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Abstract. Using the concepts of a pair upclass, a—admissible and p—subadmissible mappings in this paper,
are proven a coupled coincidence point results for mappings F : X*> — X and g : X — X. In this way, recent

papers [27, 33] have been reformed and generalized. Two examples are given to support the theoretical
results.

1. Introduction and Mathematical Preliminaries

The fixed point theory has drawn much attention in partially ordered metric spaces. Turinici [50] has
expanded Banach contraction principle [8] in the setting of partially ordered sets, and laid the foundation
for a new trend in the fixed point theory. Ran and Reurings [34] are impacted by development of the
applications of Turinici’s theorem to matrix equations and they have established some results in this
direction. Their results are further extended by Nieto and Rodriguez-Lépez [31, 32] for non-decreasing
mappings. Lakshmikantham at al. [9, 15] introduced the new notion of coupled fixed points for the
mappings satisfying the mixed monotone property in partially ordered spaces and discussed the existence
and uniqueness of a solution for a periodic boundary value problem. Later on, Lakshmikantham and
Ciri¢ [24] proved coupled coincidence and coupled common fixed point theorems for nonlinear contractive
mappings in partially ordered complete metric spaces. Further on, Choudhury and Kundu [10], proved
the coupled coincidence point results for compatible mappings in the settings of partially ordered metric
space. Samet et al. [45, 48] have recently introduced the notion of (o« — ¢)—contractive and a—admissible
mapping, and they proved fixed point theorems for such mappings in complete metric spaces. For more
results regarding coupled fixed points in various metric spaces one can refer to ([1]-[49]).

The aim of the present paper is to generalize the results of Mursaleen et al. [27] and Kumar [33] for
(a—pu—1¢Y—H-%)—contractive, a—admissible and p—subadmissible mappings using compatible mappings.
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Definition 1.1. [9] Let (X, <) be a partially ordered set and F : X X X — X be a mapping. Then, a map F is said to
have mixed monotone property if F(x, y) is monotone non-decreasing in x and is monotone non-increasing in y, that
is, for any x,y € X,

X1,x%2 € X, x1 < x2 = F(x1,y) < F(xo,y),
and

Y1, Y2 € X, 1 2 y2 = Fx, y1) = F(x, y2).
Definition 1.2. [9] An element (x,y) € X X X is said to be coupled fixed point of the mapping F : X*> — X if

F(x,y) =x and F(y,x) = y.
Theorem 1.3. [9] Let (X, <) be a partially ordered set and suppose there is a metric d on X such that (X,d) is a

complete metric space. Let F : X X X — X be a continuous mapping having the mixed monotone property on X.
Assume that there exists a k € [0,1) with

d(F(x,y),F(u,v)) < g[d(x, u) +d(y,v)l,
forall x > wand y < v. If there exist xo, yo € X such that
Xo < F(xo, Y0), Yo = F(yo, Xo),
then there exist x, y € X such that F(x, y) = x and F(y,x) = y.

Theorem 1.4. [9] Let (X, <) be a partially ordered set and suppose there is a metric d on X such that (X,d) is a
complete metric space. Assume that X has the following property:

(i) if a non-decreasing sequence (x,) — x, then x, < x foralln € N,
(ii) if a non-increasing sequence (y,) — vy, then y <y, foralln € IN.

Let F : X*> — X be a mapping having the mixed monotone property on X. Assume that there exists a k € [0,1)
with

d(F(x,y),F(u,v)) < g[d(x, u) +d(y,v)]
forall x > wand y < v. If there exist xo, yo € X such that
xo < F(xo, y0), Yo = F(yo, x0),
then there exist x, y € X such that F(x,y) = x and F(y,x) = y.

Let W be the family of nondecreasing functions ¢ : [0, +o0) — [0, +00) such that ), ; ¢"(f) < +oo for all
t > 0, where 1" is the n-th iterate of ¢ and satisfying:

(i) y~'({0}) = {0},

(ii) Y(f) < tforall t > 0,

(iii) }Lr%} Y(r) <tforallt>0.

Lemma 1.5. [27] If 1 : [0, +o0] — [0, +00] is nondecreasing and right continuous then " (t) — 0 as n — +oo for
all t > 0 if and only if (t) < t forall t > 0.
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Definition 1.6. [24] Let (X,d) be a partially ordered set, F : X*> — X and g : X — X be two mappings. Then, a
map F is said to have mixed g—monotone property if F(x, y) is monotone g— non-decreasing in x and is monotone
g—non-increasing in y, that is, for any x,y € X,

xX1,X%2 € X, gx1 2 gxp = F(x1,y) < F(x2, ),
and

yi, Y2 € X, gy1 2 gy2 = F(x, y1) = F(x, y2).

