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A REMARK ON CONVOLUTION POLYNOMIALS

L. N. Dordevié, D. R. Dordevié¢ and 7. AL Tlié

ABSTRACT. A family of polynomials {Pi(x),t =0,1,... sm} (m € Ay) of
degree i is a convolution one if satisfies the functional equation

m

(1) Z}—)m—i(m)‘pi(y) = Pm(-"*‘ +3),
i=0

for every =,y € R. The generalization of (1) is the functional equation

T

(2) D Pu—iila,p, g, y) = Fmla,p+ g+ y),
i=0

where Pj r(a,p, ¢; x,y) is polynomial of degree j +k = m in two variables, z
and y, and @, p, ¢ are real parameters. The n-dimensional generalization of

(1) is
(3) Z Pml,.,. Jibn(a\]‘”"" P, ... a-’En)
mi+-Fm,=m

== Pm(u,j"i + ot puiey - +-7»'n)-

1. Introduction
In the paper Convolution Polynomials [1] D. E. Knuth systematized the
known identities regarding convolution polynomials.

The identities involving not only convolution of variables but also convo-
lution of parameters are presented in this paper.

A family of polynomials {Px),i=0,1,... yme} (m € Np) of degree i is
a convolution one if satisfies the functional equation (convolution condition)

™

(1) > Pusi(@) Py) = Pule +y),
i=0
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for every z,y € R.
™ fa )i

; and P, () = —, which are necessary
T m

for further work, satisfy the con volution condition (1).
The generalization of (1) is a functional equation

The polynomials P, (x ), =

m

(2) Z Poiilu, 9,0, 3,9) = Pu(a,p+ ¢, 2 +9),
i=0

where P, (a,p+ ¢,z + y) is the polynomial in one variable of degree m and
P (a,pygy 2, y) is the polynomial in two variables, x and y, of degree m,
and a, p,q are real parameters. The polynomial P, —ii(a,p,q,z,y) can not
be factorized to two polynomials in @ and y, respectively.

The equality (2) is satisfied by two families:

1
(3) {Pm(a,p+ Gr+y) = “7(1’-,”.(&;1)%- ¢ e+ y)} ]
' 1

{Pm,—z',:i(aaf’\rf:m-.?J') = m(—hn—i‘i(ﬂ;?ﬂ,q; 2,9)s

m:(},'l,...,iz[),l,...,m}.

The monic Gauss hypergeometric polynomial (7, (a; p+g; z+y) in variable
(z+y) is defined by Gauss Lypergeometric function £ in the following way:
P+ Dm

(@)m
= (=" (p+ q)m = (—m)_,-(a,):,- ('I: + y)j
(f"’}m. =0 (P + q)j J"

(4a) Gu(asp+ g a+y):=(-1)" Fla,—m;p+ ¢z +y)

*

i.e.

-4 ’ e g T (p + q Hr j)’m—f i
4h Gula;p+q e+ y) = E (=1 +"( )————— Lz + y).
( ) ) =0 ) J (“ + J)m—j ) :

The polynomials G, —i i @; p, ¢; @, y) are monic Appell’s hypergeometric poly-
“nomials in two variables defined by the Appell hypergeometric function Fy

7;1(}))m~é((I}z‘F (

(5a) Gm-il@;psgs,y):=(=1) y(a; —m+ 4,5 p 62, Y)

(_”f)m
" [p)?n*i(q}i e (G');,i-l—k'(_r"n + ?)J(_"J)k "Ejyk
= (] prAtintE e
( ) (”’]m Z Z (1")3(‘1)/@ j'l\.‘ !

1=0 k=0
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ie.,

(5]3) (Jm—i,i(a; P, q;a, y) =

mZ_ Z(_l)m+j+k (7“’ _ "‘) (;’) (p + j)m—i*j(q + k)z'——kmjyk-

i=0 k=0 J (@+ 5+ F)m—j—i

The following recurrence relations for monic hypergeometric polynomials
in one and two variables, necessary for proving the Theorem 1, are given.
Based on Gauss relations [2, pp.3,8]

3 .
(6) [;tF(a t LA+ Lyt L) = Fla+ 1,8;79;t) — Fla, 8;7;1),

aF(a+1,8;7t) — BF(a, B+ 1;4:1) = (o = BYF(a, B;4; 1),

and putting @ = a, # = —m — 1, v = s, Fla,—m; s;t) = (=1)™(@)m/(8)m
Gin(a; 5;t), by elimination of F(a+4 1, —m — 1;5;t), one yields the recurrence
relation

S+ m

(7) Gur(a;858) = tG,(a + 1 s+ 1; 1) — Tm

Gian(@; 85 1).

