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SOME CARDINAL FUNCTIONS ON
URYSOHN SPACES

Ljubisa D. Koéinac .

ABsTRACT. We give some results on the cardinality of Urysohn H-closed topological
spaces involving a new cardinal function denoted by sqLg(X).

1. Introduétion

In (7], the following cardinal function was introduced. For a space X,
sqL(X) is the smallest infinite cardinal 7 such that there exists a subget A
in X of cardinality < 27 satisfying: for every family / of open subsets of
X there exist a subfamily V of & and a subset B of A such that |V| < 7,
|B| < 7 and UY C BU(UV). In [10], this cardinal function was studied
in some details. In a similar way we define here another cardinal function,
denoted by s¢Lg(X ), and prove some results on the cardinality of Urysohn
spaces involving this function. These results improve some results from [6]
and [10].

2. Notation and t’erminology. Definitions

Notations and terminology in this paper are standard as in [2], [4], [5].
Unless otherwise indicated, all spaces are ‘assumed to be at least T} and
infinite. a, g, 7, § are ordinal numbers, while 7, A denote infinite cardinals;
rt is the successor cardinal of 7. As usual, cardinals are assumed to be
initial ordinals. If § is a set, then [S]S7 denote the collection of all subsets
of X having cardinality < 7.

We recall some definitions that we need.

2.1. A space X is Urysohn if for every two distinct points  and y in
X there are open sets U and V such that z € U, y € Vand UNV = @

2.2. If X is a space and A a subset of X, then we put
Received 20.04.1995

1991 Mathematics Subject Classification: 54A25
Supported by Grant 0401A of RFNS through Math. Inst. SANU

63




64 Lj. Kotinac

ClyA ={z € X : U N A # { for every neighbourhood U of z}.
The set ClgA is called the @-closure of A. A is 8-closed if ClgA = A.

2.3. A Hausdorff space X is called H -closed if every open cover i/ of
X has a finite subcollection V whose union is dense in X.

2.4. ([1]) The 8-bitightness of a space X, denoted by bts(X), is the
smallest cardinal 7 such that for each non-6-closed set A C X there exist a
point £ € X \ A and a collection § € [[A]S7]<7 such that {z} = N{C1eS :
S e S}

2.5. ([6]) Call a subset A of a space X 6-dense in X if ClyA = X, i.e.
if for every open set U C X, U N A # 0. The §-density of X is

dg(X) = w - -min{|A|: A is a 6-dense subset of X}.
Clearly, for every space X, dg(X) < d(X). There are spaces X for which
de(X) < d(X) holds.

2.6. ([9]) The @-spread sg(X) of a space X is the supremum of the
cardinalities of subsets D of X such that for every # € D there exists a
neighbourhood U of # with U N D = {z}. The inequality s¢(X) < s(X) is
possible. ‘

2.7. A Hausdorfl space X is said to be of closed pseudocharacter t,
denoted by (X)) = 7, if 7 is the smallest cardinal such that for each point
xz € X there exists a family {U, : @ € 7} of neighbourhoods of z with

{z}=n{Uq4:a €T}

3. Results

In [9], the following lemma is proved.

Lemma 3.1. Let X be a topological space and sg(X) = 7. If U is a family
of open subsets of X, then there exist A € [UU]ST and V € [U]S" such that
U CcClybAu u{V:V eV} O

After this lemma and the definition of sqL(X) it is reasonable to intro-
duce:

Definition 3.2. Let X be a space. Then sqLg(X) is defined to be the small-
est cardinal T such that there exists a subset A in X of cardinality < 27
satisfying: for every family U of open subsets of X there exist V € [L)sT
and B € [A]37 such that WU C Cl,BU(UY). O

Fact 1. sqLg(X) < sqL(X) < d(X).

Fact 2. sqLs(X) < dg(X).

We shall also need the following lemina which is a version of the fun-
damental result on spread due to Shapirovskii (see [8;T.3]).
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Lemma. 3.3 ([6;Prop. 3.3]). Let X be a Urysohn space with hsg(X
Then there is a subset A of X such that{A| < 27 and U{C 4B : B € {A
X.

