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F(2k+1,1)-STRUCTURE ON THE LAGRANGIAN SPACE

Jovanka Nikié

ABSTRACT. If almost product P or almost complex structure J on the tangent space
T(E) =Ty (E)+Tu(E) of Lagrangian 2n dimensional manifold E are defined, and
if fu(2k + 1, 1)-structure on Ty (E) is defined, then f,(2k+1,1) and fi (26 + 1, 1)-
structures on T (L) are defined in the natural way. We can define Fy(2k +1,1),
Fi(2k + 1,1)-structures on T(E). The condition is given for the reduction of the
structural group of such manifolds.

1. Introduction

Let M be an n dimensional and £ 2n dimensional differentiable manifold
and let n = (E,7, M) be vector bundles and 7E = M. The differential
structures (U, ¢, R*") are vector charts of the vector bundles 5. Hence the
canonical coordinates on 7=1(U) are (z!,... 2", ¢',...,9") = (2%, 9%), ¢ =
1,2,...,m a=1,...,n Transformation maps on E are

e .’z:il(q:l,a;z,... ™)

y* = ME (a2t = ME (2
Az Dy :
rank L =n, rank r.y =rank M = n.
Ot dy

The inverse transformations are

2l = .'I:i(:z;lﬁ, 2%, ,m”')

y* = Mo(2",... 2" )y°

I
where M2 M = 6.
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The local natural bases of the tangent space T'(E) are {8;,d,}

. .
dagaya_Ma ()0

. _ 0 oa 4 3
0= 5= o za + (0 M7 ()3 Do

The nonlinear connection on F is distribution
N:ueFE— N, CT,(F)

which is supplementary to the distribution V,

(1.1) T.WE)=N,®V,, V,€L.

They are localy determined by é; = 0; — N*d,. The local bases adapted to
decompositions in (1.1) is {d;,d,}.
It is easy to prove that on {é;,d,}

Ozt ; dy°
e O = gy
The subspace of T'(E) spaned by {§} will be denoted by T (E) and the

subspace spaned by {d,} will be denoted by Ty (E), T(E) = Tu(E)®Tv(E),
dimTy(F) =n =dimTy(E).

by = bi— Ja-

Deﬁnltlon 1.1. If the Riemannian metrical structure on T(F) is given by

G = gij(a*,y*)da’ ® da’ + gap(2’,y*)8y" 60 by* where g;;(2',y°) = gi5(27),
Jap = 30,0, L(2*,y*) and L(2*,y*) is a Lagrange function, then such a space
we call Lagrangian space.

Let X € T(E), then X = X'§; + X9, and the automorphism P :
X(T(E)) — X(T(E)) defined by
X = X X4,
is the natural alinost product structure on T'( E). i.e, P? = [. If we denote by

v and h the projection morphism of T'(E) to Ty (F) and Ty ( E) respectively,
we have

Poh=v0oP.

The automorphism
JX = -X'6 + X°0,

is the natural almost complex structure on T'(E).
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2. f(2k+1,1)-structures

Definition 2.1. We call Lagrange vertical f,(2k 4+ 1, 1)-structure of rank r
on Tv(E) a non-null tensor field f, of type (1,1) and of class C™ such that
[+ f =0, k€ N, and rank f, = v, where r is constant everywhere.

Definition 2.2. We call Lagrange horizontal f(2k + 1,1)-structure on
Tu(E) a non-null tensor field f, on Ty(E) of type (1,1) of class C' satis-
fying XY 4 fu =0, k € N, rank f, = r, where 7 is constant everywhere.

An F(2k+1,1)-structure on T'(L) is a non-null tensor field F' of type (H)
such that F?**! + ' =0, k € N, rank F = 2r =const.

For our study it is very convenient to consider f, or f, as morphism of
vectors bundles.

fo t XTv(E) — ATy (E)
fh : ;YTH(E) —% ,YTH(E).

Let f, be a Lagrange vertical f,(2k + 1, 1)-structure of rank 7. We define
the morphisms

l=—f2* and m= f* + I,z

where Ir,(g) denotes the identity morphism on Ty (E).
It is clear thet | + m = I. Also we have

P = m P — 00— FoR o _ fERSIERREL 4 L3,

4
m? =m, 12,=1.

Hence the morphisms [, m applied to the X(Ty(E)) are complementaly
projection morphisms, then there exist complementary distributions V' L and
V' M corresponding to the projection morphisms [ and m respectively such
that dim VL =r and dim VM =n —r.

It is easily to see that
(2.1) If, = fl=f,, mf,=fom=0, f*m=0,
¥ =,

Proposition 2.1. If a Lagrange [,(2k + 1, 1)-structure of rank r defined on
Tv(E), then the horizontal f,(2k 4 1,1)-structure of rank r is defined on
Tr(E) by the natural almost product structure of T(E), as f,, or by the
almost complex natural complex structure of T(E), as f;.
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Proof. If we put

(2.2) X =PLEX, V¥ el

(2.3) fiX =-Jf,JX, YX € Ty(E)
it is easy to see that
fﬁHlX = PPy, ffHIX = —JfAH X

and

LA L =0, =0
and rank f, = rank f; = r. It is easy to see that s = 0 = Ju
Proposition 2.2. If ¢ Lagrange [o(2k + 1, 1)-structure of rank r is defined
on Ty (E), then an F,(2k + 1, 1)-structure or F(2k + 1, 1)-structure are de-

fined on T'(E) by the natural almost product or natural almost complex struc-
ture of T'(F).

