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Abstract. This work deals with the solution of the inverse problem by spectral data for Dirac operators
with piecewise continuous coefficient and spectral parameter contained in boundary condition. The main
theorem on necessary and sufficient conditions for the solvability of inverse problem is proved. The
algorithm of the reconstruction of potential according to spectral data is given.

1. Introduction

In the mathematical and physical literature, the inverse problems for the Dirac operator are widespread.
In particular, it was discovered in [1, 7] that the Dirac equation was related to a nonlinear wave equation.
Therefore, the applications of Dirac differential equations system has been examined in various areas of
physics, such as [3, 4, 31, 32].

In this work, we consider the following boundary value problem generated by the first order Dirac
differential equations system

By +Qx)y=Ap(®y, O0<x<m (1)
with boundary conditions
y1(0) =0, )
(A + hl) yl(T() + hzyz(ﬂ) = 0,

where

B= %0‘1, Q(x) = o2p(x) + 03q(x), y(x) = ( z; 83 )

in here

0 i 10 0 1
oG )emlo B) (i)

be the well-known Pauli-matrices, which has these properties:
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e 07 =1, (I'is 2 x 2 identity matrix),
e 07 = o, (self-adjointness), i = 1,2,3,
® 0,0; = —0j0; (anticommutativity) for i # j,

p (x), g (x) are real valued functions in L,(0, ), A is a spectral parameter,

(x) = 1, 0<x<aqg,
pix) = a, a<x<m,

1# a >0, h and hy are real numbers and h, > 0.

In the finite interval, the solvabilty of inverse problem with different spectral characteristics is inves-
tigated by many authors, for example; when p(x) = 1 in the equation (1), the inverse problem for Dirac
operator was obtained by two spectra in [11], was examined by one spectrum and normalizing numbers in
[6], contained spectral parameter in boundary condition was studied by spectral function in [21]. Inverse
spectral problems for Dirac operator with summable potential were worked in [2, 26, 28]. Numerical
solution of inverse spectral problems for Dirac operator was examined in [29]. Inverse nodal problem
for Dirac systems was carried out in [15, 33, 34]. Inverse problem for interior spectral data of discontin-
uous Dirac operator was solved in [14]. Using Weyl-Titschmarsh function, direct and inverse problems
for Dirac type-system were studied in [9, 10, 30]. Solution of the inverse quasiperiodic problem for Dirac
system was given in [27]. For Dirac operator, Ambarzumian-type theorems were proved in [16, 17, 35].
On a positive half line, inverse problem for Dirac system was investigated by two spectra in [13], inverse
scattering problem for a system of Dirac equations of order 2n was completely solved in [12] and when
the boundary condition contained spectral parameter, for Dirac operator, inverse scattering problem was
worked in [5, 22]. Moreover, the theory of Dirac operators was comprehensively given in [20, 32].

Let A, and a, are respectively eigenvalues and normalizing numbers of boundary value problem (1),
(2). The quantities {A,, a,,} are called spectral data of the problem (1), (2). We can state the inverse problem
for a system of Dirac equations in the following way: knowing the spectral data {A,,, a,},

(i) to indicate a method of determining the potential Q(x),
(ii) to find necessary and sufficient conditions for {A,, a,} to be the spectral data of a problem (1),(2), for
this, we derive differential equation, Parseval equality and boundary conditions.

This paper is organized as follows: In section 2, the eigenvalue problem of boundary value problem
(1), (2) is studied and the main equation or Gelfand-Levitan-Marchenko type equation is given. In section
3, a complete solution of inverse problem according to spectral data is obtained. The main theorem on the

necessary and sufficient conditions for the solvability of inverse problem is proved and then the algorithm
of the construction of the potential function {)(x) by spectral data is given.

2. Preliminaries
Let ¢(x, A) and 1(x, A) be solutions of the system (1) satisfying the boundary conditions
1(0,A) =0, p2(0,A) = -1,
P1(m, A) = hy, Po(m, A) = —=A = .

