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Abstract. In this paper, we derive a new integral identity for differentiable function. Using this new
integral identity as an auxiliary result, we derive some new two point trapezoidal like inequalities for
differentiable harmonic h-convex functions. These inequalities can also be viewed as Hermite-Hadamard
type inequalities. We also discuss some new special cases which can be deduced from our main results.

1. Introduction and Preliminaries

In past few years, several new extensions of classical convexity have been proposed, see [1-9, 12, 16, 18,
19]. Iscan [8] introduced and studied the class of harmonic convex functions. Noor et al. [16] extended
the class of harmonic convex functions and introduced the notion of harmonic h-convex functions, which
unifies some new classes of harmonic convex functions. For some recent studies on harmonic convexity,

see[8,9,11,12,16,17].
Definition 1.1 ([18]). A set Kj, € R\ {0} is said to be harmonic convex, if

Xy

m eK Vx,yeK,te [0,1]

Harmonic convex functions are defined as:

Definition 1.2 ([8]). Let K}, be a harmonic convex set. A function f : K, — R is said to be harmonic convex
function, if

f(ﬁ) SA-0f@) +tf(y), Yx,yeK,tel0,1]
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Noor et al. [16] defined the class of harmonic h-convex functions as:

Definition 1.3 ([16]). Let K}, be a harmonic convex set and h : [0,1] — R be a real function. A function f : K, — R
is said to be harmonic h-convex, if

*y
——— | <h(l-t + h(t ,Vx,y € Ky, and t € [0,1]. 1.1
f(tx+(1—t)y)_ (L= Df(x) + b)), ¥,y € Ky and t € [0,1] (L)
Remark 1.4. Note that, if h(t) = t,£,t7},+° and h(t) = 1 in Definition 1.3, then, we have definitions of har-
monic convex, harmonic s-convex, harmonic Godunova-Levin, harmonic s-Godunova-Levin convex and harmonic
p-functions respectively. This shows that the class of harmonic h-convex functions is quite unifying one.

The main objective of this paper is to derive some new two point trapezoidal like inequalities via harmonic
h-convex functions. For this, we derive a new integral identity which will serve as an auxiliary result for the
development of main results. We also discuss some special cases which are included in our main results.
The results obtained in this paper can be useful in the field of numerical analysis where error analysis is
required.

Before proceeding further, we recall some concepts from special functions, which are widely used in the
development of our main results.

Gamma and Beta functions are defined respectively as:

T'x) = f e ldt,
0
1
B(x,y) = f Pl -pytde =
0
The integral form of the hypergeometric function is

L)' (y)
Tx+y)

1
1

crer) = y=1¢1 _ \e—y=1¢1 _ -X

2Fi(x, y;¢;2) B(y,C—]/)Oft 1-1) (1 —zt)™dt

for |z| < 1,c¢ > y > 0. For more information, see [10].
From now onward, we take the notations 7, C R\ {0} be the real interval and I 2 be the interior of 7; unless
otherwise specified.

2. A New Integral Identity

In this section, we derive our auxiliary result which plays an important role in the development of our
main results.

Lemma 2.1. Let f : I}, — R be a differentiable function on I) where a,b € I, witha < b. If f’ € L[a, b], then

1[f(a)+f(b> +f( 2ab )] . bﬂb b ASFN

2 2 a+b —-a x2
a

1 2
1 1 , 2ab
a0 [ (- =rreem) / (a=mmroem)