Definition 1.7. [24] An element (x,y) € X? is said to be coupled coincidence point of mapping F : X* — X and
g:X—- Xif

F(x,y) = g%, F(y,x) = gy.

Definition 1.8. [10] The mappings F : X*> — X and g : X — X are said to be compatible if
Jim d(g(F(xn, yn)), F(gxn, gyn)) = O,

and
Hm d(g(E(n, x4)), E(gYn, gxn)) = O,

whenever {x,} and {y,} are sequences in X, such that

liIP Flxu, yu) = lirp gXn,
i ) = 1, gy

Definition 1.9. [27] Let (X, d) be a partially ordered metric space and F : X* — X be a mapping. Then, a map F is
said to be (a,)— contractive if there exist two functions a : X* X X* — [0, +00) and ¢ € W such that

d(x, d(y,
(%, ), (0,0 ), i) < p 00D

forall x,y,u,v € Xwithx > uand y < v.

Definition 1.10. [27] Let F : X> — X and a : X*> X X?> — [0,+0) be two mappings. Then, F is said to be
(a)-admissible if

a((x,y), (u,0) 21 = a((F(x,y), F(y, x)), (F(u,v), F(v,u))) > 1,
forall x,y,u,v e X.

Definition 1.11. [33] Let F: X> > X, g: X — Xand a : X? X X? — [0, +0) be mappings. Then F and g are said
to be (a)-admissible if

al(gx, gy), (gu, gv)) =2 1 = a((F(x, y), F(y, %)), (F(u, ), F(o,u))) 2 1,

forall x,y,u,veX.
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2. Main Results

In this section we will first introduce new functions, and than using the concepts of a pair upclass,
a—admissible and p—subadmissible mappings we will prove a coupled coincidence point results on metric
space endowed with partial order.

Definition 2.1. Let F : X? — Xand pu : X*xX? — [0, +00) be two mappings. Then F is said to be (u)—subadmissible
if

p((x, y), (u,0)) <1 = p((F(x, y), F(y, x)), (F(u,v), Fv,u))) <1,
forall x,y,u,v e X.

Definition 2.2. Let F: X?> - X, g: X — Xand a : X*> X X* — [0, +00) be mappings. Then F and g are said to be
(u)—subadmissible if

u((gx, gy), (gu, go)) < 1 = p((F(x, y), F(y, x)), (F(u,v), F(v,u))) < 1,
forall x,y,u,v e X.

Definition 2.3. A function H : R x [0, +00) — R is a function of subclass of type I if it is continuous and x > 1 =
H1,y) <H(x,y), forallx e R, y € [0, +00).

Example 2.4. We have the following functions of subclass of type I, for all x € R, y € [0, +00):
e Hix,y)=(y+1%1>1,
o Hx,y) =(x+1Y,1>1,
e H(x,y) =xy",
e H(x,y) =xy,
e Hx,y) =y,
 Hx,y) = (3,

e H(x,y) = Zly,

e H(x,y) = (57,
an,,‘
o Hix,y) = (Zx + 1Y, 1> 1.

Definition 2.5. Let ¥ : R* x R* — R be a mapping. We say that the pair (¥, H) is a upclass of type I if F is
continuous, H is a function of subclass of type I and satisfies:

MDo<x<1=Fxy)<FQy

(2Q)HQ,y1) < F(x,y2) = y1 < x12,

forall x,y,y1,y2 € R*.

Example 2.6. The following the functions of a upclass of type I, for all x € R, y,t € [0, +0), s € [0, 1]:
o Hx,y) =+ D%, 1>1,F(s,t) =st +1,
e Hix,y) = (x+1)V,1>1,F(s,t) = 1+ ))¥,
o H(x,y) =xy", F (s, t) =s"t",
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H(x,y) = xy, F (s, t) = st,
H(x,y) =y, F(s,t) =st,
H(x,y) = &y, F(s,t) = st,

H(x,y) = L)y, F(s,t) =st,

H(x/ ]/) = (L)yl 7:(S/ t) = st,

n+1

Z xnfi

o Hix,y) = (S + D, 1>1,F(s,t) =1+ 1.

n+l

Definition 2.7. Let ¥ : Rt X R* — R be a mapping. We say that the pair (¥, H) is a special upclass of type I if
is continuous, H is a function of subclass of type I and satisfies:

(1)0<s<1=>F(s,t) <F@,01);

2)HLy) <F(Q,t)y=>y<t,

forall y, t e R*.