The solution ¢(x, A) has the following representation ([18, 23])

He sin At
P(x, A) = po(x, A) + fo‘ Alx, t)( —cos At )dt, (4)
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where

[ sinAu(x) _ X, 0<x<ag,
(PO(X’A)_( —cos Ap(x) )’ y(x)—{ ax—aa+a, a<x<m,

Aij(x,.) € L»(0,m), i,j = 1,2 for fixed x € [0, 7] and A(x, t) is solution of the problem
BAL(x, t) + p(x)Al(x, )B = —Q(x)A(x, 1),
Q(x) = p(x) [A(x, u(x))B — BA(x, u(x))], 6)
Aq1(x,0) = Az (x,0) = 0.

The formula (5) gives the relation between the kernel A(x, t) and the coefficient of ((x) of the equation (1).
The characteristic function A(A) of the boundary value problem (1), (2) is

A(A) := Wp(x, A), P(x, A)] = @a(x, A)ha(x, A) — @i1(x, A)ga(x, A), (6)

where W [@(x, A), Y(x, A)] is Wronskian of the solutions ¢(x, A) and (x, A) and independent of x € [0, 7].
The zeros of A(A) coincide with the eigenvalues A, of problem (1), (2). The functions ¢(x, A) and y(x, A) are
eigenfunctions and there exists a sequence f, such that

(X, Ap) = Bup(x, Ay), Pn #0. (7)
The inner product in Hilbert space Hy, = L, ,(0, 71; C*) & C is defined by

1

I Y323,

(Y, 7) = f [ @) + 12(00500] pdx +
0
where

Y= (yl(x)/ yZ(x)/ y3)T € Hpr Z= (Zl(X),Zz(X),Zg,)T € Hp-

Let us define

YOV I(y)
L) = ( —h1y1(m) — haya(m)

with

(L) = { Y1Y = (y1(2), v2(x), y3)" € Hp, y1(x), y2(x) € AC[0, 7], }
vz = yi(n), y1(0) =0, I(y) € Ly,(0, 71; C?)

where

I(y) = — ( Y, + P01 +9(x)y2 )

T @\ Y, a0y - p)y2

The boundary value problem (1), (2) is equivalent to equation LY = AY.
Normalizing numbers of boundary value problem (1), (2) are defined as follows:

m 2 2 1 2
tn = f (lo16220f + ot 20f )t + o o 0
0
The following relation holds [23]:

A(An) = ﬁnam (8)
where A(A) = £A(A).
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Theorem 2.1. [23]. i) The eigenvalues A,, (n € Z) of boundary value problem (1), (2) are

/\n = )\2 + €y, {en} € l2/ (9)
where A9 = % are zeros of function A sin Au(m). For the large n, the eigenvalues are simple;

ii) The eigenfunctions of the problem (1), (2) can be represented in the form

sin nTp() C(l)(x)
X, Ay) = Hm +( " ) 10
o( ) ( — cos :&()) Cf)(x) (10

where Y ;o {|C§,1)(x))2 + ‘Cf,z)(x)r} < C, in here C is a positive number;

iii)Normalizing numbers of the problem (1), (2) are as follows
ap = [J(T() +Tp, (T4} €D (11)
Note that using (4), as [A| — co uniformly in x € [0, ] the following asymptotic formulas are obtain:

@1(x,A) =sin Au(x) + O (ﬁe”m“‘(x)) ,

(12)
Pa(x, A) = —cos Ap(x) + O (e ut)
Substituting the asymptotic formulas (12) into
AA) = (A + 1) p1(1, A) + haga(m, A),
we get as [A| — oo
A(A) = Asin Ap(rr) + O (™). (13)

Proposition 2.2. The specification of the eigenvalues A,, (n € Z) uniquely determines the characteristic function
A(A) by formula

(A7 =A%)

(07 (9

AQ) = —um@AG - [

n=1

Proof. Since the function A(A) is entire function, from Hadamard’s theorem (see [19]), using (13) we obtain
(149). O

Theorem 2.3. [24]. For each fixed x € (0, 7], the kernel A(x,t) from the representation (4) satisfies the following
equation

14(x)
Alx, u(t) + E(x, 1) + f Ax, OFo(E,DAE =0, 0<t<x, (15)
0
where
= [ 1 in A, 3 1 in A2 3
Fo(x, ) = Zm [a—( e )<po<t, ) - M( ol )cpo<t, AS)} (16)
and
F(.X, t) = FO(H(X)/ t)/ (17)

in here @o(t, A,,) denotes the transposed vector function of o(t, Ay).