0
+j(t—1) : ¥ 200 dt
2)\(1+ta+1A-t)Db I+ta+1-1tb ’
0
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Proof. Let
1 1 ’ 2ab
, a
1= f(i _t)(a —ta+(1 +t)b) f ((1 —ta+ (1 +t)b)dt
0
B 1 1 2ab ab mf(x)
~ 4ab(b - a)f(a) " 4ab(b — a)f(a + b) ab(b - a)? f?dx' (2.1)
Similarly
ro 1 ’ 2ab
, a
V2= f(t_ E)(u +ha+(1- t)b) f ((1 Fha+ (1 —t)b)dt
0
b
1 1 2ab ab fx)
~ dab(b - a)f ®)+ 4ab(b — a)f (a + b) " ab(b—a)? et 22)

a+b

Combining (2.1), (2.2) and then multiplying by ab(b — a) completes the proof. 0O

3. Some New Integral Inequalities

In this section, using Lemma 2.1 we derive some new inequalities of Hermite-Hadamard type for the
class of harmonic h-convex functions.

Theorem 3.1. Let f : 1) — R be a differentiable function on I where a,b € I witha < b and f’ € L[a,b]. If |f’| is
harmonic h-convex function, then

1[f(a)+f(b) +f( 2ab )]_ b“b b @dxl

2 2 a+b —-a x2
1
< ab(b ~a) luf'(a» +IF O { f -3+ dtH,
0

where

¢ = h(%) (3.1)

¢ = h(%) 3.2)

= ! 33

ST A=pa+d+0b7 (3.3)
and

Cq ! (34)

T (A+bha+d-np2’

respectively.
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Proof. Using Lemma 2.1, property of the modulus and the fact that |f’| is harmonic #-convex function, we
have

[,

ba x?
a

1 2
1 1 , 2ab
i _a)lf(z )((1—t)a+(1+f)b) f(<1—f>a+(1+t)b)dt

1

2
+J‘ (1+oa+a—me(ﬂ+ﬂiﬁ1‘WJw]
1
sww—mtf‘ 1Kﬂ_gg+a+tb
1 01
+f‘t_§‘(l+t)a+ )
0
1
<ab(b - a)[oj“t ‘((1—t)a+(1+tb
2 —
b Y] B rores(roal
=ab(b—a)[{lf’(a)l+If’(b)|}{fl‘f‘%‘(h(%)”(%))
0

1 1 4
% (1 =t)a+ (1 +t)b)? ((1 + t)a + (1 — t)b)? '

This completes the proof. [J

[ f(@) + f(b) 2ab
2 +f(11+b)

N =

( —t)a+ (1 +t)b)‘d

|

@i (<5 o d

f/

((1 + t)a + (1 - t)b)

+

S

Corollary 3.2. Under the assumptions of Theorem 3.1 and h(t) = t, we have

1[ f(a) + f(b) 2ab f(x)

5[ 2 +f(a+b) b a x2
b(b

s;é+wJV(I+V@M@H+%)

where

a->b a->b 1 a->b
= ,F .Q. — 5F .. Z.,F .Q.
®1 21("'11+b) 21("'a+b)+421("'a+b)'

b—a b—a\ 1 b—a
(PZ— 2F1( 7 & ’ﬂ+b)_2F1( s Ly /a+b)+1'2pl( s Ly /u+b)-

and
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Corollary 3.3. Under the assumptions of Theorem 3.1 and h(t) = t°, we have

G RET R

<abb-a)[If @] +1f )] (11 + Iz) ,

where

with:

and

with:

1/2 1
hzf (E_t)(61+Cz)(63+C4)df=h+12+f3+]4'
0

1/2 s
1 3 a->b
]1—](; (E—t)clcsdtﬁm'2F1(2,1,31m),
1/2 S
1 3 b—a
= - — D
2 f(; (2 t) cicadt < 22543 (g 4 b) “2h (2 L3 2(a + b))

1/2 1
]3 = f (— - t)C2C3di'
0 2

1 2 b—a
Fi12,s+2;
[ 21( s+2;5+3; Zb)

T 2592 |5+ 2

1 b—a 1 b-a
LR (25t Ls 42 Fif2,s+1;5+3;

s+l “( sHlsH 2b)+25+1(s+1)(s+2) S AR AR T )]