Example 2.8. We have following functions of special upclass of type I, forall x e R, y, t,s € R*:
e H(x,y) =+ 1", 1>1,F(s,t)=s"t5 +1,
o Hix,y)= "+, 1>1,F(s,t)= 1+,
e H(x,y) = x"y*, F(s,t) = sPHk,
o H(x,y) =xy, F(s,t) = st,
e Hx,y) =y, F(s,t) =st,
e H(x,y) = 2"3*1 Y, F(s,t) =st,

b H(X, y) = (%)yr ¢(S/ t) = st,

an*l
e H(x,y) = (%)mykl F (s t) = Ptk

ﬁ“xn—i .
e H(x,y) = (l:2+1 + l)yk, 1>1,F(s,t) = (1+ 1"

Remark 2.9. Each pair (¥, H) of upclass of type 1 is pair (¥, H) of special upclass of type I but converse is not true.

Theorem 2.10. Let (X, <) be a partially ordered set and suppose there is a metric d on X such that (X, d) is a complete
metric space. Let F: X* — X and g : X — X be a mappings, and let F have a mixed g—monotone property on X.
Suppose that there exists € W, pair (¥, H) is a upclass of type I and a, u : X* X X* — [0, +c0) such that for
x,y,u,v € X, the following holds:

d(F(x,y), F(u, d(F(y,x), F(v,
H(al(g, g9), gu, goy), 2 EL OV A 20, 70,1 <1)

d(gx, d(gy,
< ?(u((gx,gy>,<gu,gv>),¢( (g W>; (9y g”))>,

forall gx > gu and gy < gov. Suppose also that

(i) F and g are (a)-admissible and (u)-subadmissible,
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(ii) there exist xo, yo € X such that gxg < F(xo, yo) and gyo = F(yo, xo) with
a((gx()/ gyo)/ (F(x()/ yO)/ F(y()/ xO))) 2 1/ a((gy()/ gxo)/ (F(y()/ xO)/ F(X(), yo))) = 1/

p((gxo, gyo), (F(xo, yo), F(yo, x0))) < 1, u((gvo, gxo), (F(yo, X0), F(xo0, ¥0))) < 1,

(iii) F(X?) C g(X), g is continuous, and F and g are compatible in X,
(iv) F is continuous.

Then F and g have a coupled coincidence point, that is there exist x, ¥ € X such that
F(x,y) = gx, E(y, %) = gy.
Proof. Let xp, yo € X be such that
a((gx0, gyo), (F(xo, Yo), F(yo, x0))) = 1, al(gyo, g%o), (F(yo, X0), F(xo, y0))) = 1,
and
u((gxo, gyo), (E(xo, Yo), E(yo, x0)) < 1, p((gyo, gx0), (E(Yo, x0), F(x0, 0))) < 1,

and using (iii) there exist x1, 1 € X, such that gxy < F(xo, o) = gx1 and gyo = F(yo, X0) = gy1. Also, there
exist x, 1> € X such that F(x1, y1) = gx, and F(y1, x1) = gy». Continuing this process, we can construct two
sequences (x,) and (y,) in X as follows

9Xni1 = F(Xn, Yn), 9Yns1 = F(Yn, Xn),
for all n > 0. We shall show that
GXn 2 GXns1, GYn = GYns1, )

for all n > 0. We will use the mathematical induction. Let n = 0. Since gxy < F(xo, yo) and gyo = F(yo, xo0)
and as gx; = F(xo, yo) and gy1 = F(yo, x0), we have gxy < gx; and gyo > gy;. Thus (2) hold for n = 0. Now
suppose that (2) hold for some fixed n > 0. Then, since gx,, < gx,+1 and gy, > gy»+1 and by mixed monotone
property of F, we have

Jxns2 = F(ns1, Yne1) Z Fn, Yns1) = F(tn, Yn) = 9201
and

gYn+2 = F(Yns1, Xn1) < F(Yn, Xns1) < F(Yn, Xn) = gYnar-
From above, we conclude that

IXn+1 = JXn42 , GYn+1 Z GYn+2-

Thus by the mathematical induction we conclude that (2) hold for all n > 0. If for some n, we have

(9%n+1, 9Yn+1) = (G%n, gyn), then F(x,, yu) = gx, and F(y,, x,) = gy, that is x, = x and y, = y are coupled
coincidence point of F and g. Now, we assumed that (gx,+1, gYn+1) # (9%u, gy») for all n > 0. Since F is
(a)-admissible and (u)-subadmissible we have

a((gx0, gYo), (9x1, gy1)) = a((g9x0, gYo), (F(x0, Yo), F(Yo, %0))) = 1 =
a((F(x0, yo), F(yo, x0)), (F(x1, y1), F(y1, x1))) = a((9x1, gy1), (9x2, gy2)) = 1.

