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Abstract. We study affine Bessel sequences in connection with the spectral theory and the multishift
structure in Hilbert space. We construct a non-Besselian affine system {u,(x)}, generated by continuous
periodic function u(x). The result is based on Nikishin’s example concerning convergence in measure. We
also show that affine systems {u,(x)},>, generated by any Lipchitz function u(x) are Besselian.

1. Introduction

Sequence of functions {u,(x)},”, C L*(Q) is said to be Besselian if there exists B > 0 such that V f € L*(Q)

oo I(f, )P < BIFIE.

It is known that there exist functional sequences {u,(x)};> , € L*(Q) such that under the condition of
lunlloo < Allunll,  n=0,1,..., 1

we have that {u,(x)})", are Besselian. On the other hand (1) is the neccessary condition for Besselian
property or Riesz basicity in number of cases.

Example 1.1. Every functional sequence from the following one-parameter family

{uo(x) =X, up(x)=-sin2mkx, d(x) = 4Lnkx cos 27tkx + Csin 27'ckx}::1, CeR,

consists of root functions from the Samarsky-Ionkin spectral problem (e.g. [1])

u’(x)+ Au(x) =0, O0<x<1,
u(0)=0, u'(0)=u'(1).

Every sequence from the one-parameter family is Besselian and elements of each such sequence satisfy the uniform
estimate ||uyllec < Allnll. If C = 0, the sequence forms an unconditional basis in L*(0,1), else if C # 0, it does
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not form a basis. As it follows from the results of [2], only uniformly bounded functional sequences can form Riesz
bases consisting of eigenfunctions of one-dimensional self-adjoint Schrodinger operator with summable potential and
discrete spectrum.

Example 1.2. Let H*(T) be a Hardy space consisting of all functions u € L*(T) in the form of u(x) = Y., c.e™,
Yoorolen? < oo. Anoperator V is called shift if Vu(x) = e*u(x). Assume that u,(x) = V'u(x) = u(x)e™,n=0,1,....
It is well-known that a sequence of functions {u,(x)},", is Besselian if and only if u € L*(T).

Additional conditions formulated in terms of {u,(x)};" , system coefficients space that provide Besselian
property for general sequences of functions and for affine sequences (or affine systems) of functions in
particular, are given in the paper [3]. In section 2 we show that additional conditions cannot be omitted in
case of affine systems of functions; we also construct an affine system {u,(x)} consisting of continuous
functions that does not form a Besselian sequence. The construction of this affine system is based on
Nikishin’s example [4] to Ulyanov’s problem [5]. We consider the class of affine functions because there
is a deep-rooted analogy to systems from the Example 2. Walsh type affine systems are introduced in the
article [6]. We define them as follows:

Let the function u(x), x € IR, satisfy the following conditions:

1
uel?0,1), f u(x)dx =0,  u(x+1) = ux).
0

We denote the space of such functions as L% (0, 1), then we can define the following operators:
Wou(x) = u(2x), Wiu(x) = r(x)u(2x), (2)

where
1, x€[mm+1/2)
r(x) =
-1, xem+1/2,m+1)

is the periodic Haar-Rademacher—Walsh function.

For arbitrary multi-index a = (ay,...,ax-1), k = 0,1,... consisting only of ones and zeros we consider
the operator product W* = Wy, ... W,,_, (W,,_, is the first to act, W,, is the last; if k = 0, empty product is
the identity operator). For any positive integer 11 € IN by its binary expansion n = Y X2} @, 2" + 2% we assume

k-1
@) =1, () = ua(x) = W) = #0(). . @@ty = u@t) [ [,
v=0

where 7(x) = r(2¥x), k = 0,1, ..., are the Rademacher functions.

Definition 1.3. The sequence of functions {u,(x)}", is called Walsh type affine system of functions generated by
u(x).

Applying these operators to the function w(x) = r(x) we can obtain the classic Walsh-Paley system
{wn(V)};2,-

Thenre0 is a structural analogy between affine systems and systems from the Example 2. A shift V in
Hilbert space H can be defined as follows: an isometry V : H — H is called a shift if there exists vector e € H
such that system {V"e}> | forms an orthonormal basis in H. Every shift V : H — H is unitary equivalent to the
multiplication operator Vu(x) = e*u(x) in Hardy space H(T).

