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A SUFFICIENT UNIVALENCE CONDITION

N. N. Pascu, M. Obradovié* and D. Riaducanu

ABsTRACT. This paper is concerned with a sufficient univalence condition for analytic
functions in the unit disc. This condition generalizes some well-known univalence crite-
ria.

1. Introduction and preliminaries

Let U, denote the disc {z € C:|z| < r}, r € (0,1] and let A denote the
class of functions f which are analytic in the unit disc U = {z € C: |z| < 1}
and f(0) = f'(0)-1=0.

Definition 1. Let f.9:U — C be analytic function in U. The function f
is subordinate to the function g (f < g) if there is an analytic furnction o in
U, which satisfies the conditions ¢(0) =0, |@(2)| < 1,z € U, and f = go ¢.

Definition 2. The function L : U x I — C, I = [0,00) is a Loewner
chain if the function L(z,t) is analytic and univalent in U for all t € I and
L(z,8) < L(z,t) forall 0 < s < 1.

Definition 3 [5]. The function F : U, x C+ C, F = F(u,v) satisfies the
Pommerenke’s conditions in U, if:
i) the function L(z,t) = F(e™'z,€'z) is analytic in U,, for all t € I, locally
absolutely continuous in I, locally uniform with respect to U,.

F
ii) the function G(e~*z,€'z), where G(u,v) = Ed—/i— is analytic in U,

for all t € I and has an analytic extension in U = {z €C:|z| <1} for
allt > 0 and in U fort = 0. The analytic extension of the function i
is denoted by H = H(e™'z,e'z) and is called the associate function of

m) = (00)#0“(1 (00)/d (0,0) ¢ (—o0, —1].
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iv) the family of functions {F(e 2,0 z)/[ _*—"(0 0)+e —i—(O,U)]}
iel
forms a norma,l family in U,.
We shall need the following theorem to prove our results

Theorem 1 [5]. Let F : U, x € — C, F = F(u,v) be a function which
satisfies Pommerenke’s conditions in U, and let H be the associate function

of F. If
|H(z,2)| <1, z€U and
(1) \H(2,1/2)| <1, zeU\{0},

then the function F(e='z,e'z) for all t € I, has an analytic and univalent
extension in U.

2. Main results
Theorem 2. Let f,h € A and « € C. If Rea > 1/2 and

1—a 1 —|2|? zh"'(2) 1-|2? zh"(2)
l"—['z‘2+ 2 W) ] [+ =
@ +a-EnED] i) ,’(” L)
(1— |2 20"(2) 2f"(2)  (1—12*) : |
* 9 h’(z) f’(z) - ) z Sh(z) < |Z|2

for all z € U, then f is an univalent Sfunetion in U.

Remark We denote by Si(z) the S(hwarz s derivative of the function

h, i.e.
EYER LG

Proof: Let F : U x C+— C be the function

. Y v—uh(u))7]°
(3) F(u,v)= [f(w)] [ u) 4 (v —u)f'(u) (1 +— () ) ] ’
(u,v) € U x C, and let L:U x I — C be the function

—t . prf ,—1
L(z,t) =F(etz,e'z) = f(e™"2) (1 - 1)6_}2(%_(%

el — 1 e tzh/(e7t2) _L] =
tye U x 1.
(l T 9 hi(e~tz) ) (BYE

(4)
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Since, there is 7' € (0,1) such that f(z) # 0 for all z € U. \ {0}, the
e tzf(e7tz)
fle=tz)

. .« e tzhl (emtz)
The function fg(;.,,t) = e S

Then, there exists r € (0,7') such that the function fa(z,t) = 1 +
(= DAzt _
14 2-1(e? — 1) fa(z,t)
all z € U, and ¢ € I. Hence, for the function fi(z,t) = [fa(z, t)]a =
e + , We can choose an analytlc branch in U, and the function L(z,t) =
z)ﬁ,(z t) = e~z 1. is analytic in U,..
Usmg (4) we obtain

function fi(z,t) = =14 .- is analytic in Up.

=bretz 4 .- is analytic in U.

€?t + .. is analytic in U, and fa(z,t) # 0 for

L(z,t ¢ ; s
Q—-}%i’—) = —e_tzg—i(e"tz,etz) + etz%(e"tz,e‘z)
L(z,1),
and we observe that Ia f,;’ )i is bounded on [0,7], for any T > 0 fixed

and for all z € U,. Therefore, the function L(z,t) = F(e~¢z,e'z) is locally
absolutely continuous in [, Ioca]ly umform with respect to U,.
Since

~(dF OF

a(t) = 7 (0, 0) + ¢ —(o 0) = (2ot

we obtain aq(t) # 0 and ]1111 laq ()| = hm e‘Re(20 1 = a4

It is easy to prove that there emsts k > 0 such that |F(e‘tz ¢'z)/a1(t)|
< kforall z€ U, and t € I Hence {F(P z,e'z)/a1(t) }1er is a normal
family in U,. !