Thus, by mathematical induction, we have

a((gxn, gYn), (9Xn+1, Yn+1)) 2 1 (3)



and similarly

a((gYn, 9%n), (GYn+1, §Xn41)) = 1.

Also,

A. H. Ansari et al. / Filomat 31:9 (2017), 2657-2673

u((gxo, gv0), (9x1, gy1)) = p((gx0, gyo), (F(x0, yo), F(yo, X0))) <1 =

p((F(xo, yo), F(yo, x0)), (F(x1, Y1), F(y1, x1))) = u((gx1, gy1), (9x2, 9y2)) < 1.

So, by mathematical induction, we have,

w((gxn, gyn), (9%ns1, GYne1)) < 1

and similarly

L(GYn, 92n), (GYn+1, 9Xns1)) < 1,
for all n € N. Using (1), (3) and (5), we obtain

H(,

<
<

<

a(gxn, gxn+1) + A(GYn+1, GYn)

2

)

d(F(le—lr Yn- )r F(xn/ y‘rl)) + d(F(yl’l—lr Xn—-1 )r F(]/n/ x‘rl))

H(,

H(a((9%n-1, 9Yn-1), (9%n, gYn)),

F W Gnt, Y1), (G TY)), ¢(

7, w(d(gxn_h 9xn) + d(GYn-1, 9Yn) ))'

2
d(F

)

(xn-1, ynfl)r F(x,, yn)) + d(F(yn—lr Xn-1),

F(yn/ xn))

2
d(gxn-1,9%n) + A(GYn-1, 9Yn)

2

2

So, using condition (1) from Definition 2.5 we conclude that

A(gxn, gxns1) + A(GYns1, GYn)

2

Repeating the above process, we get

A(gxn, gxn+1) + AGYn, GYn+1)

d(gxo

d(gxu-1,9%n) + A(gYn-1, gYn)
<y ; )

2

<v

,9x1) +d(gyo, gyl))
2

for all n € IN. For ¢ > 0 there exists n(¢) € IN such that

Z o 9x0/9x1)+d(9yof 3/1)) < e/,

n>n(e)

)

Let n,m € N be such that m > n > n(¢e). Then, by using the triangle inequality, we have

A(gxn, 9xm) + AGYn, JYm)

2

IA

IA

m—1

g ek

71

A(gxr, gxre1) + d(!]]/k, TYk+1)

ll}k

w”(

d(gxo, gx1) + d(gyo,gyl))

d(gxo, gx1) + d(gyo,gyl))

e/2.

)

2663

(6)
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This implies that d(gx,, gxm) + d(gYn, gym) < €. So,
A(gxn, gxm) < €
and

A(GYn, gYm) < €.

Therefore, (gx,) and (gy,) are Cauchy sequences in (X, d). Since (X, d) is complete metric space we have that
the sequences (gx,,) and (gy,) are convergent in (X, d). Then, there exist x, y € X such that

liIP F(xp, yn) = lirp gxXn =X,
liIP Fyn, x,) = lirp gYn =Y.

Since F and g are compatible mappings, we have:

Lim d(g(F(xn, yn)), F(g%n, gyn)) = O, 7)
and
Lim d(g(E(Yn, X0)), F(gYn, gxn)) = 0. 8)

Now, we use the assumption that F and g are continuous mappings. Also we have that gx,+1 = F(xy, Yn)
and gyu+1 = F(yu, x,,). Now, taking limit n — +o0 in (7) and (8) we get

d(gx, F(x,y)) = 0.

Similarly, we have d(gy, F(y,x)) = 0. So, F(x,y) = gx and F(y, x) = gy. Thus we proved that F and g have a
coupled coincidence point. [J

If we choice H(x, y) = xy and ¥ (s, t) = st, we obtain a corrigendum of Theorem 3.2 in [33] with u(x, y) = 1
forallx, y € X.

