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HADAMARD’S INEQUALITY AND
FIXED-POINT METHOD

Momeéilo Bjelica

ABSTRACT. The famous inequality in matrix theory of J. Hadamard has
different proofs and extensions [1, 6]. Here given proof is by the method
of common fixed-point of mappings monotonic with respect to a functional,
which can be applied to many, including all main inequalities [3], Condition
for equality: rows of a matrix are orthogonal or at least one of them is Zero,
is replaced by proportionality (appearing in numerous other inequalities)
between rows of a matrix and corresponding rows of cofactors.

Theorem. Let A = (ai;) be a real square matriz and |A| be it’s determinant,
then '

(1)

|A]? < f[ (i: u?j) .
i=1 1

Jj=

Equality in (1) holds if and only if

(2)

for each pair of different i, j, or if at least one factor on the right side of -

(1)
the

(3)

@101 + Gin@je + -+ aipajy =0,

is equal to zero.
Condition (2), including the disjunct, can be replaced by the next one:
re are numbers Ay, i, A +p? £0, 1< i< n, such that

Aiti; + Ay = 0, 1<j5<m,

where A;; are cofactors.

Proof, Define the space (product of n-spheres)

(a)

V= {X = (=)

L T
" . 2 1o
E T = a;;, 1 <1< n}
i=1

i=1
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and the functional f: ¥V — R
(b) f(X)=1X|.

Define mappings F; : ¥ - X, 1 <i<n

11 &19 v ¥ Tiq '
- - »: . rr‘.. )
()F(X)=| wvn %2 --- Yin |, Wi = "}%Xija 1<j <,
4 ¥ . . 1
it Tm2 e Ban

r=yfahteh o bad,  Ri= XA+ Xh+ oot Xy

If 7; = 0, then F;(X) = X; define the same if R; = 0. The row (y;;); is
defined to be proportional to the corresponding row of cofactors (X;;); and
that F;(X) € X. The mapping F} is monotonic nondecreasing with respect
to the functional f

(d) f(X) < f(F:(X)),

by Laplace development (d) is equivalent to

riauXa+reXo+ -+ raXn <yaXa+yeXe+ o+ vin X,
(4) 2z X +zpXo+ o+ 2 Xin < iR

The Cauchy inequality (4) is equality [1] if and only if there are numbers X;,
ti, not both 0, such that

Aiwij + i X5 =0, 1<j<n

If Aip; # 0, then equality in (d) holds if and only if sets (z;;); and (X;;);
are proportional, or equivalently z;; = y;;, 1 < j < n. Hence, F; is strictly
monotonic with respect to f: equality in (d) holds if and only if X is a fixed
point of mapping F;(X) = X, and for non-fixed points strict inequality
holds. On the compact set I’ the functional f attains maximal value, and,
because of strict monotonicity, it is attained on a set F of common fixed
points of mappings F;, 1 <4 < n. The set F is not empty, since it contains,
e.g., diagonal matrix with diagonal r;, 1 < i < n. If X € F, |X| # 0,
Xij = cizwij, 1 <4,j < n, then

n
(X|=cr?, 1<i<m,  |X"= ][t

i=1
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On the other hand

xi=|(32) |- = 1eni

1 . 1
=——||X|X Y =
c; C1C2 ...Cp El e . By c

IXIn,—l
1 & ]

2.:.C

X" =crez...enl X2,

so that

T n n
X = [[? = H(Za;)_
=1 =1 Mj=1
The equivalence between conditions (2), including the disjunct, and (8}
both determining the same set of matrices on which the equality in (1) holds,
follows from earlier proofs of the theorem and this one. However, we give a
direct proof that (2) < (3). ’
(2) = (3). Ifa;; = 0,1 < j < n, then A = 0,1 <k <, k £ i,
1 <j < nand (3) holds. Let A be an orthogonal matrix with no one zero
row, then lineal over rows of the matrix A

'C( '{((Lilaai‘b' "7”’1:%) | 1< i 2 ﬂ‘})

is m-dimensional vector space. Also

(ailsa'iZs"-vain) L E( {(leaujZ:---aajn_) | | S J S n, J # 7’})

From .
(5) - aitAj + aiadAjs 4 -+ apm Ajn = 6;5|A|,
follows
(A, Aigs o5 Ain) L L({aj1, @52, 05.) | 1< <n, j#1i}).

Vectors (a1, @iz, ..., i) and (Ajp, A, .. .» Ain) in n-dimensional space are
orthogonal to the same hyperplane ((n — 1)-variety) and therefore they are
collinear.

(3) = (2). fin (3) some p; = 0, then a;; = 0, 1.< j < n, that is, the
disjunct in (2) holds. Hence, suppose that u; # 0,1 <4 < n, i. e., rows of A
are not zero-vectors. If A; # 0, 1 <4 < n, then from (5) follows (2). Now,
without lose of generality, suppose that A, = 0,1 < k < i3 A, #0.i <1< n.
From Ay; = 0,1 <k <1, 1< g < n follows that |A| = 0 and that rows of
A are linearly dependent. From (5) follows that rows ()i, t < 1 < nare
orthogonal and, therefore, linearly independent. Using also

E({(“klsak%"-aakn) I i S k S 3}) L. ‘C({(a’tlval?a---aGM) |Z<l§ 72.})
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obtains that rows (ay;);, 1 < k < i are linearly dependent. Therefore,
Ay =0, <l <n, 1< 5 < n, what implies that ¢ =n.- O

Note that there is an orbit of X
|X| < |FU(X)[ < |[R(FA(X) < | Fuloe. B(FAX))...)

where F) 0.0 F(.V') = F, what gives a direct proof of (1). Geometric inter-
pretation of Hadamard’s inequality is that the volume of a parallelepiped in
n-dimensional space does not exceed product of lengths of it’s edges, equality
holds if the edges are orthogonal, or if length of one edge is zero. Also, men-
tion analogy between Hadamard’ inequality and generalization of Cauchy
inequality, namely, one special case of Hélder’s inequality

Sl <)

F=1 NM=1 =1 “j=1
|A] is also a sumn of products of elements of matrix A.
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