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SCHUR GEOMETRIC CONVEXITY OF GNAN MEAN
FOR TWO VARIABLES

K. M. Nagaraja and Sudhir Kumar Sahu

ABSTRACT. In this paper, the Schur geometric convexity of the Gnan mean
and its dual form in two variables are discussed.

1. Introduction

For positive numbers a, b, let

blnb—alna

7_1 b.
(1.1) I=1ab) =" bv-a S
a, a=1b;
a—>b
(1.2) L=L(a,b)=< Ina—Inb’ a? b
a, a=1b;
(1.3) H = H(a,b) = %\/@H}.

These are respectively called the Identric, Logarithmic and Heronian means.

In [5,19,20], V. Lokesha et al. studied extensively and obtained some remark-
able results on the weighted Heron mean, the weighted Heron dual mean and the
weighted product type means and their monotonicity.

In [17,18], Zhang et al. gave the generalizations of Heron mean, similar product
type means and their dual forms.
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40 K. M. NAGARAJA AND SUDHIR KUMAR SAHU

For two variables, the above means as follows:
(1.4)

1 k 1
(k+1—1i)a+idb . (k—i)a+1idb =
Ia,bk) H<k+1> e =T ()T

i=1 i=0

=

and

k
(1.5) H(a,b; k) Z
=0

+l—i
%7 a b; k E a k+1 bk+1

where k is a natural number. Authors proved that H(a,b; k) and I*(a,b;k) are
monotone decreasing functions, h(a,b;k) and I(a,b;k) are monotone increasing
functions for any natural £ and also established the following limitations:

kgrfoo I(a,b;k) = hrﬁx}] (a,b;k) = I(a,b),
and

kkrilooH(a b k) = kkrfoo h(a,b; k) = L(a,b).

In [2,4], the authors introduced the Gnan mean and its dual form for two
variables. Also introduced the Gnan mean and its dual form for n variables. They
obtained some interesting properties, monotonic results and its limitations. The
definitions of Gnan mean and its dual form are given in next section. The Schur
convex function was introduced by I. Schur, in 1923. It has many important ap-
plications in analytic inequalities. In 2003 X.M. Zhang propose the concept of
”Schur-harmonically convex function” which is an extension of ”Schur-convexity
function”. The detailed discussion on convexity and Schur-convexity can be found
n [1]- [12].

2. Definitions and lemmas

In this section, we recall the definitions and lemmas which are essential to
develop this paper.

DEFINITION 2.1 ( [2]). Let @ > 0 and b > 0, and k be a non-negative integer,
a, B two real numbers. The Gnan mean G(a, b; k, o, §) and its dual g(a, b; k, o, 8)
are forming as shown below:

8%
1 k+1—za + 0™\ @
Gla,bik, o B) = [kz k+1 ) ] :

i=1

k
1 (kt1-0)8  ip
(2.1) G(av b; k,(),ﬁ) = |]<5 E a FFT bFil

=1

((kJrli)a“Jrib“)kl“

<.

G(a,b;k,a,0) = P

=

=1

G(a,b; k,0,0) = Vab;



SCHUR GEOMETRIC CONVEXITY OF GNAN MEAN FOR TWO VARIABLES 41

and
1 & (ke v\ A
—i)a*+1 o
g(a, bk, o, B) = k+12<k> ] )
i=0
1
1 Foens s |
(22) g(aabvkaoaﬂ) = m Za’ FobE )
i=0
b ( (k= i)a® + ib | TF0m
glabik a0 =T[ (F—5——) .
i=0

g(a,b;k,0,0) = Vab.

DEFINITION 2.2. ( [6], [14]) Let z = (z1, 22, ...,xn) and y = (y1,¥y2, ..., Yn) be
arbitrary elements in R". Then:

(1) « is majorized by y (in symbol z < y) if

S < iy and Y ap < 0y,

where x[y) >, ..., 2 x[,) and yp1) 2, ..., = yp,) are rearrangements of x and
y in descending order.