Definition 2.4. The equation (15) is called Gelfand-Levitan-Marchenko type equation or main equation.
Lemma 2.5. [24]. For each fixed x € (0, ], the equation (15) has a unique solution A(x,.) € L,(0, pi(x)).
Remark 2.6. The boundary value problem (1), (2) is uniquely determined by spectral data (see [24]).
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3. Solution of Inverse Problem

1069

In this work, the inverse problem is solved by using the method of Gelfand-Levitan-Marchenko. In
this method, the main equation has an important role. By the Gelfand-Levitan-Marchenko method, we
obtain algorithms for the solution of inverse problem and provide necessary and sufficient conditions for

solvability of inverse problem.

Let the real numbers {A,, a,}, (n € Z) of the form (9) and (11) be given. Using these numbers, we
construct the functions Fy(x, t) and F(x, t) by the formulas (16) and (17) and determine A(x, f) from the main
equation (15). Let us construct the function ¢(x, A) by the formula (4), the function Q(x) by the formula (5),

A(A) by the formula (14) and 8, by the formula (8) respectively, i.e.,

(%) i
sin At
Ppx, A) == @o(x, A) + fo Alx, t)( —cos At )dt'

Q) 1= p(x) [Ax, p())B - BA(x, u(x))],
A2 A2
(A9

7

AW = —umZ -]
n=1

A(A
:M;t(),
Qp

B
The function Fy(x, ) can be rewritten as follows:
1
Fo, 1) = 5 [ax = u(®) + ax + p()T],

where

[e9]

1 ( cosA,x —sinAyx 1 [ cosA% —sinA%
=3[ ) st )

L |a, | sinAux cosAyx () | sinAQx  cos AQx

and T = _01 (1) ) Analogously in [8], it is shown that the function a(x) € W3[0, 27]. It is easily found by
using (16) and (17) that

o= Y | Lot Aot An) — —= ot At A2 (18)

’ n:_ooan()/n()rn ‘u(n)OrnO/n'

Lemma 3.1 (Derivation of the Differential Equation). The relations hold:

Bo'(x, A) + Q)@(x, A) = Ap(x)g(x, A), (19)

¢1(0,4) =0, ¢2(0,4) = -1. (20)
Proof. Differentiating with respect to x and y the equation (15) respectively, we get

’ ’ H(X) ’
Ax(-x/ ‘Ll(t)) + Fx(x/ t) + P(x)A(x/ ‘Ll(x))Fo(‘Ll.(x), t) + f Ax(x/ E)FO(E/ t)dg = 0/ (21)
0
, , 1(x) ,
p(HA,(x, u()) + Fi(x, t) + f Alx, E)Fy, (€, 1)dE = 0. (22)
0

It follows from (16) and (17) that

iF (x,t)B + (t)BiF (x,£)=0 (23)

ot 0\, P ox oA b)) =Y,
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d
(x) F(x f)B + p(t)B F(x t) =
Since Fy(x,0)BS = 0 and F(x,0)BS = 0, where S = ( _01 ), using the main equation (15), we obtain

A(x,0)BS =0,
or
An(x,0) = An(x,0) =0
Multiplying the equation (21) on the left by B and p(t), we get

14(x)
(t)BF (x, 1) +p(t)BA (x, u(t) + p(x)p(t)BA(x, u(x))Fo(u(x), t) + p(t)f BA (x, &)Fo(&,1)dE =0

and multiplying the equation (22) on the right by B and p(x), we have

14(x)
PUIF (5, B + pLOIpIA o, (DB -+ p(s) [ A, F & DB = 0.

Adding (26) and (27) and using (24), we find

L(x)
p(HBA(x, u(t)) + p(x)p(H)BA(X, p(x))Fo(u(x), t) + p(t) fo BA(x, &)Fo(&, HdE

14(x)
= —p(x)p(HA;(x, u(t)B — p(x) A E)F,, (&, HBAE = I(x, b).