Proof. We put _
F, = f,h+ fov,
Fi = fih+ f,v,

where f,, f; are defined by (2.2), (2.3) and h, v are the projection morphisms
of T(E) to Ty(E) and Ty (E). Then it is easy to check that

F} = fih+ flv, F2HHL = poedip g pakd1,

Thus F2**' 4+ F, = 0. Similary FPF*U 4 Fo = 0. It is clear that rank
F, =rankF; = 2r.
If 1,, m, are complementary projection morphisms of the horizontal

Jp(2k+1,1)-structure, which is defined by the natural almost product strue-
ture of T(F), we have

LX =—f*X = -Pf*PX = PIPX,YX € Ty(E)

mpX = £+ Iy X = PfPX + Plp, 5 PX = PmPX,VX € Tu(E).

If L,, M, are complementary projection morphism of the F,(2k + 1,1)
structure on T(F), then we have

(2.4) i, == —.F'p?"" = - P”’h, — fy = Lh + v
My = F* +Irgy = f2h+ 2 4 Ingemyh + Inyggyv =
= mph + mo.
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Thus, if there is given a Lagrange f,(2k + 1,1)-structure on Ty (FE) of
rank r, then there exist complementary distributions H L,, # M, of Ty (L),
corresponding to the morphisms [,, m, such that

(2.5) HL,=PVL HM,=FVM.
Thus we have the decompositions
TE)Y=Tyg(B)PTv(E)=PVLH PV M VILBVM.

If7TL,, T'M, denote complementary distributions corresponding to the mor-
phisms L,, M, respectively, then from (2.4) and (2.5) we have

TL,=PVL®VL , TM,=PVMoVM.

Let g is a psendo-Riemannian metric tensor, which is symimetric, bilinear
and non-degenerate on Ty (E).

G X(Ty(E)) X X(Ty(E)) — F(T(E)).

(for examples § can be the vertical part of Lagrange metric structure).
The mapping

X(Tv(E)) x X(Tv(E) — F(T(E))
which is defined by
1
a(X,Y)= 5[5(”{’ )+ g(mX,mY)] VX,Y € XYTv(E)

is a pseudo-Riemannian structure on T(E) such that a(X,Y) = 0, VX €
Y(T(VL)),Y € X(T(VM)).

Theorem 2.1. If a Lagrange f,(2k + 1,1)-structure k > 1 of rank r 1s
defined on Ty (E) then there exist a pseudo-Riemannian structure of Ty (F)
with respect to the complementary distributions VL and VM are orthogonal
and f, is an isomelry on Ty (E).

Proof. If we put
1 s -
g(X,Y) = ‘_ZE[“(X’Y) +a(foX, LYY+ - +a( S X, f271Y)]
it is easy to see that
g(X,Y)=0 VX e AX(VL), YeXVM)
Using (2.1) we get
[ , )
g(_.fvf‘().fv};) = ﬂ[a’(qu’ .f’llY) + a(f; ‘(3 fUQY) + 2 + (L(){,} )}-

Thus f, is an isometry with respect to g.
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Let X € X(T(VL)) then f, X, f2X,...,f*X € X(T(VL)) and
9(X, i X) = g(fu X, S X) = ... = g(f2 X, f2X) = —g(f£ X, X).
Consequently

9(X, 5 X) = g(f.X, fAxy=... = o(fEX, f2*X)=0

and r = 2km.

Thus we can chose in X(T(V L)) r = 2km mutualy orthogonal unit vector

fields such that

f(Xa)zan-{-m o = 1,2,...,(2}%‘—1)771,
f(Xa) = =X_@e—1)mtas a=2k-Dm+1,...,2km.

An adapted frame of the Lagrange f,(2k + 1, I)-structure on Ty (F) is the
orthogonal frame R = {X,,X;}, where X, is an orthogonal frame of
X(T(VM)).

Let R = {X,, X3} be another adapted frame of the Lagrange f,(2k+1,1)-
structure, and R = AR, then orthogonal matrix A is an element of the group
[’r(km) X (){n—ka)-

Theorem 2.2. A necessary and suficient condition for Tv(E) to admit La-
grange f,(2k + 1,1)-structure, k > 1 of rank v is that v = 2km and the
structure group of the tangent bundle of the manifold be reduced to the group
U[km} X ()(,]_gkm).

We can define a maping g,:
9(X,Y)=g(PX,PY), VX.Y € X(Ty(E))

9gp is a metric structure on Ty (E). Using (2.5) the distributions HL,, HM,
are orthogonal with respect to g, and the horizontal fp(2k + 1, 1)-structure
which is define by f,X = Pf,PX,VX € X(Ty(E))is an isometry on Tx(E)
with respect to g,.

Proposition 2.3. If {X,,X;} is an adapted frame of a given Lagrange
fo(2k +1,1)-structure f, on Ty, (E) with respect to g, then the frame {1 PX,
PXg} is an adapted frame of the horizontal (2K 4+ 1, 1)-structure with re-
spect to gy,.

It is clear that the frames {PX,, PX;, X,, Xp} are adapted frames to the
decomposition
T(E)=HL, & BM, & VL& VM.

Theorem 2.3. If a Lagrange f,(2k + 1, 1)-structure is defined on Tv(F)
with pseudo-Riemannian structure g, then the structure gqroup of the tangent
bundle on T(E) be reduced to Utemy X Ognsiomy % Ugimy % O —niirmy-
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