)% 7
157} =

Proposition 3.4. For every Urysohn H -closed space X, we have

sqLg(X) < hsg(X).

Proof. Let hsg(X) = r. By Lemma 3.3 there exists a set A C X
with |A| < 27 such that X = U{Cls(B) : B € [A]57}. Let us show that
A witnesses sqLy(X) < 7. Take a collection &/ of open subsets of X. By
Lemma 3.1 there exist V € [{]<7 and M € [UU]S" such that UU C ClagM U
(UV). For every p € M there exists some S, € [4]S7 with p € ClyS,. Put
§ =U{Sp : p€ M}. Then S € [A]S" and M C U{ClyS, : p € M} C
C'lg(U{S’ :p € M}) = ClgS. As the f-closure operator is idempotent
in Urysohn H-closed spaces we have ClgM C Clg(ClyS) = ClyS. Hence,
UU C CleS U (UV) and the proposition is proved. O

Example. Let X be the Niemytzki plane 7' equipped with the topology
T ={U\NC : Uisopenin T and C C T is countable}. Then hsg(X) =
s(T) =2 and sqLg(X) = s¢L(T) =w. O

Theorem 3.5. For every Urysohn H-closed space X, we have
' Po(X) < 299Ls(X)

Proof. Let sqLg(X) =7 and let A C X be a set witnessing this fact.
Fix a point # € X. Since X is Urysohn, for r every y € X \ {z} there are
neighbourhoods U, of 2 and V, of y with U, n Vy = (). Applying the
definition of sng(X) to the famjly V={Vy:y€ X\ {z}} (and A) one
can find sets ¥ = {y, : @« € 7} € {X {w}]ﬁf and B € [A]S" such that

X\{z}cClBUU{V,, :aeT}).

Put U, = {X\ClyC : C C B,z ¢ ClsCYU{U,, : @ € T}. Then |U| < 27
so that we need to check {a} = N{U : U € U, ).

Let p € X\ {z} C ClygBU(U{Vy, : @€ 7}). Consider two possibilities:
(i) p € ClgB. Take neighbourhoods U, of p and V,, of z such that U,NV, =
(. It is easy to see that p € Clg(BNV,) C ClyV, = V, (in Urysohn H-
closed spaces it holds ClyG = G for each open set (). Therefore, C = B D.Vp
provides a subset of B with U, N CleC = ), hence U, C X\ClyC =0 and
thus U, C X \ ClyC which gives {2} =a{¥ : U € U, ).
(i) peV,, taer} Thenz e nN{T,, :aecr},but p¢ n{U,, :ac€
r}. O

The following theorem is an improvement of Lemma 3.3.
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Theorem 3.6.. Let X be a Urysohn H -closed space with sqLg(X) < 7. Then
there is a subset A of X such that |A| <27 and U{Cl;B : B € [A]S"} = X

Proof. Let 5 be a set in X witnessing sqLg(X) < 7. According to
Theorem 3.5, for every z € X one can choose a collection I, of neighbour-
hoods of z such that |U,| < 27 and N{U : U € U, } = {z}. By transfinite
induction we shall construct a sequence {M, : @ < 7} of subsets of X and
a sequence {lU, : @ < 71} of families of open subsets of X satisfying the
following conditions:

(&)|M|<2T0{<T+ :

(b) Uy =U{Uy : x € U{ﬂ/fﬁ B < a}} (so JU [ 33,0 2 whs

(c) BT € [S]57,V € [Ua]S7 and CIOTUUY # X, then M, \(CL,TUUY) #
- 0.

Suppose we have already defined all Mg and Us for ,U < . Lct us
define M, and U,. For every T € [S]S7 and every V € [Us]=" choose a point
z(T,V) € X \ (ClyT U UV) whenever the last set is not empty.-(otherwise
the construction has been finished). Let :

Mo = {o(T,V) : T € [$]S" and V € [U]S7)
Uy =U{ly 2 € U{Mp : 5 < a}}.