(2) x >y means z; > y; for all i =1,2,....n.
Let © C R™(n > 2). The function ¢ :  — R is said to be decreasing if
and only if —¢ is increasing.

(3) @ C R" is called a convex set if (axy + Byi, ..., ez, + Byn) for every
x, y € Q where o, 8 € [0,1] with o+ 5 = 1.

(4) Let @ C R"™ the function ¢ : @ — R be said to be a Schur-convex
function on Q if x < y on Q implies p(z) < ©(y). ¢ is said to be a
Schur-concave function on {2 if and only if —¢ is Schur-convex.

DEFINITION 2.3. ( [16]) Let © = (z1,%2,...,2,) and y = (y1,%2,...,Yn) be
arbitrary elements in R{. Then for Q (C R") is called harmonically convex set
if (a:?yf,....,x‘fyf)e Q for all z, y € Q where o, € [0,1] with o+ 5 = 1. For
Q C R, the function ¢ : & — R, is said to be Schur-harmonically convex
function on Q if (Inxq,...,In,) < (Iny1, ..., Iny,) on Q implies p(z) < @(y). ¢ is
said to be a Schur-harmonically concave function on € if and only if —¢ is Schur-
harmonically convex.

DEFINITION 2.4. ( [6], [14]) For @ C R" is called symmetric set if z € 2
implies Px € ) for every n X n matrix permutation P. A function ¢ :  — R is
called symmetric if for every matrix permutation P, holds ¢(Pz) = p(z) for all
x e

DEFINITION 2.5. ( [6], [14]) For Q C R" if a function ¢ : Q — R is symmetric
and convex function, then ¢ is called Schur-convex function on €.

LEMMA 2.1 ( [16]). Let Q C R"™ be a symmetric set with non empty interior
geometrically convex set and let o : Q@ — Ry be continuous on Q and differentiable
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in Q0. If v is symmetric on Q and

dyp

dyp
. — — =) > 0(<0).
(2.3) (Inzq — lnxs) (331 P T 8952) 0(<0)

holds for any © = (x1,%9,...,1,) € Q°, then ¢ is a Schur-geometrically convex
(Schur-geometrically concave) function.
LEMMA 2.2 ( [13]). Leta < b and u(t) =ta+ (1 — )b, v(t) =tb+ (1 —1t)a,

1<ty <t1 <1 or 0Kt <ta <L then

(a+b)
2

(2.4) =< (u(t2),v(t2)) < (u(t1),v(t1)).

3. Main Results

In this section the Schur-geometric convexity of Gnan mean for two variables
are established by the method of grouping the terms.

THEOREM 3.1. Let a > b > 0 be arbitrary elements, k be a non-negative integer
and «, B be two real numbers. Then:

(1) The Gnan mean G(a,b,k;«, ) is Schur-geometric convex by a and b if
a>0andp >0.

(2) The Gnan mean G(a,b, k;, B) is Schur-geometric concave by a and b if
a<0and (B <0.

PRrROOF. Proof of (1).
Case (i). Put a # 8 #0, « > 0, ¢t > 0 and a > b. We have the Gnan mean

k . L B1F
B _ |11 (k+1—i)a*+ib>\ =
(3.1) G—G(a,b,k,a,ﬁ)—[k;< el ) ]

Let us take log on both sides and differentiate partially with respect to a and
multiply by a. Then we have

(3.2)
o =G Y (e
8@ k ((k+17i)aa+iba)5 i—1 k+1 k+1

Yici \ T ET
Similarly we have
oG 1 E ke — it s\
a1 o
AT : Z( k+1 ) L

b k k+1—i)a®+ib> \ @ ;_
Ei:l(( k-)&-l ) =t
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Then
oG | 0G