Theorem 2.11. Let (X, <) be a partially ordered set and suppose there is a metric d on X such that (X, d) is a complete
metric space. Let F: X* — X and g : X — X be two mappings such that F have the mixed g—monotone property on
X. Suppose that there exists € W and a : X? x X? — [0, +00) such that for x, y,u,v € X, the following holds:

d(F(x, ), F(u,0)) + d(F(y, x), (o, A, gu) + d(gy,
a((g%, 91), (g1, g0) (F(x, y), F(u 7)))42r (F(y, x), F(v u)))sll)( (g9x gu);— (gy gv))

forall gx > gu and gy < gov. Suppose also that

(i) Fand g are (a)—admissible,
(ii) there exist xg, yo € X such that gxo < F(xo, yo) and gyo = F(yo, xo) with

a((gxo, gy0), (F(x0, ¥0), F(yo,x0))) = 1, a((gyo, gx0), (F(yo, x0), F(xo0, ¥0))) = 1,

(iii) F(X?) C g(X), g is continuous and F and g are compatible in X,
(iv) F is continuous.

Then F and g have a coupled coincidence point, that is, there exist x, y € X such that
F(x,y) = gx, F(y,x) = gy.

In the next theorem, we omit the continuity hypothesis of F.
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Theorem 2.12. Let (X, <) be a partially ordered set and suppose there is a metric d on X such that (X, d) is a complete
metric space. Let F: X* — X and g : X — X be two mappings such that F has a mixed g—monotone property.
Assume that there exists € W, pair (F, H) is a upclass of type I and a mapping a : X*> X X* — [0, +00) such that

d(F(x,v), F(u,v)) + d(F(y, x), F(v, u))

H(a((gx, gy), (gu, gv)), 7 ) )
d(gx, gu) + d(gy, gv)
< F (g, 99} (g, 300, 9 . )

forall x,y,u,v € X with gx > gu and gy < gv. Suppose that

(a) conditions (i),(ii) and (iii) of Theorem 2.10 hold,
(b) if (x,) and (y,) are sequences in X such that

a((99xn, 99Yn), (99%ns1, 99Yn+1)) = 1, a((ggyn, 99%1), (9GYn+1, 99%n41)) = 1,
(991, 99Yn), (99%n+1, 99Yn+1)) < 1, u((ggYn, 99%1), (99Yn+1, 99%n+1)) < 1,

foralln € N, and lirp gx, =x € X and lirP gy =y € X then
n—+oo n—+0oo

a(99%n, 99yn), (9%, 9y)) 2 1, a((ggyn, 99%n), (9, 9%)) = 1,
and
1((ggxn, 99yn), (9%, 9Y)) < 1, ((9gYn, 99%1), (9y, 92)) < 1.
Then there exist x, y € X such that F(x, y) = gx and F(y,x) = gy, that is, F and g have a coupled coincidence in X.

Proof. Proceeding the same lines as in the proof of Theorem 2.10 we know that (gx,) and (gy,) are Cauchy
sequences in the complete metric space (X, d). Then, there exist x, y € X such that

lim gx, =x, lirP JYn = Y.

n—+00

On the other hand, from (3) and hypothesis (b), we obtain

a((gxn, gyn), (9%, 9y)) 2 1, (10)

and similarly

a((gYu, 9xn), (gy, gx)) = 1. (11)
Also,
u((gxn, gyn), (gx, 9y)) < 1, (12)

and similarly

u((gyn, 9xn), (9y, 9x)) < 1, (13)

for all n € IN. Also, as in Theorem 2.10 we have

IIIII F(xn, yn) =x and F(]/nr xn) =Y.

Using (11), (13), property of i(t) < t for all t > 0 and (9) we get
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1 A(F(gxn, gyn), F(x, y)) + d(F(gyn, gxn), F(y, X))

H( >

) (14)

A(F(gxn, gyn), F(x, y)) + Ad(F(9Yn, 9xn), F(y, x))
2
d(ggxn, d(ggy,
T (g% 9931, (g3, ), L P20 K000+ 910,

71, ¢(d(9gxm gx) +2d(ggyn +gY) ))'

Therefore, from condition (1) of Definition 2.5 we have

IA

H(a((99xn, 99Yn), (9%, 9)), )

IA

IA

d(F(gxu, gyn), F(x, y)) + d(F(gYn, gxn), F(y, X)) < gb(ﬂl(ggxn,g@ +d(ggyn + gy))
2 = 2

. Aggxa, gx) + d(ggys + gy)
< > :

From triangle inequality, and from condition that F and g are compatible we have

(15)

d(gx, F(x, y)) < d(gx, g9xn1) + d(ggxns1, F(gxn, gyn)) + A(E(gxn, gyn), F(x, 1)) (16)

= d(gx, 99xn+1) + d(GF(Xu, Yn), F(gXn, gYn)) + d(E(gXn, gYn), F(x, ),

and

d(gy, F(y, x)) < d(gy, 99Yn+1) + AGggYni1, F(GYn, 9x0)) + dE(GYn, gxn), F(y, X)) (17)