Using (3) we obtain

Gluv) = wdF OF 11— HE[] v—u h”(u)] [1 v —uh'(u)

v Bu %‘—— a v 2 h'(u) 2 h'(u)
NG O

o )f(u)]+v( )[’a’(u)+f"('u)]

w (o= [ R

2 [f’(UJ Wiy~ o )]'

It results that the function G(e~'z,e'z) has an analytic extension

L. o K
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H(e™'z,e'z), where

H(e 'z,e'z) = Lt R [1 + =t e—tz’l"(e_tz)]-
’ 2

2 h'(e—tz)
e*t —1e t2h"(e t2) - e~tzf'(e"tz)
[”“ 7w ¢ Ve ]

+ e - 1)[3—‘311"(6_,52) + e—tzf"(e“z)]

W) T P

£ —ty2 e —t =i
—a (et — e S ThM(e™ z) f(e™"2) _ -t
L 2 y [h"(e“z) fl(e—tz) Sule™2)].
We haviz:
|H{(z,2)| = | a| < 1forall z€ U and « € C with Rea > 1/2 and

1- 1 — |z]% zh" _ =12 25
|H(z,1/2)|=‘—a—aw[izl2+1 2|Z| zh'((z.';)][mzl 2Izl ”:’((zj)

L O] [ L 2)
ra-tn ] s a-en[ 5
£ (1= s [H7(2) (2)

GG o)

for all z € U \ {0}.

Therefore we can conclude, using Theorem 1, that the function F(e™*z,
etz), t € I has an analytic and univalent extension Fy(e~*z,¢‘z) in U for
all ¢t € I. In particular, the function f(z) = Fi(z,2), z € U, is an univalent
function in U.

3. Remarks
1. For a = 1 we obtain the following sufficient univalence condition:
Corollary 1. If f,h € A and
Tzh"(2)  zf"(z)] (1 —|z?) zh"(2) 2f"(2)
Téa 42 ;
S (s R e e 1

— 232
RS LN

(5)

< =l

for all z € U, then the function f is univalent in U.

2. For a — oo we obtain an another sufficient univalence condition:
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Corollary 2. If f,h € A and

(1 —12?)? 2b"(2) 2£"(2) (1 =2?)? ,
2 W) [l 2 7o)
_ [ 1 - |z|* zh"(z2) 2 —|z|? zh"(z) B zf'(z)
I L I T+ 0k
#1204 L,

for all z € U, then the function f is univalent in U.

3. If ' = 1/f" we obtain the following univalence criterion which
generalize the generalize the criterion due to Nehari:

Theorem 3[7. Let fe Aanda € C. If Rear > 1/2 and

[' g o (55 - 1)
= 12’

2

then f is a univalent function in U.

+z Si(2)| < |22, zeU,

a = 1 in Theorem 3 gives us the Nehari’s sufficient univalence condition:
Theorem 4 [4]. If f € A and
|Sf(z)| <2(1-21)7%, zeU,
then f is univalent in U.

4. If k' = g'-(f')~" we obtain an univalence condition which generalize
the criterion due to Epstein:

Theorem 5 [8]. Let f,g€ Aanda € C. IfRea > 1/2 and

l-af o 1ol () _ ")
= -SSR - 5S)

s (= . _Zzz”z Z‘”Z
0 +(L44%§%§H}Vul:;'(;éf+-;éfﬂ
I e e (B RAE)

then f is a univalent function in U.

<|z)%, 2€ U,

o = 1 in Theorem 4 gives us the Epstein’s sufficient univalence condi-
tion:
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Theorem 6 [2]. If f,g € A and

(9)

(1= |Z|) [Sf(z)—Sg(z)] (1—||)z () <1, zeU,

then f is a univalent function in U.

5. If h(2) = z we obtain the following univalence criterion which gen-
eralize the criterion due to Becker:

Theorem 7.[3]. Let fe Aanda € C. IfRea > 1/2 and

(10) lre 12| + (1 - |z|2)zf'(z) (1— ]2 ) f”( ) <1l,z€eU,
a . f(z) (2)

then the function f is univalent in U.

a = 1in Theorem 7 gives us the Becker’s sufficient univalence condition:

Theorem 8 [1]. If f € A and

zf"(z)
(11 1- <1, =el
) (- 1| S ,
then the function f is univalent in U.
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