1/2 1
]4 = f (— - i’) CzC4di’
O 2

! [ 2 2F1(2$+25+3 b)
2a

T 292 |5+ 2

1 a-b 1 a-b
———oF1|2,5+1;5+2; + coF112,s+ 1,8+ 3, —|],
s+1 2 1( * ° 2a ) 25t1(s + 1)(s + 2) Sl ° 4q )]

1

1

12:f (f-5) @+ (e +endt=Ki+ Ko+ Ks + Ky,
1/2

K—fl(t—l)ccdt<; F112,1,3; —b !
YU T2/ T g 2(+b) T W@+

1
1 1 b—a 1
K2 fm(t 2)C1C4dt—8(a+b)2 2F1(2'1’3’2(a+b))+4a(a+b)’

2285
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1
1 1 b—a
K3 = t——) dt = < 2F1(2,2;8+ 3, ——,
3 fm( 2)0N T e s +2) 2 1( ° 4b)

1
1 1 a—->b
K, = (t——) dt = oF (2,2:5 +3;,222).
4 Lz 2] T T ) s+ 2) 1( ° 4{1)

Corollary 3.4. Under the assumptions of Theorem 3.1 and h(t) = t~° we have

b
ab ﬂ?dx

2 2 a+bl| b-a

1[f(a) +HfO) f( 2ab )

<ab(b —a)[|f (@) + | )] (II + I;),

where

1/2
1
I :f (— —t)(cl +o)(+e)dt =1+ L+ i+ ],
0

2
with:
1/2
1 1 a->b
— _— < —/ . [0 S —
h fo (2 t)clc3dt—2—s+3(a+b)2 2F1(2’1’3’2(u+b))’
1/2
1 b-a
s = S —t)oedt < ————— - ,F (21,3 ——
E fo (2 )Clc‘* = 2-5%3(a + b2 “(' '3'2(a+b))’
1/2 1
L= = -t t
J5 fo (2 )Czc3d
1 2 b—a 1 b-a
—W[m'2F1(2,—S+2,—S+3,2—b)—$'2F1(2,—S+1,—S+2,2—b
1 b—a
+ < oF112,-s+1;,=s+3;, ——|,
2 (s + 1) (s +2) 1( TR )]
1/2 1
]4:£ (E—t)0264dt
1 2 a->b
=2—Tsaz[m'2ﬂ(2"”2"‘”3? 2 )
1 a->b 1 a—->b
- oFi (2, -5 +1;-s +2; oFi (2, -s+1;-s+3, 2
v 1(’ sThUTSTA T, )+2‘5+1(—s+1)(—s+2) 2h1(2 =+ L=s 43— )]
and

1
1
1;:fm(t_E)(c1+c2)(c3+c4)dt=1<;+1<;+1<;+1<;,
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with:

1
1 1 b 1
— —_ = < .
K Lz (t z)clce'dt— 22543 . 35(q + b)? 21 (2 L3 2(a +b)) 22542 35p(a + b)’

1
1 1 b—a 1
K= | (t=2)ccdt < Fil2,1;
2 fm( 2)“4‘1 22543 35(a + D)2 2 1( %2 +b)) 2542 3a(a + b’

1
1 1 b—a
K = t——) dt = F (2,2, +3,2=2)
3 fm( 2) 2 T S i ) (s +2) 2 1( s 4b)

1
1 1 a->b
K = (t——) dt = oF (2,2 +3; 22,
4 fm 2) 2 T i i ) (s +2) 2 1( ST T, )

Corollary 3.5. Under the assumptions of Theorem 3.1 and h(t) = 1, we have

A JICES LT

a+b

f @) 4

X2

1 |1 1 b—a
<arwli 1(2’1’32<a+b>) R o)
b—a) 1 b—a
+2F1(223 )—2F1(212 +b) 52k (213 2@ +b))
a—b a-b\ 1 a-b
+,F; (Z,Z,B,W)— -Fq (2’1'2'a+b) E oFq (2 1,3; 2(ﬂ+b))]

Corollary 3.6. Under the assumptions of Theorem 3.1, if

f@+ f) _ [ 2ab
2 _f(a+b)'

we have

f@+f®)  ab f(x)

a

1
<ab(o - a) luf’(an +HIFO) { -3
0

where c1, ¢z, c3 and c4 are given by (3.1), (3.2), (3.3) and (3.4) respectively.