(Ina — Inb) (aaa - b(’?b) =
(34) k N o e s e’ el

(lna_lnb)GI*BZ (k+1—d)a*+ib*\* (E+1—1d)a*—ib

k P k+1 (k+1—14)a> +ib> "
ie.
(3.5) (ina — Inb) (a%f - ba@f) = [A][©]
where
A~ (Ina — Inb) G158
k

and

k ((k+1—i)aa+iba>3 (k+1—i)a® — ib®
0=> , .
— k+1 (k4+1—14)a™ +ib

For k = 1 we have
B

o b\ @ g% — p™
@z(a; ) Za+ba=(coshat)§tanhat

where a = ¢! and b = e~*. Then for all o,t > 0 and a > b, we have

oG 0G
(3.6) (Ina — Inb) (aﬁa - (%) = [A][©] > 0.
For k = 2 we have
8

6_(2aa+b°‘)§2aa—b"‘ (a“+2ba)"a“—2ba

3 2a% + b 3 a® + 2b%
i.e.
1 B _ B _
o= (3) [(2aa +1°)5 7 (20% = b) + (a® +26%) 7 (a® — 2b“>] >0
if it is

5_1

2a% +b%\ @ " 2a% — b™ o1
a® + 2be 2be — o '

It is easy to prove that

2a% + b 2a® — b*
—>1 d ——— >1.
a® + 2b> at 2 — a®

Then for all a,t > 0 and a > b we have

(3.7 (ina — Inb) (a(gf - b%f) = [A][©] > 0.

43
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For k = 3 we have
8

5
3a® + 0%\ * 3a™ — b 8 8 a® +3b%\ * a™ — 3b”

= 4a h at)« tanh at
(C) ( 1 ) 3aa+b“+ (coshat)= tanh o +< 1 > W 30

where a = e and b = e~*. Thus
8

o= <D " Ba +67)5 7 (Ba% = b) + (a7 +36%) < (0 - 367)| +

4% (cosh at) & tanh ot > 0,

if it is
g1
3a*+ b\~ " 3a® —b* o1
a® + 3be 3b* — o '
It is easy to prove that
3a® + b* 3a® —b*
—>1 d —— > 1.
a® 4 3b% - M Zpa _ga ~
Then for all a,t > 0 and a > b we have
0G oG
. — — —b— | =[A .
(3.8) (Ina — Inb) (a %a b (%) [A][©] >0

From above arguments we have two generalized cases as follows:

(a) When k is an even, on expanding the summation leads to even number of
terms. Further, grouping the first and k' term second and (k — 1)** and so on,
then we reached the required conclusion by proving as explained for k& = 2.

(b) When k is an odd, on expanding the summation leads to odd number of
terms. Further, grouping the first and k** term, second and (k — 1)** and middle
term is (cosh at)g tanh at, then we reached the required conclusion by proving as
explained for £k =1 and k£ = 3.

Case (ii). For all a =0, 8 > 0, t > 0 and a > b we have the Gnan mean:

‘ T
(3.9) G = G(a,b;k,0,8) = l,ﬁ Z akﬁfﬂbwl .
Then
(3.10)
8G 8G . (lna — lnb) 1-8 k Ic;i—l;iﬁ ﬁf} .
i.e.

(3.11) (Ina — Inb) <a2§ - aaf) = [A][O],
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where
(Ina — Inb) ki s
A:7mﬁjim% and © = Zk%f%ﬁﬂw+ynn
We want to prove
oG oG
(3.12) (Ina — Inb) ( D0 b8b> [A][©] > 0.
For k=1
0 =0;
for k=2
6= (a§b§> (ag — b§> > 0;
for k=3
0= (a%bg) (ag —bg) > 0;
for k=4
O = (3a§b€) (a¥ — b¥) + (a¥b20ﬁ) (ao —bé) > 0;
for k=5 )

0= (4a
holds for all g > 0.

olw
S
olw
N—
/N
IS
ol
|
S
w‘g

From above arguments we have the following generalization.

When k=1, © = 0. For k = 2,3 after grouping © contains only one term. For
k = 4,5 after grouping © contains two terms. Grouping in general for all integral
values k, 8 > 0 leads to the value of ® > 0. Hence, the following conclusion is
proved
oG oG

(3.13) (lna—lnb)( e bab> [A][6] > 0.