= d(gy, 99Yyn+1) + dGEYn, Xn), F(gYn, 92n)) + dE(GYn, gxn), F(y, X)).
Adding (16) and (17), and using (15) we get

d(gx, F(x,y)) + d(gy, F(y, x)) (18)

< d(gx, ggxni1) + d(GF(xn, Yn), F(9xn, gyn)) + d(gy, 99Yns1) + A(GF Yn, X1), F(9Yn, 9%1))
+  d(ggxa, gx) +d(ggy. + gy)

Letting n — +o0 in (18), and using using properties that g is continuous, and F and g are compatible we
have

d(F(x, y), gx) + d(gy, F(y, x)) = 0. (19)
Hence, F(x, y) = gx and F(y, x) = gy. Thus, F and g have a coupled coincidence in X. [

Remark 2.13. We noted, that papers ([27], [33]1) have imprecisions. Namely, the proof of Theorem 3.3. from [33]
is not completely correct. This irreqularity is able to correct if the condition (2) in the Theorem 3.3 replace by other
condition in accordance with above proven theorem in this paper. Also, in the paper [28] although the authors fix
mistakes, both of the examples have inaccuracies, because in both cases selected functions F does not satisfy the feature
of mixed-monotone property. For more details also see [23].

If we choice H(x, y) = xy and ¥ (s, t) = st, we obtain a corrigendum of Theorem 3.5 in [33] with u(x, y) = 1
forall x,y € X.
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Theorem 2.14. Let (X, <) be a partially ordered set and suppose there is a metric d on X such that (X, d) is a complete
metric space. Let F: X* — X and g : X — X be two mappings such that F has a mixed g—monotone property.
Assume that there exists Y € W and a mapping a : X*> X X*> — [0, +00) such that

d(F(x, y), F(u,v)) + d(F(y, x), F(v, d(gx, Ay,
a((g%, 91), (g1, 70) (F(x, y), F(u v));r (F(y, %), F(o u))) < ll/( (gx gu);— (gy gv))

forall x,y,u,v € X with gx > gu and gy < gov. Suppose that

(a) conditions (i), (ii) and (iii) of Theorem 2.10 hold,
(b) if (x,) and (y,) are sequences in X such that

a((gxn, g¥n), (GXne1, 9Yn1)) 2 1, al(9Yn, 9%0), (GYn+1, §Xns1)) 2 1,

foralln € N, lim gx, =x € Xand lirP gy, =y € X then

n—+oo
a((gxn, gyn), (9%, 9Y)) 2 1, a((gxn, gyn), (9%, 9y)) 2 1.
Then there exist x, y € X such that F(x, y) = gx and F(y, x) = gy, that is, F and g have a coupled coincidence
in X.

In the following theorem, we shall prove the uniqueness of the coupled fixed point. If (X, <) is a partially
ordered set then we endow the product X? with following partial order relation:

Y EWMv)ex=<u yxv,
for all (x, y), (u,v) € X2.

Theorem 2.15. In adding to the hypothesis of Theorem 2.10, suppose that for every (x,y), (s, t) in X?, there exists
(u,v) in X? such that

al(gx, gy), (gu, gv)) = 1, a((gs, gt), (gu, gv)) = 1, (20)

p((gx, gy), (gu, gv)) < 1, p((gs, gt), (gu, gv)) < 1, (21)

and (u,v) is comparable to (x, y) and (s, t). Then F and g have a unique coupled coincidence point.

Proof. From Theorem 2.10, the set of coupled coincidence point is nonempty. Suppose that (x, y) and (s, t)
are different coupled coincidence points of the mappings F : X> — X and g : X — X thatis, gx = F(x, v),
gy = F(y,x), gs = F(s, t) and gt = F(t,s). By assumption there exists (1, v) in X? such that (1, v) is comparable
to (x,y) and (s, t). Put u = up and v = vy and choose u1, v, € X such that gu; = F(up, vp) and gv, = F(vy, o).
Thus, we can define two sequences (gu,,) and (gv,) as

Gup1 = F(uy, v,), gons = F(0n, uy).