2 b—a x2
_ 2ab B ab f(x)
=\ a+b) b-a x2

(c1 +c2) (c3 +c4) df” ,
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Theorem 3.7. Let f : I}, — R be a differentiable function on I) where a,b € I witha < band f’ € L{a,b]. If |f'|7 is
harmonic h-convex function where q > 1, ; + ¢ =1, then

1| f@+ f) 2ab f(x)
5[ 2 +f( )] b-a

a+b x2

o . !
Sab(b—a)(m) [[ f J {cllf’(a)l"+Cz|f'(b)|”}dt] [ f CZ{CzIf’(a)I"+C1If’(b)|‘7}dt] ]
0 0

where c1, ¢, are given by (3.1), (3.2) and
1
q

ST (A =ba+ A +0b) (3.5)
and
1
q_
4= A+ ha+t A-Dp (3.6)
respectively.

Proof. Using Lemma 2.1, Holder’s inequality and the fact that |f’|7 is harmonic h-convex function, we have

1[ f(a)+ f(b) 2ab f(x)
E_ 2 +f(a+b)] b-a) x dx

1

1 1 2 , 2ab
= ab(b—ﬂ)[f(i_t)((l—t)a+(1+t)b) f ((1—t)a+(1+t)b)dt
0

1 2
1 1 , 2ab
+f(t_§)((l+t)a+(l—t)b) f ((1+t)a+(1—t)b)dt
0

. 1
1
<ab(b—a)l[f’t—‘ ] [ (A —=ta+ 1+ b=

J f ((1—t)azib(1+t)b) ]
+[f1‘t—%pdt dt]q‘

1 1 %
co-o{ar) | = 5 o5 oo
+[!(((1_t)g+1(1+t)b)2q)[h(1;t)|f’(ﬂ)|q+ () iror]d ]

g b %
~ a0~ 5555 [[ [ dtelr@r + ciremd ] +[ |4 Czlf’(a)lq+C1|f’(b)|q}dt] ]
0

, 2ab
f ((1 —ta+(1+ t)b)

p 1
] ( (T—Da+ L+ Db
0

0
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This completes the proof. [J
Corollary 3.8. Under the assumptions of Theorem 3.7 and h(t) = t, we have

b
1[f(@)+f() 2ab ab [ f(x)
5[ 2 +f(a+b) Cb-a ?dx
_ UV e,
< ab(b “)(2p(1+p)) ( [T+, ),
where

1
v = [ dlalr@n+elr o da
0

1 a->b 1 a->b 1 a->b
- - 1N\ i M - .Y ZUE(Y . -
2@+ by {|f (@)l [21:1 (2q'1'2'u+b)+ 5 2F1 (217,2,3,a+b)] + 2|f B - oF (zq'1'3'a+b)}’

and
1

¥r = f el @+ alf OF) dt

0
1 1 b—a b-a\ 1 b—a
N BTN Q. 774 7 1\ 1q h 24 . Q.04
2(€l+b)2q {2|f (ﬂ)l 2F1 (2q11/3/a+b)+|f (b)l [2F1(2q11/2/a+b)+ 2 2P1 (2q12/3/a+b)]}-

Corollary 3.9. Under the assumptions of Theorem 3.7 and h(t) = t°, we have

l[f(a) D) | f( 20b )] S (1,

2 2 a+b —-a x2
a

SN

where
1
Yy = fcg {alf @I +colf' )7} dt = |f (@)"M; + [f' (D)ITM,
0
with
1 1 —-2q
1 a->b
_ q9p _ sf1_2—%
M, —fo cic,dt = @t fo 1+1) (1 a+bt) dt
1