Case (iii). For all « >0, =0, ¢ > 0 and a > b we have the Gnan mean

1 @\ 7e
(3.14) G = Gla,b; k, a,0) = [I(k+ kii*”b>

equivalent to

o ka® + b\ [ (k — 1)a® + 26\ %=
S\ k+1 k+1 '”

(3.15) R N
2a% + (k — 1)b\ 5= [ a® + kb *=
k+1 k+1 '
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Then by grouping first and last term, second and second from the last and so on,
it leads to:

oG | 0G )

(Ina — Inbd) < ap = b%

(Ina — Inb) {’; + 2<’fk— D, 3(kk— 2) , 4(/~:k— 3) . ] (azax_bza>

(3.16)

where
x; = ((k—4)a™+ (i + 1)) (G + 1)a* + (k—i)b*) > 0.
For all integral values of i =0,1,2,...., (k — 1) holds

oG 0G
(3.17) (Ina — Inb) ( ag bab> >0

for all o > 0.

Case (iv). For all a =0, 5 =0, t > 0 and a > b, we have the Gnan mean

(3.18) G = G(a,b; k,0,0) = Vab.
Then

oG oG
(3.19) (Ina — Inb) < ag— b@b) 0

This completes the proof of (1).
Proof of (2).

Case (i). Foralla # 8 #0, a <0, ¢t > 0 and a > b, we have the Gnan mean

k N o o g %
(3.20) G =G(a,b;k,a, ) = [llcz<(k+1k—z:(i + b ) ]

i=1

Taking log on both sides and differentiate partially with respect to a and multiply
by a gives

(3.21)
B
96 _ o 1 ﬁZ((k+1—i)a°‘+iba>“_lk+1—iaa.
Y00 ko (k+l—i)ac+ibe\ @ =3 k+1 k+1
Sl ()
Similarly
k -1
oG 1 (k+1—1i)a™ +id™ i
22) b— o
(3:22) by =€ ﬁ§:< k+1 ) P

ab thzl ((k‘Jrlfi)anrib(")E i=1

k+1
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Then
oG oG
Ina — Inb — —b— | =
(Ina = inb) ( da 8b)
(3.23) 8 ) .
(lna Inb) G- ﬂz (k+1—d)a*+ib*\* (k+1—1i)a* — ib*
E+1 (k4+1—1i)a™ +ib>
oG oG
(3.24) (Ina — Inb) ( Da bab) [A][©]
where
A (Ina — Inb) 18
k
and 5
@_zk: (k+1—=0a*+d*\* (k+1—1d)a*—ib*
_i=1 k+1 (k+1—1)a>+ib>’
For k=1
b a® — ho
(a i ) = (cosh ozt)g tanh at
a® + be
where a = e and b = e~*. Then for all « < 0,+ >0 and a > b
oG oG
(3.25) (Ina — Inb) ( D0 b(’?b) [A][©] < 0.
For k=2
8 8
2a® +b*\ © 2a* — b* a® + 2b*\ « a® — 2b*
0= + .
3 2a% + b> 3 a® + 2b>
Then
1 B
« 8 8
= <3) [@a +5%)5 7 (20 = b) + (% + 26%) 2 " (a* — Qba)} <0,
if it is
51
2a* +b*\ >~ 2a%* — b* <1
a® + 2b> 2 — a® '
It is easy to prove that
2a* + b“ 2a% — b®
pronTr >1 and oha — g < 1.
Then for all « < 0, ¢ > 0 and a > b we have
oG oG
2 — —-— A )
(3.26) (Ina — Inbd) ( D0 —b 6b) [A][©] <0
For k=3
3a® +b*\ * 3a* — b* B 8 a® 4 3b* ‘*a — 3
= + 4« h at)« tanh at
0= ( 1 ) Ba g b AT (coshat) anO”L( 1 > a® 1 3b°
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where a = et and b = e~*. Then

o= <i) : [(3a% +b%) =™ (3% — b%) + (a* +36") =" (a® — 36%)] +

4§(cosh ozt)g tanh ot < 0,
if it is
5_1
3a*+ b\« " 3a® —b* <1
a® 4 3b> 3b* — a '
It is easy to prove that
3a* + b“ 3a® — b®
—>1 d ——— < 1.
a® 4 3b% > o 3b% — a® <
Then for all @ < 0,¢ > 0 and a > b we have
oG oG

