1 t2
o(t) = 1—[1(1+j_2)_ 'kHl(1+ﬁ)- (2.2)
]: =
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Now [T52, (1 + ;—Z)*l is the characteristic function of an infinite sum of double expo-
nential random variables.

Furthermore it can easily be shown by direct inversion of characteristic function
that the density function corresponding to the characteristic function 1 + ;—22 is given
as

sin kx

fr(z) = , —oo <z < oo.
i

The theorem then follows by equation (2.2). We give a corollary to this theorem

Corollary 2.6. Under the same condition as in Theorem 2.6, if X1; and Xo; are
exponentially distributed random variables with density function f; = je 7%, x>0,
then - .

U-v & kZle + 3 (X — X))

Jj=1

Proof. The corollary follows since it is known that

Z; £ (Xij — Xo).
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