Starting from the relations for Appell hypergeometric function Fj [2, pp.20-
21]

(8) aFy(a+1,8,857,7 2.0) - BF(a, B+ 1,879,792, 9)
—A'Fy(e, B, 8"+ 17,72, 9) = (= B = B') Pyl B, 837,75 2, ),

iz
£EJF’Q((U + 1,5+ l,ﬂ";“f e 1,7’;-’1’,'9')
")l

314 _ ;
+ %Fz(d + 1,3, 8+ ;9,9 + L 2,)

= Bla+ LA, 057y 2,9) = Ba(o, B, 859,75 2,9),

by eliminating Fy(« + 1,3,8% 7,75 2,y), and by setting « = a, # = —m —
1+?’1 ﬁ’:—i,‘Y:P,'Y’:Gﬂ

| )m {p)m—i(q)«j

G i\ 05 B B3 4= (= ——((L)—Fz(a, —m 41, —i;p, ¢; 2, 9),
m
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therecurrencerelation for monic Appell hypergeometric polynomials (414 i
(a; p,q;z,y) of degree m + 1 as a sum of degrees of variables and y

o o4+ 1 —
(9) (Jm_|.1ﬂ.§,n;(ﬂ.;p,q;ﬂ?,‘,U) ﬁr(’m ~iile+ 1; p+ 1l qx 79)
m“j‘i](vmﬂ imt(a+ 1m0+ L2,y)

(m-b—l—s (p+m—1)
(m+ 1)(a+m)
g+i-1)

- o —i,0— y P, g T, Y ).
’m-l—l(a-l—m) +1-0,i-1(6 P, 452, Y)

Now, by replacing (3) in (2), one obtains the following

|
Cloisiglas s 58 1)
Theorem 1. Let a,p,q be real numbers (a,p,q > 0) and m € Ny. Then

m TT?‘ , )
(10) Z ( : )(:m_,-‘;(a; pgie,y) = Gula;p+ ¢z +y).
i=0

Proof. We implement again the mathematical induction. Using (4b) and
(5b) one can prove (10) by simple testing for m = 1,2,3. Suppose (10) holds
for k = m, Then we prove le.i, (10) holds for & = m + 1, i.e.,

m+1

m+ 1
(11) Z ( i )(’m+1—P ?(("’ Daogs i, J) - (’m+1(ﬂ* P+ I‘-|—J)

1i=0

Starting from the recurrence relation (9), the left-hand size of (11) becomes

41
(12) > (™) [T'L“?nlf’ﬂrﬁ'n._?.s(a + Lp+ Lga,y)
i=0

1-9)(p+m
+ 7,L+1y(7m+1—rr l("‘+ Lip, g+ 1, J) %;&%ﬁ)—i)

1 i _1 i
X Gop—iil@ip gz, y) — (.,—,:(%)“(77:1-%]—1'&—1 (a;p, ¢; T,TJ)]

m

(m) I:L(Tm walttk 15 B4 1 i, y)_ (7;1':2;]?} (','m_i',-(a;p,q;m,y)]
i=0
41
+Z " I:J'(’m—l—]—za 1((1.+l Paf]‘f'l J’"y)

g+i—1)
o ((Ir'l:m ("m+1—z i— ](Cl, p.g;T, ?J)]
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(™) ':fr(;m—i,i(“f + Lip+ Lz, y)

+ YGom—iila+ Lip, g+ 12,y) — photmey iiap, g, y)]

=2Gma+ Lip+g+ Lo+ y)

TyCmlat Lpt gt Laty)— BEENG (0p 4 gia 4 y)

= (ﬂ; + y)(;m(a"l' Lp+ag+ L+ ¥) — %(;m(ﬂ;])ﬁ' gz + y) .
According to (7), the expression (12) is Ggr(a;p+ g2 + y), i.e. the right-
g e + ’ 1 g
hand size of (11).

Remark 1. The equality (11) leads to the relation between the orthogonal
polynomilas in two and one variable. At first we have the relations between
orthogonal and hypergeometric polynomilas.

The monic Jacobi polynomial 'F’?(;f”b_n(t) on [0,1] and weight function

t*=1(1 - ¢)* and monic Gauss polynomial ., (¢ + b+ m, b, t) have a relation

T m

(a,6—1) 05 o a4 [ 1T (b+j)m—j t"‘i — i b s b ).
o % gu( ¥ (j (@a+b+m+ j)y=y Fm(a+b+m;b;t)

The monic Appell hypergeometric polynomials 7., _; ; (a+ p+g+m;p,q;z,y)
and basic Appell orthogonal polynomials E,,_; i(a, p,q; , 3 ) on the triangle
T={(z,y) |2 >0,y> 0,24y < 1} and weight a?=1y9=1(] — 5 — ¥)* are
connected by the relation

Em—i,i(a‘spa g, y) = (-;T?L—f,i(a’ +p+ g+ mip,q;r, :’J) I

The basic orthogonal polynomials Vin-i,i(@,p,q; 2,y) on the circle Cy =
{(z,9) | 2> + y* < 1} and weight function [z|”[y]*(1 — 2® — y*)* and ba-
sic Appell orthogonal polynomials E.,,L_i,i(d,p,q;:z:;y) are connected by the
following four equalities:

Vo260, P, 650, 5) = Eviila, (04 1)/2, (g + 1)/2;0%, 4%)
Vam—2i+1,2:(a, 0, G0, ) = 2 By i(a, (p 4 3)/2, (q + 1)/2; 2%, 4%) ,
Vam-2i2i41(a, 2,32, 9) = y Bu_ii(a, (p + 1)/2,(q + 3)/2; 22, ¥y

Vam—2i41.2i+1(4, 2, G5 2,9) = 2y B i(a, (p + 3)/2, (g + 3)/2; 2%, %) .