From above arguments we have two generalized cases as follows:

(a)When k is an even, on expanding the summation leads to even number of
terms. Further, grouping the first and k* term, second and (k — 1)** and so on,
then we reached the required conclusion by proving as explained for k = 2.

(b)When k£ is an odd, on expanding the summation leads to odd number of
terms. Further, grouping the first and k" term, second and (k — 1)** and middle

term is (cosh at)g tanh at, then we reached the required conclusion by proving as
explained for £ =1 and k = 3.

Case (ii). Foralla =0, 8 <0, ¢t > 0 and a > b, we have the Gnan mean

e
(3.28) G = G(a,b;k,0,8) = l; ;akﬁflﬂbkilﬁ] :
Then
(3.29)
9G 0G\ _ (lna—1Inb) 1 5[\~ wrrig o og .

(lna—lnb)(aaa—bab)— KT 1) G ;a T PhETP (k41 — 24)

ie.
oG oG
where
- (lnaflnb) 1-8 o k A-,;:l;iﬁ ﬁﬁ Y
Afik(kH)G and © = ;a T AP (k41— 20)] .
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We need to prove

(3.31) (Ina — Inb) (d;f _ b%f) _(al[e] <o0.
For & = 1
0 =0;

for k = 2

0 = (a8 (a 14) <0
for k = 3

0= (a%ﬁ) (a§ —b§> <0
For & — 4

0 = (3a50%) (a¥ —b%) + (a¥0¥) (¥ —1%) <0,

for k = 5

0 = (4a5p%) (o =% ) +2(af05) (aF —07) <0
holds for all g < 0.
From above arguments we have the following generalization.
When k =1,0 = 0. For k = 2,3 after grouping © contains only one term. For
k = 4,5 after grouping © contains two terms. Grouping in general for all integral

values k > 0, 8 < 0 leads to the value of ©® < 0. Hence, the following conclusion is
proved:

(3.32) (ina — Inb) (a - b) = [A][O] < 0.

Case (iii). For all & < 0, 8 =0, t > 0 and a > b we have the Gnan mean

k . . 1
B ) B (k+1—1i)a™+ib>\ F
(3.33) G = G(a,b;k,a,0) = 1;[1 < |

equivalent to

o (kat+be o [ (k—1)a® + 26\ F
S\ k+1 k+1 -

(3.34) N N
20 + (k — 1)b*\ *= [ a® + kb @
k+1 k+1 ’
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Then by grouping first and last term, second and second from the last and so on
leads to

oG oG
(3.35) ko 20k—1) 3(k—2)  4(k—23) a2 — p2e
o[£ 2D D ) (a0
where

x; = ((k—=14)a*+ (i + 1)b%) (G + 1)a™ + (k —i)b*) 0.
For all integral values of i = 0,1,2,....,(k — 1)

oG 8G> <0

(3.36) (Ina — Inb) (aﬁa - b%

holds for all o < 0.