1 1
= (29 -1)(@-"D) [(Zb)qu  (a+ Dbyt } ’

1
M2=f Czcgdt
0

1 ! a—b )\
= — 1-1)°|1- t dt
25(a+b)24f0( )( a+b)

1 a-b
6+ 1)@+ by 21(%'S+'a+bf




M. U. Awan et al. / Filomat 31:8 (2017), 2281-2292

and
1
Yp = fCZ {cl @I +cilf' @)} dt = |f (@ITN1 + |f (B)I'N,
0

with

1
lef ccidt
0

1 ! s b—a\™

1
T (s + 1)@+ b

! 1 ! b—a\ ™
N, = Tt = —— 1+8)°(1—- ——¢| dt
2 f0c1c4 2s(a+b)2qf0( +)( a+b)

< 1 1 1
T 2q-Db-a)|a)2!  (a+b)21]|

b—a
: 2F1 (21111/5"'2/ ﬂTb)’

Corollary 3.10. Under the assumptions of Theorem 3.7 and h(t) = t~°, we have

ab b @dx

2 2 a+b b-a X2
a

1[f(a) HfO) f( 2ab )

==

Sab(b—a)( ()" +,"),

1
2r(1 +p))

where

g1 = | Half @I +clf @F}dt = |f @M +|f OIM,

O%H

with

o 1 ! a—-b )\
N = dt= —— 1+t)7°(1- t dt
M fo 1% 2-5(a + b)% fo( ) ( a+b)

- 1 1 1
T 252g-1)a-b) | @b (a+Db)21]

o 1 ! a-b\ ™
* _ A ] _
M, = j(; cacydt = —275(a e f(; 1-9 (1 e bt) dt

1 a->b
25(=s+ 1)@+ b2 2 1(’7’ TS ’a+b)’

and

1
Yo = f S {alf @1 +alf GF)d = |f @FN: + If PN
0

2290
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with

29
N; fcchdt =" +b)2qf(1_t (1——bt) dt

b—a
= Fil2 2;
S(—s+1)(11+b) “(’7” 5 +b)’

o 1 ! b—a \ ™
T = t= —47m78— 1+8)75(1 - t t
N, foclc4d 2—5(a+b)2‘1f0( ) ( a+b) d

1
. (29 -1 —a) [(2{1)2‘1—1 C (a+ byl ] ‘

Corollary 3.11. Under the assumptions of Theorem 3.7 and h(t) = 1, we have

1[f@+ f() 2ab f(X)
E[ 2 +f( )]_b—a

a+b x2

< Grop (2p<1+p)) (f @0 +1f (b)W)”ﬂ[zPl (Zq,1,z,a+b)+zpl (Zq,l 2 +b)] .

Corollary 3.12. Under the assumptions of Theorem 3.7, if

f@+ f®) [ 2ab
2 _f(a+b)'

we have

[+ b (f@),
2 b- a x2

b
1 q
<ab(b - (2P(1+p) [ f felf @F +calf B} d ]+[ f lelf @1 +alf O dt| |,
0

0

1 q

where ¢y, ¢y, cg and cZ are given by (3.1), (3.2), (3.5) and (3.6) respectively.

Conclusion

In this paper, we have derived several new trapezoidal like inequalities via harmonic i-convex functions.
We have derived a new integral identity for differentiable functions. In order to obtain our main results,
we have used this new integral identity as an auxiliary result. We have also discussed several new special
cases which can be deduced from our main results. It is expected that the ideas and techniques of this
paper may inspire interested readers to further explore this area of research. It is an interesting problem for

future research to obtain these results using the concepts of quantum calculus. For some useful details, see
[13-15].
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