1

f
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The corollary of Theorem 1 are the following equalities which connect the
orthogonal polinomials in two and one variable:
T
T
Z ( i ) Em—i,i(ﬂ,« P g, ’!1) = Pg(,‘: p+q—1}(m + y) 3
1=0
m

( )V)m 2i2i(@, . 4, )= ’P?(:’(f'”"")'}'z)(:r:2 + %)y

i=0
T m
Z ( 1 ) Vom—2i41,2:(0, 05 ¢ 2, 9) = 377:’;(:?'(?“)/“1)("’2 c3 yz) )
1=0
" m L
Z ( i ) V.Jm—zz'.zprl(_ff--.fh s 11‘»'3]‘) = 'UT’? . {?'+q)/2+])(i + ?J )
i=0 '
m

)Vz"”—2f+1‘zi+1(f’:?)a ENIES pyPL Pt ORI (22 4 4%).
z=0

For a family of polynomials {F,,(r,#)}, where r is real parameter and z
is real variable, the particular case of (2) is a functional equation

me

(13) Y Pucip@)Pi(a,y) = Pu(p+ gz +y).

i=0

1 .
The polynomial family {7, (r,x) = —'Gm( r; @)}, where
m!

(14) Gm(r;z) := (=1)™(r) F(—m; ;) m(")mz(_mb

?
’Ijj!

i.e.,

= m . .
(.;m(l‘; :I?) = Z(_ 1 )m+‘? (.7 ) ('f' + J)m—j'»l?'?-:

i=0

satisfies (1 3)
The monic confluent hypergeometric polynomial in two variables, z,y, of
degree m (as a sum of degees in variables z and y) is denoted as

(15) Gm—i,i(ps q; T, y): = (Tr'm—-i(p; '77) 4 Gc(f], ?}),
(m=0,1,...,i1=0,1,...,m).

Replacing the polynomials defined in (14) into the (13), we obtain the
following ’
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Theorem 2. Let p, g be real numbers (p,q>0) and m € Nyg. Then holds

m

my ., " :
(16) Z ( ; ) Goia(D, 32, 9) = Gou(p + g5 2 + y).

i=0
Proof. Using the recurrence relation

(17) Gut1(8it) = 1Gu(s + 1) — sG (s + 1; t)
proof is identical of proof of Theorem 1.

Remark 2. The relation among the generalized Laguerre polynomial L4
on [0, +00) and weight ¢5=1¢~1, generalized Hermite polynomial H,,(s, t) on

(=00, 400) with weight [t[7¢=*, and confluent hypergeometric iJolynqllliaJ
G,g(s; t) is

(18) Hm(S,t) s (_1)7112111#\L§s+25+1)/2—1(t2) - erztc‘i(_;t((s_'_Qa_l_ 1)/2;1‘2),

where | = [m/2],6 = m — 21. The direct corollary of equality (16) and (18)
are the following equalities, for the cases when degrees of hoth variables are

even, then when degree of ane variable is odd, and when degrees of both
variables are odd, respectively:

LD n ” v
19 (Z. )Hzm—%(ihil-‘ VHai(q,y) = (=1)" 27 LEHD/2 (g2 4 42y,
i=0 .
T

\g

m Cma
( i )Hzmﬂ—zﬁ'(fm ¥)H2i(g,y) = (=1)" 2P H g [pra/241 (52 4 2y

=0
e
m ; NEay2 2

Z ( .)Hzm—zi(fh 2)Hzi01(q,y) = (—1) ”3)"1“914554_’”/?“(3?2 + %),

i=0 L

m 7

(%) Bt 0, st = (st riprarnnge 4 g2y
=0 '
The polynomial genefalization
Like

Z }me] (3”) e Iomn ("Bu) = P?rl(:l;] F 2wk 3—-'13.)
M1ttt =m
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generalizes (1), one can define the n-dimensional (n > 2) generalizations of

(2) and (4),

(20) Z P'.vn.l.... M (GaP1yeee s Py T1y - - -;:1:?3,) —

Myt tmy,=m

J':,'m(ﬂ“:p'l + "'+pn1$1 + +’ :I"ﬂ.)-}
and

(21) Z Pml(pl-: 3:1) s Prrt., (p‘ll.1 3"n) = Pm(&pl 4+t pn, 1+ '+$u)a

mi+--tmy=m
respectively.
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