Since (u,v) is comparable to (x, y) then it is easy to show that gx < gu; and gy > gvi. Thus, gx < gu, and
gy > gov, for all n > 1. Since, for every (x, ), (s,t) € X? there exists (1,v) € X x X such that (20) and (21) are
satisfied. Since F and g are (a)-admissible, from (20) and (21), we have

a((gx, gy), (gu, gv)) = 1 = a((F(x, y), F(y, x)), (F(u,v), F(v,u))) = 1

u((gx, gy), (gu, gv)) < 1 = u((F(x, y), F(y, x)), (F(u, v), F(v,u))) < 1

Thus, for u = up and v = vy, we get

(X((gx, gy)r (gu()r gUO)) >21= a((F(X, ]/)/ F(]// X)), (F(MOI UO)/ F(Uo, MO))) 2 1/
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and
1((gx, gy), (guo, gvo)) < 1 = u((E(x, y), F(y, x)), (F(uo, v0), F(vo, up))) < 1.
Thus, we have
a((gx, gy), (guo, gvo)) 2 1 = al((gx, gy), (g1, gv1)) = 1,
and
u((gx, gy), (guo, gvo)) < 1 = p((gx, gy), (gur, gv1)) < 1.
Therefore, by mathematical induction, we obtain
a((gx, gy), (gin, gon)) 2 1,
and
u((gx, gy), (gin, gon)) 2 1,
for all n € N, and similarly, a((gy, gx), (904, gu,)) = 1. From (20), (21), (22) and (23) we get

d(F(x, y), F(un, vn)) + d(F(y, %), F(0n, tn))
2

d(F(x, ]/)/ F(uy,vy)) + d(F(]// x), F(vy, uy))
2

1 d(gx, guns1) +d(gY, gUns1)

H( .

) =H(, )

< H(a((gx, gy), (gtin, g0n)), )

d(gx, guy) + d(gy, go,
F(u((gx, gy), (gun, gon)), tp( (g, gu )sz (gy, gv )))

IN

IA

7, w(d(gx, gity) er d(gy, gvn))).

So, using condition (2) of Definition (2.5) we conclude that

d(gx, gun+1) + d(gy, gons1) - ll}(d(gx, gun) +d(gy, gvn))
2 = 2 :

Thus, from (24) we have

a(gx, gun+1) + d(gy, gon+1) < 1P,,(d(gx, gu1) +d(gy, gvl))
2 = 2 ’

for each n > 1. Letting n — 400 in (25) and using Lemma 1.5, we get
lim [d(gx, gunsr) +d(gy, gon+)] = 0.

This implies that
JLim d(gx, guna) = lim d(gy, gons) = 0.

Similarly, one can show that

A (g, gun) = lim d(gt, gons1) = 0.

2668

(22)

(23)

(24)

(25)

(26)

(27)

From (26) and (27), we conclude that x = gx = gs = sand y = gy = gt = t. Hence, F and g have a unique

coupled coincidence point. [
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Corollary 2.16. Let (X, <) be a partially ordered set and suppose there is a metric d on X such that (X, d) is a complete

metric space. Let F : X* — X and g : X — X be two mappings such that F has a mixed g—monotone property on X.

Suppose that there exists € W and a, u : X*> X X* — [0, +00) such that for x,y,u,v € X, the following holds:
(d(F(x, y), F(u,v)) ; A(F(y, %), Fo,0) | D@ < (v gy), (g1, 0) w(d(gx, gu) er d(gy, gv) ) "

forall gx > gu and gy < gov. Suppose also that

(i) F and g are (a)—admissible and (u)—subadmissible,
(ii) there exist xo, Yo € X such that gxy < F(xo, yo) and gyo = F(yo, xo) with

a((gxo, gyo), (F(xo, o), F(yo, x0))) = 1, a((gyo, gx0), (F(Yo, x0), F(x0, ¥0))) = 1

and

u((gxo, gyo), (F(xo, vo), F(yo, x0))) < 1, u((gvo, gx0), (F(vo, x0), F(xo0, v0))) £ 1,

(iii) F(X?) € g(X), g is continuous and F and g are compatible in X.
(iv) F is continuous, or if (x,) and (y,) are sequences in X such that

a((9Xn, 9Yn), (GXn+1, 9Yns1)) = 1, a((GYn, 9%0), (GYns1, GXn1)) = 1,

and

w((gxn, gYn), (GXns1, 9Yns1)) < 1, w((GYn, 9%n), (GYns1, gXns1)) < 1,

foralln € N, and lirin gx, =x € X and lirin gyn =y € X then
a((gxn, gyn), (9%, 9y)) 2 1, a((g%n, gyn), (9%, 9y)) = 1

and
1((gxn, gyn), (9%, 9y)) < 1, p((gxu, gyn), (9%, gy)) < 1.

Then F and g have a coupled coincidence point, that is, there exist x, y € X such that

F(x,y) = gx, F(y,x) = gy.

Corollary 2.17. Let (X, <) be a partially ordered set and suppose there is a metric d on X such that (X, d) is a complete
metric space. Let F : X2 — X and g : X — X be two mappings such that F have a mixed g—monotone property on X.

