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ITERATION METHOD FOR THE EQUATIONS
OF I. N. VECUA TYPE OF HIGHER ORDER
WITH ANALYTICAL COEFFICIENTS

Miloje Rajovié

ABSTRACT. We use two methods for the integration of Vecua equations: 1. the method
of the areolar series, 2. the method of the iterations.

We solve the following I..N. Vecua equation

(1) é;LZ=AW+BW+F,

where A(z,Z), B(z,%Z) and F(z,Z) are given analytical coefficients of two
variables. We use two methods:

1° By the method of areolar series (used by B. Ilievski [1]).

oo o0 o
2 ;g w o
(2) A= 2 a;2'%, B= E bi;z'7, F= E st 2,
i,5=0 i,j=0 i,j=0
i . o0
3) W= N ci.zi5
(3 = et 2,

i4=0

we have a solution in the form of series of coefficients and of the integra-
tion element ®(z) - an arbitrary analytic function in the role of integration
"constant” ;
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W(z,E):tI)+/A¢I)dE+]AdE+/AdEfA'I)dE

+/Ad?z“/ Adf/ AME+/B$dz+/BdE/§?}?dE
+/def§dz/§q>dz+---+/Adz/BEdH/de/Edz
+/Ad2/Adsz$dE+/Bdf/f?'dzjﬁdi+---
+/Fd"z'+/Ad':?/Fdf-}-/BdE/Fdz-i—/Ad‘é/AdE/FdE
+dez/Fdz/FdE+---

The series (4) is convergent in a finite closed domain G of the complex
plane z = z + iy and the coefficients are analytic functions of z and Z.

(4)

2° By the method of the Vecua integral equation (see [2,3]). With applica-
tions in the theory of iteration, we get the solution in the form

W(z,3) = /f A(J)W('y) - B(y)W(y)dEdn

5)

1 F(C)dfdn
¥ /( e+ )
or for F =0,
(6) W = &(z)e?),

where @ is an analytic C' function of z, and

@ @)= [[ [A0+BORD] £ (=erimea.

In what follows we consider the problem to apply a similar procedure for the
Vecua equations with conjugations of higher order.
We start with the equation

02
el + A(z)W =0

which is an ordinary areolar equation of the second order and is analogous
to an ordinary differential equation

,yﬂ'_l_Ay:O
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with constant coefficients.

The equation
w _
T()? + A(Z 5 Z)W =0
is a complex analogy of the real equations of Hill, Lame and Mathie. Both
of them are not Vecua equations of higher order.

The first equation which could be named a Vecua equation of higher
order is

0w
(8) 632

and that contains the conjugation of a unknown function. Since

+ A(z,2)W =0

W = peirb, W - We-—f.’iq‘) e W€—2i arctg((W—W)/(i(W+W))

we have that equation (8) is not linear but trancendental, because the op-
eration (the rotation of an argument while the modul remains the same) is
such operation. Because of this, here we have an essential difference between
areolar equations wich are almost completly analogie to ordinary differential
equations and Vecua type equations, wich are specific in some sense.

Denote by [ the inverse operator of {—% Then we have:

If we define the operator
(9) TIW = ®,(z) —/AWdE,

then it is easy to prove that this is a contraction operator for every analytic
coefficient A(z,z).
Next, we have

(10) " / H 7] - / [o.- [ AW
= @l(z)+/¢2(z)dz_f[/AWdz]da

It easy to check:
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Theorem. The operator
(11) T2W:‘I’1+¢'2:—//.A(Z,_Z-)Wdfz

is a contraction operator for every analytical choise ®(z), ®1(2), A(2.2). If
we substitute W by (10) in (11) we can define the sequence ™swW,...,T"W
and than prove that T"W is a contraction operator.

Since, by the Cauchy theorem, the analytic equation has an analytic
solution, the right side in T"W is always continuous so the iteration method
is valid for (8). Puting W7 = T?*W we have

Wy = & + ®y7 — //A[ibl + @22—/ AWdtz“?] dz*
=&, +<I)2§—/f AElrE—/]A'cigzdzz+//Adzz /]HWdzﬁ.

The last member has a role a remainder. Its estimation is of the order
5
AP W= /5.

Next, we have

W5 = q>1+q>zz—f/,43,dz—//mzzdzz
+/] Adz //Zcpldz2+// Adz? //Z@zdzﬁ
—j/Ad32 //}Idz? /]ﬁldf-/j,&mf //de //A@dz‘l + R,

where the remainder Rj is given by

ra= [[aa2 [[Fiz [[ aaz J[ Az,

In the next step we give th 4'* approximation
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(12)
:Vz.i ~ W(z,%) = ¢1(z)+Q2(z)E—‘[/A31d72—f/ ADy 2d7

+f Ad?? ffﬁ¢1dz+/],4dfszchzzdz2 |

—/fAdzzj ?fdfzf/AﬁTldE? —-ffAdEz ffzdzzj Ay 27dz"
+]/Ad72f/2dz2//Ad?’]/E¢ldz2

+ f f AdZ? / / Ad:? f ] Ad* f f Ady7zdz’
-ijd’z?f/Zdzzijdﬁ[/szf/ﬁldf?
—f/Adzzf/mz?ff;m'-’ff‘,a}tzz/[AEgzdzz
+f/AdﬁfdezszAdf?/fﬁdﬁfjA#]fﬁ@ld?