Case (iv). Foralla =0, 8 =0, ¢t > 0 and a > b we have the Gnan mean

(3.37) G = G(a,b; k,0,0) = Vab.
Then
oG | 0G
This completes the proof of (2). O

THEOREM 3.2. Let a > b > 0 be arbitrary elements, k be a non-negative integer
and a, B two real numbers. Then:

(1) The dual Gnan mean g(a,b, k; o, B) is Schur-geometric convex by a and b
ifa, 8> 0.
(2) The dual Gnan mean g(a,b, k; o, 8) is Schur-geometric concave by a and
bif a,B <0.
ProoOF. Proof of (1).
Case (i). For all o, $ <0, t > 0 and a > b we have the Gnan mean

B

1 i (k —i)a® +ib>\ = |
k1 k

=0

(339) g:g(aab;kaaaﬂ) =

Taking log on both sides and differentiate partially with respect to a and multiply
by a gives

(3.40)

g 1 E k=i i\ ki,
“a =7 2 k P
k k—i)a®+ib> \ @
Sl () =0



SCHUR GEOMETRIC CONVEXITY OF GNAN MEAN FOR TWO VARIABLES

Similarly
0 1 ~ —i)a® + ib* a1y
(3.41) e = ( > Ly,
db k (k—i)a>+ib>\ & k
2io (ﬁ)
Then
dg dg
(Ina — Inb) ( ag ~ bab)
(3.42) 5
(lna — Inb) gi-? Z &+ ib*\ @ (k—1)a™ — ib®
(k —i)a® + ib~
ie.
99 ,0g
(3.43) (Iina — Inb) ( ag b@b) [A][©]
where
8
_ (lna—1Inb) | 4 k—i)a® —|—zb°‘ @ (k—1)a™ —ib*
A= g7 ad 0= Z (k—i)a® +ib®

a=e' and b= e~t. Then for all o,t > 0 and a > b we have:
For k=1
O = (a®)= "1 a® + (b*) %~ (=bY) = 2sinh At.

Thus
dg dg
(3.44) (ina — Inb) ( ag ~ b8b> [A][©] > 0.
For k =2
8 B - 5
O =(a")""a" + (a : ) (a ) +(0%) 7 (b =
2 2
2sinh Bt + MP~sinh ot.
Thus
dg dg
(3.45) (Ina — Inb) (a P b8b) [A][©] > 0.

For k = 3 we have

5_1
B8_ 2a% + b\ @ 2a% — b*
0 = (a®)" la® + (“;) <G3>

51
4 2pe\ T fa — 2pe 5_
+ <“+3) <“3) ) S (b,

51
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5_1
2a% + b\ = 2a% — b*
a® 4 2bo 200 — g )

(3.46) (Ina — Inb) (ag(gl — bgg) =[A][©] > 0.

Simplification leads to

Q=

© = 2sinh ft + (;)

Thus

Similarly for £ = 4 we have

3a® + b\ ! (3a% — b
B—a
@ = QSlnhﬂt -+ M smh ot + <4) <W> <3bo‘—aa> .

From above arguments we have two generalized cases as follows:

(a)When % is an even, on expanding the summation leads to odd number of
terms. Further, grouping the first and k" term gives 2sinh 8¢, middle term is
MP~“sinh ot and rest of the terms are grouped as second and (k — 1)** and so on.
Then we reached the required conclusion by proving as explained for k =2,k = 4.

(b)When k is an odd, on expanding the summation leads to even number of
terms. Further, grouping the first and k** term gives 2sinh 3t, second and (k—1)t"
and so on. Then we reached the required conclusion by proving as explained for
k=1and k= 3.

Case (ii). For all a =0, 8 > 0, t > 0 and a > b we have the Gnan mean

K B
(3.47) g=gla,b;k,0,8) = Z ’ﬁbiﬂ] :
i=0
Then
dg g (lna — lnb ul
(3.48)  (Ina —Ind) (aaa b(%) 71606 1 l 2 Bk — 2i)
ie.
dg dg
(3.49) (Ina — Inb) ( ag— bab) [A][O]
where
_ (lna—1Inb) | 4 k )
A = m‘g and @ Z k 22) .

We need to prove

(3.50) (Ina — Inb) ( % - b?i) [A][€] > 0.
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For k=1
©=d -1 >0,
for k=2
0 =2’ -v%) >0;

for k=3

@—3(a5—b5)+(a§b§) (ag—bg) > 0;
for k=4

0 =4(a” —07) +2(afo) (a7 —1%) >0,
for k=5

0 =5(a® —b%) +3 (af%) (¥ —b% ) + (%) (aF —b%) > 0;

for k=6

0= 6((1/3 — bﬁ) +4 (agb%> (a% — b%) +92 (a§b§> (ag _ b?) >0
holds for all g > 0.