Suppose that there exists € W and a, pi : X> X X* — [0, +c0) such that for x, y,u,v € X, the following holds:

#((Wﬂy),(yu,yv))w(w)

d(F(x,y),F(u,0))+d(F(y,x),F(0,u))
@((gx, gy), (g, go) + D~ = (1+1)

forall gx > gu and gy < gov. Suppose also that

(i) F and g are (a)-admissible and (p)-subadmissible,
(ii) there exist xg, Yo € X such that gxy < F(xo, yo) and gyo = F(yo, xo) with

a((gxo, gy0), (F(xo, yo), F(yo, x0))) = 1, a((gyo, gx0), (F(yo, X0), F(x0, y0))) = 1,

and

p((gxo, gyo), (F(xo0, yo), F(yo, x0))) < 1, p((gyo, 9x0), (F(Yo, X0), F(x0, Y0))) < 1,
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(iii) F(X?) C g(X), g is continuous and F and g are compatible in X,
(iv) Fis continuous, or if (x,) and (y,) are sequences in X such that

(9%, gYn), (GXn+1, 9Yns1)) = 1, a((GYn, 9%0), (9Yns1, GXn1)) = 1,

and

u((gxn, gyn), (9%ns1, gYne1)) < 1, u((GYn, 9%n), (GYns1, 9%n1)) £ 1,

foralln € N,and lim gx, =x € X, lim gy, =y € X then
n—+oo

n—+oo

a((gxn, gyn), (9%, 9v)) = 1, a((gxn, gyn), (9, gy)) = 1

and

p((gxn, gyn), (9%, 9y)) < 1, u((gxn, gyn), (9%, gy)) < 1.

Then F and g have a coupled coincidence point, that is, there exist x, y € X such that

F(x,y) = gx, F(y,x) = gy.

Example 2.18. Let X = [0,1] and d : X> — R be a standard metric. Define a mapping F : X*> — X and
g:X - XbyF(x,y) = % and g(x) = x forall x, y € X. Let H(x,y) = xy and F(s,t) = st. Consider a mapping
a:X?xX? - [0,+00)and p : X? X X*> — [0, +00) be such that

1, f x>yux>v,
0, otherwise,

a((x, ), (y, u)) = {

and

_ 1, ifo]//qur
M@m)@#”—{lq otherwise.

Now we have,

X—v Yy-u

8 8

d(F(x,v), F(y,u)) = ‘ < %(Ix —yl+lv—ul)= %(d(x, y) +d(v, u)).

Analogous,
A(F(o, ), E(y, 1)) < 5(d(x, ) + d,1).

So, it follows that

d(F(x,v), F(y,w)) + d(F(o, %), F(u, y))
2

a((x, ), (y, u))

< }L(d(x, y) +d(v, u))

(@, y) +d(,u)

< 30000, ()

Thus all hypothesis of Theorem 2.10 for (t) = % are fulfilled. Then, there exists a coupled coincidence point (0, 0)
of Fand g.
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Example 2.19. Let X = [0, 1] Then (X, <) is a partially ordered set with the natural ordering of real numbers. Let
d(x,y) = |x - y| for x,y € [0,1]. Then (X,d) is a complete metric space. Let F : X> — X and g : X — X be defined
as g(x) = x>, and F(x, y) = S %,for all x € X. Let H(x, y) = xy and ¥ (s, t) = st.

Let (x,) and (y,) be sequences in X such that

liIP Fxu,yn) = lirp gx, =a,
Jdim Fu) = Jim g, =

Thus it follows that a = 3, and b = 3.
Therefore,

Jim d(@(Fa, ), Flgs gy) = 0

Jim  d(g(F(yn, X)), F(gYn, g%n)) = 0

Hence, the mappings F and g are compatible in X. Consider a mapping o, u : X> X X* — [0, +00) be such that

1, if x>yu>o,
a((gx, 90), (gy, gu)) = { 0, othervzise,

1, if x>yu>o,
#((gx/ g?]), (gy, gu)) - { 10, Othel‘?/WiSe.

It follows that

3_13 3_,3

(05,70, (0, gu))d(F(x, v), F(y, u));rd(F(v, x), Fu,y)  _ ‘f - : S
< 2=y o)
= i(d(gx, gy) + d(gu, gv))
< 2u(gx,gv) gy, guy DE N> X000,

Thus () = §. Also we can see that F(X?) C g(X) and F satisfies mixed g—monotone property. So, all conditions
of Theorem 2.10 are satisfied, and (0,0) is a coupled coincidence point for F and g.
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