From (23), we get

Ix,£) = —p()p(YA.(x, 5(B)B + p(X)p(t) f Ax, £)BF, (£, e,

Integrating by parts and from (25)

14(x)
I(x, 1) = —p(x)p(DA, (x, t(£)B + p(Hp()A(, u(x))BFo(p(x), £) — p(x)p(t) fo Al (x, £)BFo(&, t)d&

is obtained. Substituting (30) into (28) and dividing by p(t) # 0, we have
BAY(x, (1)) + p(r)BA(x, () Fo(u(x), ) ~ p)A(x, () BFo(u(x), 1
14(x)
+p(X)A;(x, u(t))B + f [BA x, &) + p(O)A(x, 5)3] Fo(&, BdE = 0.

Multiplying (15) on the left by Q(x) in the form of (5) and add to (31)

BA(x, (1) + p(x)A,(x, u(t))B + Q) A(x, u(t))

14(x)
+ [ B £+ AL 9B + QA D] Fole e =
is obtained. Setting

J(x, t) := BA,(x, t) + p(x)A;(x, H)B + Q(x)A(x, 1),

1070

(24)

(25)

(26)

(27)

(28)

(29)

(30)

(31)

(32)
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we can rewrite equation (32) as follows

14(x)

J(x, u(t)) + | J(x, E)Fo(&, )dE = 0. (33)

According to Lemma 2.5, homogeneous equation (33) has only the trivial solution, i.e.
BAL(x,t) + p(x)A;(x, H)B + Q(x)A(x,t) =0, 0<t<x. (34)

Differentiating (4) and multiplying on the left by B, we have

By/(x, ) = Ap(x)B( e ) + p(IBAC, u(x))( Sy )
S sin At

+ fo BAL(x, ) ( oot )dt. (35)
On the other hand, multiplying (4) on the left by Ap(x) and then integrating by parts and using (25), we find

Aot 0 = 2 oM, )+ peoac s hME )

- a4 36

pe) | Ao B Sl Ja (36)

It follows from (35) and (36) that

Ap()p(, A) = B! (3, A) ~ p(x) [BAG, 5(x) — AGx, u(x)B] ( BN )

1(x) .
_ f F [BA;(x,t)+p(x)A;(x,t)B]( sin At )dt.
0

—cos At

Taking into account (5) and (34),
Bo'(x, A) + Q(x)p(x, A) = Ap(x)p(x, A)
is obtained. For x = 0, from (4) we get (20). O

Lemma 3.2 (Derivation of Parseval Equality). For each function g(x) € Ly ,(0,7;C?), the following relation
holds:

2

fo ' () + B3(0)) pla)ddx = 2 ai( fo ' @(t, Ag(Hp(tydt | . (37)

n=-—oo

Proof. Taking into account (4) and

sinA& | _ [ ®o(& D), E<a,
—cosAE | (p0(§+u—§,/\), E>a,

we get

(1) = po(x, 1) + fo Alx, p(B)polt, Mp(B)dt. (38)
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Using the expression

F(x, 1), x<a,
F(ﬁ +a—§,t), X >a,

Fo(x,t) = {
the main equation (15) transforms into the following form

A(x, u(t)) + F(x, t) + fOXA(x,y(E))F(é, Hp(&)dé = 0. (39)
From the relation (38), we get

ool(x, A) = p(x, A) + f: H(x, u(t)p(t, A)p(t)dt (40)
and for the kernel H(x, p(f)), we have the identity

H(x, u(h) = F(t,x) + fo V Alx, u(E)F(E, Hp(E)dE. (41)

Denote
() = fo Pt Mg (Hp(t)dt

and by using (38), it can be transformed into the following form

QM) = fo Folt, DO p(D)L,

where

0 =90+ [ A w0 @)
Similarly, in view of (40), we have

oty =10+ [ A e 13)
According to (42),

| Feomwpt = [ ren [g(t>+ | A uenaerpes | ot
0 0 t

T t )
- fo PG ) + fo FGx, A, 1&)p()ds | gp(tit

X [ t h
= [ [Fen+ [ Fe9Aa, penps| swpt
0 L 0 |

Tt [ t )
v [ [ren fo F(x, 9A(, 1©)p()ds | gp(Dis
It follows from (39) and (41) that

| Feomwpt = [ e ungopod - [ A uansopod (44)
0 0 x
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From (18) and Parseval equality we obtain,

fﬂ () + () p(t)dt + f " ROE G, H(Bp(p()dxdt
0 0
s o 1 N )