It is easy to check that M, and U, satisfy (a), (b) and (¢). Put M =
U{M, :a < 7%}, A= M US and prove that A is the set we are looking
for. First of all |A| < 27. Let 2 € X. If # € A there is nothing to prove.
Let z € X \ A. Then = ¢ M so that for every y € M one can find a
neighbourhood V, € U, of y such that ¢ ¢ V. So, & ¢ U{V, : y € M}.
By the properties of .S one can choose B € [§ ]<T and {gq, yeET}reE[M]ET
such that M C U{V, : y € M} C ClyBU(U{V,, :v € 7}). Let us prove
z € ClgB. Suppose not Then ClgB U (U{V,, : ¥ E T}) # X. Since 7t
is regular, there exists some § < 7% such that {y, : ¥ € 7} C M;s. Then
{Vy, 17 €1} € [Us]57. By (c), Moy1 \ (CLeBU (U{V,, 1y € 7})) # 0.
But this contradicts the fact C'lyB U (U{Vu, iy €T} DM D Msyq. The
‘rheorem is proved. O val X

The next two theorems improve Theorems 3.4 and 3.5, respectively,

from [6]. The first of them is an immediate corollary of the previous theorem.

Theorem 3.7. For every Urysohn H-closed space X we have
do(X) < 20k O

Theorem 3.8. For every Urysohn H-closed space X we have "
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|"Yi & ZSQLQ(X)bi‘g(X) .

Proof. Theorem 2.3 in [6] states that for every Urysohn space X,
| X| < [do(X)]?*(X). Using now Theorem 3.7 we have | X| < (dg(X))%(X) <
(2sqL@(X))bt9(X) — 93qLe(X)bte(X)

The famous theoremn of Hajnal-Juh’asz says: if X is a Hausdorff space,

then |X| < 22 [3], [4], [5]. In [9], it was shown that for a Urysohn space

Y i i - o8g (A0 .
X this inequality can be improved to |X| < 2*"7 . Our nexi result is an

improvement of the last estimation for Urysohn H-closed spaces.

Theorem 3.9. For every Urysohn H -closed space X we have
K| < 227040

Proof. By Theorem 2.6 in [6], |X| < 2%(X)¥(X) 5o that, by Theo-

rems 3.5 and 3.7, one obtains |X| < 24e(X)¥:(X) < 92* ke 9sqLy(X)
?QSG‘LQ(X) D

REFERENCES

[1] F. Cammaroto, Li. Kocomac, On 8-tightness, Facta Universitatis (Nis), Ser.
Math. Inform. 8(1993), 77-85.

[2] R. ENGELKING, General Topology, PWN, Warszawa, 1977.

[3] A. Hainar, . Junisz, Discrete subspaces of topological spaces, Indag. Math.
29(1967), 343-356.

[4] R. HopEL, Cardinal functions [, In: K. Kunen, J.E. Vaughan (eds.), Handbook of
Set-theoretic Topology, Morth-Holland, Amsterdam, 1984, 1-61.

[5] I. JunAsz, Cardinal functions in topology - ten years later, Mathematical Centre
Tracts 123, Amsterdam, 1980.

[6] La. Kocivac, On the cardinality of Urysohn spaces, Q & A in Geueral Topology,
13(1995), 211-216.

[7] X.S. L, Two topological cerdinal funciions, Acta Math. Sinica 29 (1987), 494-497
(In Chinese).

[8] B. SHAPTROVSKII, On discrete subspaces of topological spaces. Weight, tightness
and the Souslin number, Doklady AN S3SR 202(1972), 779-782 (In Russian).

[9] J. ScHRODER, Urysohn cellularity and Urysohn spread, Math. Japonica 38(1893),
1129-1133. i

[10] S.H. Sun, K.G. Croo, Some new cardinal inequalities involving a cardinal junc-
tion less than the spread and the density, Comment. Math. Univ. Carolinae
31(1990), 395-401.

29. NOVEMBRA 132, 37230 ALEKSANDROVAC, YUGOSLAVIA




	1.pdf (p.1-33)
	2.pdf (p.34-35)
	3.pdf (p.36-69)
	4.pdf (p.70-95)
	5.pdf (p.96-117)