+ffAd32 /fﬁdﬁf/mﬁ’-’f/mzz f/AdE?f Z@ﬁd%
—/fAd'ng/?l_dzg/fAd?z /fﬁdzz f/A(IEQ f/T{dEz /f1<1>1d?2
-f]Adz2//ZdzgffAdf/f?idzszzng//Zdﬂ//mgzdzz+R4_,

where the remainder R, is

Ry = / / Adz* f f Adz? / / Ad7 / / Ad# / Adz / / AdZ? / Adz?

/ AW (z,Z)dz*

and can be easily estimated. We may be satisfied by the second, third and
if it is necessary by the fourth approximation.

Consequences. Definitions of new special functions. Conjugate exponent
of the Vecua equation

ow _—

—+1-W=0

0z
defines a new exponent e, as it was showed by Vecua. The Polozij [4] has
tried to introduce p-exponential function denoted by Pe*. A similar exponent
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can be defined by the equation

ow .

T + A(Z)W =0,
where A(z) is an analytic function of z. We will denote this exponent by
Z €%, the equation

ow + A(z,7)W =10

oz ’ B

defines some other kinds of functions.

Conjugate areolar cosinus and sinus. If in (8) we take A(z,%Z) = 1, then
the equation

in a natural way defines sinZ and cosZ. For ®; = 1, $, = 0 we have by the

definition: ‘
- 7
cosAz:1—§+§§—---

Similarly, for ®; = 0, ®; = 1 we have

-2
g s Z
smAz_—_z—zQ—'-{----

Conjugate hyperbolic functions. If A(z,Z) =1, &1 =1, ®; = 0, we

have
_ 2 7
T TR

and for A(2,Z) =1, & =0, &, = 1, we have

23 32 33

This suggests the following definition (loke the Euler - formula)
Ze=chyz—shsZ.

Conjugate Bessel’s cylindrical and other functions. If we take A(z,%)
= % then by using the equation

2 S———
OW W =0

9z
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and its solution (12) we can introduce variations of Bessel’s functions. We

also can make this if we choose A(z,Z) = 2z, where now A has a role a '
constant with respect to operators 5% and [dzZ: fg—:"f— + W =0.
In this way we will have Bessel’s functions and the corresponding functions
of different classes and of different categories of transcendentality.

The same we can do for the general ”constant” coefficient A(z):
g

1w -
— + AW =0
07 (2)
and hence we can have a new complex trigonometry.
If this way, the equation |

rw
o + BEARW =0

and Mathie of two complex variables z and Z.
So we can extend the spaces of elementary transcendental functions in
the complex plane.

can be regarded as a generatrise of some conjugate functions of Hille, Lame }

The Vecua equation of the second order with analytic coefficients.
Consider the equation

, W o el
(13) = A(z,Z)W + B(z,Z)W + F(z,%)
z

with analytic coefficients

0o 1) 00
A= E az-jz‘EJ, B = E bijz“fj, F= E f,ijz‘?".
i,§=0

1,5=0 i,7=0
By the method of areolar series

o0

W(z,z) = Z c.ijziffj

i,j=0

or by the method of analytic change (in fact, by iterations) one get approx-
imations of an analytic solution. ;
From

ﬂZ/(AW-I-BWﬁ-F)
0z
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one obtains the first integral

ow
0z

= /(AW + BW 4 F)dz® + ®:1(z),
and also the second integral
W = //(AW + BW + F)d?2 + ®1(2)Z+ @2(2);

using now iteration method we have a solution

W =, +]fA<I>2dE2 +ffB32d22
+/fAdzszA¢2dzz+/fAdz2+f[362d32
+f Bd%’szﬁgdzz+/deE?’ f[§¢2d22
+¢17+//EA¢1(172 +/sz?}71d'z'2
(14) +f/AdE2 f/EA(hdfz-{- /Ad?? /]zmldz?
+ff Bdz f/zﬁldz%f/mf ffﬁtbﬁdz?
+/ Fd22/f.4d72f Fdfg+fde22/fF(lz2
+/jAdEz f]AdEz f]mz%f[,qdz? /dez? /fﬁzz‘z
£ dezz ffﬁrlzzfjfdz2+f/Bd72/ Edz2+ijdz?+Rg,

where the remainder R; has a similar form as R4 for the solution (12).

Possibilities. Without diffculties this method can be extended to any linear
(pseudolinear) equation of Vecua type of the order n with the conjugation
of function

v 02 n
F(z,E,W(z,E),W(z,E), oy oW 9 W) =0

A R Fi
which has anallytic coefficients.

The consequences are general solutions in the form of series of coeffi-
cients of systems of real partial equations.

-
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