= fo (h%(t)+h§(t))P(t)dt+n;ma—n( fo (po(t,/\n)h(t)p(t)dt)
Y (a0 :

; u(r) ( fo (Po(tf)\n)h(f)p(t)dt)

" 2

= Z ( fo @o(t,/\n)h(t)p(t)dt) Z Q*(An)

n=-00 n=—oo

Taking into account (44), we have

2
Z G [ 10+ 300) o

+ fo ﬁ(x)( fo H(x,u<t>>g(t>p(t>dt)p(x)dx— fo fa(x)( f At 1) g p(tit) pydx

X

- [ 030 +20) et + | ( | fz(x)H(x,u(t»p(x)dx)g(t)p(t)dt

- f () ( f A(t,m:c»g(t)p(t)dt)p(x)dx,
0 X

whence by formulas (42) and (43),

Z QZ(M f (12 + 1)) peyt + f " (30~ ) gpoy

- [ () - g s = [ (0 + B0) o
is obtained, i.e., the relation (37) is valid. [

Corollary 3.3. For any function f(x) and g(x) € L,,,(0, 7; C?), the relation holds:

(o)

T ~ _ i 7T y 7T y
fo Fx) f(x)p(x)dx = Z " (fo g(t)(p(t,/\n)p(t)dt) (fo @t An) fB)p(t)dt|.

n=-—oo n

Lemma 3.4. For any f(x) € W,[0, ], the expansion formula

[e9)

f =) cuplx An)

n=—oo

is valid, where

6= [ oA fwpws
n Jo

1073

(45)

(46)



O. Akcay, Kh. R. Mamedov / Filomat 31:4 (2017), 1065-1077 1074

Proof. Consider the series

(o)

F =) el A, (47)
where
rim o [ ot fwpws. (15)

Using Lemma 3.1 and integrating by parts , we get

1 L |
o, [—W AB -+ ¢, Anm(x)] flax

Cyp =

- 9 ABA )~ 90 ABFOL+ = [t A [BF ) + Q]

Applying the asymptotic formulas in Theorem 2.1, we find {c,,} € l,. Consequently the series (47) converges
absolutely and uniformly on [0, 7]. According to (45) and (48), we have

fo F00 P

( [ 70, An)P(t)dt) ( [ et anspe dt)

00

cn( f gty tA)p(t)dt) fo g‘(t)[z cn<p<t,An>)p<t>dt

n=—o00

n:—OO

n=—o00

= [ s o
0
Since g(x) is arbitrary, f(x) = f*(x) is obtained, i.e., the expansion formula (46) is found. O

Lemma 3.5. The following equality holds:

px, An)
anBu

(49)

n=—oco

Proof. Using residue theorem, we get

P A) v A v PN 1 P(x, M)
Z @B -2 ALY ‘n;mRes/‘:“ AN -z, Ay 0

n=—00 Nn=—00

where I'y = {/\ Al = } From (14) and ([25], Lemma 3.4.2),

o * T

A(A) = Asin Au(r) + O, (51)

We denote Gy = { ‘/\ — I >, n=0,+1,+2. } for some small fixed 6 > 0 and |sin )\y(n)| > CyellmAlu(m),

A € Gs, where C; positive number. Therefore, we have

IA(A)] = Cs |A] MM A e Gy

Using this inequality and (12), we obtain (49). O
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Lemma 3.6 (Derivation of Boundary Condition). The following relation is valid:

(/\n + hl) (Pl(n/ /\71) + hZ(PZ(n/ An) = 0

Proof. From (49), we can write for any ng € Z

(P(X /\710 _ Z By (x, An)

o (52)

n=-00
n#ng

Let m # ng be any fixed number and f(x) = @(x, Ax). Then, substituting (52) in (46), we get

00

(p(x/ /\k) = Z an(P(x/ /\Vl)/

n=-co

n#ny

where
Cnk = —f [ £, An) = ——=@(t, Ay | @(t, A)p(t)dt.