From above arguments, we have the following generalization.

When k = 1,2 after grouping © contains only one term. For k = 3,4 after
grouping O contains two terms. For k = 5,6 after grouping © contains three terms.
Grouping in general for all integral values k, 5 > 0 leads to the value of © > 0.
Hence, the following conclusion is proved:

(3.51) (ina — Inb) (ag‘z - bgg) = [A][©] > 0.

Case (iii). For all « >0, =0, ¢ > 0 and a > b we have the Gnan mean

k . . e
k _ @ ba (k+D)a
(3.52) 9=g(a,bik,a,0) =] ((Z)‘;“>

=0

equivalent to
(3.53)
1 1
k—1)a® 4+ b\ & 0= @ 4 (f—1)b>\ TFD=
g= (kaa)<k+11>a <( )Ij * ) <a +(k‘ ) ) (kba)(ﬂlm‘l .

Then by grouping first and last term, second and second from the last and so on

leads to:

dg 09\
(Ina — Inb) (aaa - (%) =
(8:34) k—1 2k-2) 3(k—3) 4(k—4) a2 — p2e
(lna_l”b)[k;Jrl k1 k1 k1 +}< X )
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where

xi = ((k=i)a” + (i + 1)b%) (i + Da® + (k —)b%) > 0
for all integral values of i = 1,2, ....,(k — 1)
(3.55) (Ina — Inb) ( a—G bab> >0

holds for all o« > 0.

Case (iv). For alla =0, 5 =0, t > 0 and a > b we have the Gnan mean

(3.56) G = G(a,b;k,0,0) = Vab.
Then

oG oG
(3.57) (Ina — Inb) (aaa b8b> =

This completes the proof of (1).
Proof of (2).

Case (i). For all o, § < 0,t > 0 and a > b we have the Gnan mean

k . . 81F
1 Z (k—i)a* +ib*\ =
k+1 k

Taking log on both sides and differentiate partially with respect to a and multiply

(358) g:g(aab;k7aaﬁ) -

by a gives
B
g 1 "k —i)a® b\ e k=i
(359)  az-=g BZ<( )k ) —a.
ko (k=Dav+ibe \ & ;50
2i=0 (#)
Similarly
dg 1 b +zb°‘ o i
(3.60) b= =g . Z —b®,
b k (k—i)a>4ib> \ = ;o k
2i=0 (#)
Then
dg dg
Ina — Inb — =)
(Ina = inb) ( da ab)
(3.61) 5
(lna — Inb) gi=? Z &4+ b*\ * (k—1)a™ — b
(k —9)a™ + b
ie.

(3.62) (Ina — Inb) ( % - bZ‘Z) [A][©]
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where

k N e e
A:(lna—lnb)ng and @_Z<(k—z)a +zb>
i=0

Q@

(k —i)a® — ib™
(k —i)a™ + ib>

k k

a=c¢c'" and b = e7?. Then for all « < 0,¢ > 0 and a > b, consider the following
particular values of k we have:

For k=1 . ,
0= (a®)"""a® 4+ (b*)= " (=b™) = 2sinh St.
Thus
99 09\ _
(3.63) (ina — Inb) (aaa - 86) = [A][O] < 0.
For k=2
8 e — 5
O = (a%)" ' 4 (a i > <“ ) + () (b =
2 2
2sinh Bt + MP~sinh ot.
Thus
99 09\ _
(3.64) (ina — Inb) (aaa - (%) = [A][O] < 0.
For k=3

B_1
_ 2a% a\ o 2a% — b
0= (@) ao + (a3+b> <a3b)