The multishift structure in Hilbert space is introduced in the paper [7]. A multishift is a shift extended
into the case of two non-commutating operators and is defined as follows: an isometry pair Wy and W, from
Hilbert space H is called a multishift if there exists vector e € H such that the family of vectors {W®e}sen forms
an orthonormal basis in H, where A = {J;,1{0, 1)k is the family of all multi-indexes a = (av, ..., -1), &, = 0 or
1,0<v<k-1 W*=W,...W, ,. Every multishift Wy, W; : H — H is unitary eqgivalent to the pair of
operators (2) in L(z)(O, 1) space.
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2. Main Result

Theorem 2.1. There exists a continuous periodical function u(x) that generates non-Besselian Walsh type affine
system {u, (x)}2, in L*(0, 1) space.

Consider this in comparison to the following results:

Theorem 2.2. Let a periodical function u(x) satisfy the Lipchitz condition |[u(x) —u(y)l < Lix—y|*, 0 <a < 1. Then
the Walsh type affine system {u,(x)}, is Besselian in L*(0, 1) space.

Example 2.3. A system {un (X)), is called convergence system in measure for €2 if series Y, antty(x) converges in
measure for {a,), € (*. E.M. Nzkzshzn [4] constructed the example of function u € L2(0,1) N C[0, 1] such that the
functional system {”(ka)};io generated by u(x) is not a convergence system in measure for €. There was also obtained

the function f € L%(0,1) such that Y2, | fol (0)u(2kx) dx|* = co. Thus {u(2%x)}>,, is not Besselian in L*(0, 1) space.

This example proves the Theorem 1 because u(2fx) = Wgu(x), k=0,1,... contains in Walsh type affine
system {u,},”, so {u,},", with its part is not Besselian. Here follows the proof of Theorem 2.

Proof. Consider Fourier-Walsh series u = ), (1, w,)w, for the function u € L%(O, 1). Using the natural

bijection between the positive integer set IN and the family A, we represent the series in the form of
=) en(U, Wy)w,. Let [a] = k be the length of a multi-index a = (ayp, ..., aj—1). Assume that
12 21 1/2

U= (Y lww)l) = (Y lwwf) . k=01,...

|ar|=k n=2k

For any finite sequence {c,},en = {cg}gen We have

i Cylly = Z cﬁWﬁu = i Z Z cp(u, w, ) WPIW*w

n=1 PeA k=0 |a|=k peA

Note that for any fixed k = 0,1,..., the { wﬁwaw}w:k,ﬁ% family is orthonormal because it consists of
pairwise different Walsh functions. Therefore, by Parseval’s identity,

) 1/2
HZ Cnlly Z Z cp(ut, wa)wﬁwa ‘ = Z(Z I(u, wa)lz Z |Cﬁ|2) ’
k=0""|a|=k A k=0 lal=k BeA
we obtain the estimate
1/2

Hnil‘cnun SU(glan) , 3)

where U = Y7, Uy is constant Then we show that for a Lipchitz function u(x) we have U < co. It is evident
that Walsh functions {wn} 1 and Haar functions {hn}2 "1 from k-th block are connected by an orthogonal

2k
transform. Thus Zn 2k Y, w)? = Ziizk_ Yi(u, )2 For Fourier-Haar coefficients indexed by n = 2% + j,
j= 0,...,2k -1 we have:

1/2)27*
(1, )| < 2K/ v lu(x) — u(x + 275N dx < _27L
)l = ] = k+1Dalk+1)”
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then Uy < % and U < % Besselian property for the system {u,}, follows from the estimate (3) in a
common way:
. 12 |Zw— Cn(f/ )| “Zm— Cllpl|
()P = sup 2L < ] - sup L <
(Z; it P e =W sup e oy < Ul

Finally,

Y1 )P < (1 + UDIFIP.
n=0

O

Remark 2.4. Walsh type affine systems are connected with Haar-type affine systems (systems of dilates and translates
of one function). Conditions for Besselian property, Riesz basicity and basicity in LP(0,1) spaces, 1 < p < oo, are
obtainted in papers [3], [8], [9].
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