The system of functions {¢o(x, A,4)}, (n € Z)is orthogonalin L, ,(0, 7t; C?). Then, by (4), the system of functions
{p(x, An)}, (n € Z) is orthogonal in Ly ,(0, 7t; C?) as well. Therefore, c,x = 8., where 0, is Kronecker delta.
Let us define

= [ @t At ApC (53)
0
Using this expression, we have for n # k
Pn  _
A = 7= nk = Q. (54)
B

It follows from (53) that a,x = ay,. Taking into account this equality and (54) that
ﬁi (ax —aw) = ﬁ;zq (an —awm)=H, k#n,

where H is a constant. Then, we have

f() (P(t/ An)(P(t/ An)P(t)dt =y — ﬁEZ

n

and

f "o, At Ap(idt =~ k%,
0 BiBn

It is easily obtained that for k # n,

fo [P1(x, A)p1(x, An) + @a(x, A)p2(x, An)] p(x)dx

H
ﬁk,Bn .

= (Aki—/\n) [2(7, A )pa(mt, An) — @1(5, A @a(mt, Ay)] = =

According to the last equation, for n # k,

Brp2(7t, Ak)Bu1(T, An) — Brp1(Te, Ak)Brn@2(T, Aw) = —H(Ax — Ay). (55)
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We denote

Un = Bupr(10, An),  On := Bupa(TT, An). (56)
Then, we can rewrite equation (55) as follows

uv, — ok, = HAy — Ay), n#k (57)

Leti, j, k, nbe pairwise distinct integers, then we get

uv, — vkl = H(Ax — Ay),
u,v; —ogu; = H(A, — Ay),
u;vx — ville = H(A; — Ag).

Adding them together, we find
Un(Vi = Ok) + On Uk — i) = Vitly — U;Dk.

In this equation, replacing n by j, we get another equation
uj(vi — vp) + 0j(ux — U;) = ViU — Uik

Subtracting the last two equation,
(un — uj)(vi — v) = (Ui — u)(Vy — vj).

In the case of v, = v, for some n, j € Z, then v, =const. From (57), u, = x1A, + x2. In the case of v, # v,
then we obtain u,, = k1A, + x, and v,, = k31, + k4, where in both cases k1, k>, k3, k4 are constant. Therefore,
using these relation in (56), we find

,3n§01(71, An) =K1, + K2, ﬁn@Z(n/ An) = K3, + K4

Using as n — oo,
1 n+1 1
o107, 4) = O(E)’ Oa(70, An) = (<1 + O(E)’

Ap = % + O(%) and §, = %(—l)” + O(1) derived from (8) and (51), we obtain x; = 0, k3 = —1. Denoting

hy = Ky and hy := —xy,
hZ(PZ(T[/ An) == (Ai’l + hl) (Pl(n/ /\Yl)/ ne Z
is obtained and it follows from (57) that H = h,. [0

Theorem 3.7 (Main Theorem). For the sequences {A,, ay,}, (n € Z) to be the spectral data for a certain boundary
value problem L(CX(x), h1, hy) of the form (1), (2) with Q(x) € Ly(0, m), it is necessary and sufficient that the relations
(9) and (11) hold.

Proof. Necessity of this theorem is proved in Section 2, i.e., we obtain that the spectral data of the boundary
value problem L(€)(x), k1, h;) is in the form (9) and (11). Let us prove the sufficiency. Let the real numbers
{An, an), (n € Z) of the form (9) and (11) be given. It follows from Lemma 3.1, Lemma 3.2 and Lemma 3.6 that
the numbers {A,, a,}, (n € Z) are spectral data of the constructed boundary value problem L(C(x), h1, h).
Consequently, the Main Theorem 3.7 is proved. [J

Algorithm 3.8. The algorithm for construction of the function ((x) by spectral data {A,, o), (n € Z) follows from
the proof of the theorem:

o By the given numbers {A,, an}, (n € Z) the functions Fo(x, t) and F(x, t) are respectively constructed by formula
(16) and (17),

o The function A(x,t) is found from equation (15),
o Q(x) is calculated by the formula (5).
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