81
X420\ @ > — 2p° B_
C(EEY (Y ey

Simplification leads to

5 B8_q
1\ * (20 46\ =" (2a® — b
= 2sinh Bt - —_— — .
© smﬁ+(3> (aa+2ba) (2ba—aa>
Thus
99 9y
. Ina — Inb ——b=)=[A .
(3.65) (Ina n)(aaa 8b> [A][©] <0
Similarly for k& = 4 we have
1\ /3a% +b2\ %" (3% — b°
— 9¢inh MP~%sinh z sem T 2a — U .
() sinh 8t + M5~ sin at—|—(4) <aa—|—3ba> <3b0‘—aa>

From above arguments we have two generalized cases as follows:

(a) When k is an even, on expanding the summation leads to odd number
of terms. Further, grouping the first and k" term gives 2sinh $¢, middle term is
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MP~<sinh ot and rest of the terms are grouped as second and (k — 1)** and so on.
Then we reached the required conclusion by proving as explained for k = 2,k = 4.

(b) When k is an odd, on expanding the summation leads to even number of
terms. Further, grouping the first and k" term gives 2sinh 8¢, and rest of the
terms are grouped as second and (k—1)*" and so on. Then we reached the required
conclusion by proving as explained for k =1 and k£ = 3.

Case (ii). For all « =0, 8 < 0, t > 0 and a > b we have the Gnan mean

K B
(3.66) g=gla,b;k,0,8) = Z ’ﬁbiﬂ] :
i=0
Then
dyg dg (lna — an k koig ig
. Ina — Inb = b= | = bx"(k —2
(3.67) (Ina n)(aaa 8b) CESY ; ; i)
i.e.
dg dg\ _
(3.68) (Ina — Inb) (aé)a — bab) = [A][O]
where
k
(Ina —1Inb) | 4 k—ig ig
AN=~— 7 = E k —9
A g and © ;q bxP (k — 27)
We need to prove
(3.69) (Ina — Inb) @—b@ =[A][©] <0
. na —Inb) { az %) = .
For k=1
0=d" - <0
For k=2
©=2(a"-b") <0
For k=3 s , ,
© =3 (a” ~07) + (a%07) (a¥ —07) <0
For k=4
©=4(a" —b°) +2 (agbg) (ag —bg) <0
For k=5

For k=6
0 =6(a” —b°) +4 (aéb%) (a% _ b%) P (a§b§> (ag _ bg) -0
holds for all 5 < 0.
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From above arguments we have the following generalization.

When k£ = 1,2 after grouping © contains only one term. For k = 3,4 after
grouping O contains two terms. For k = 5,6 after grouping © contains three terms.
Grouping in general for all integral values k& > 0, 5 < 0 leads to the value of © < 0.
Hence, the following conclusion is proved:

99 9y

(3.70) (ina — Inb) (aaa - b8b> = [A][O] < 0.

Case (iii). For all & < 0, 8 =0, t > 0 and a > b we have the Gnan mean

k . . —Ll
ke — el pe\ GFha
(3.71) s =tatsha.0) =TT (=00

1=0 k

equivalent to
(3.72)

g= (kaa)m <

o Y (Y

Then by grouping first and last term, second and second from the last and so on
leads to

99 99\ _
(Ina — Inb) (a(‘?a - 8[)) =
(3.73) k—1 2(k-2) 3(k-—13) 4(k—4) a2 — p2e
(lna—lnb)[k+l+ 1 + 1 + F 1 —|—} <><i )
where

x; = ((k—1d)a”+ (i + 1)b*) ((i + 1)a® + (k —i)b*) < 0.
For all integral values of i = 1,2, ...., (k — 1)

oG  0G
(3.74) (Ina — Inb) (aaa - b@b) <0

holds for all o < 0.

Case (iv). Foralla =0, 8 =0, ¢t > 0 and a > b we have the Gnan mean

(3.75) G = G(a,b; k,0,0) = Vab.
Then

oG oG
(3.76) (Ina — Inb) (aaa — b[“)b) =0

This completes the proof of (2). O
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