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Abstract. We investigate the perturbation bound of the W-weighted Drazin inverse for bounded linear
operators between Banach spaces and present two explicit expressions for the W-weighted Drazin inverse
of bounded linear operators in Banach space, which extend the results in Chin. Anna. Math., 21C:1 (2000)
39-44 by Wei.

1. Introduction

The Drazin inverse is very useful in various applications (for example, applications in singular differ-
ential, difference equations, Markov chains and iterative method were found in the literature [1, 3, 17, 21,
24, 25]).

Cline and Greville [8] extended the Drazin inverse of square matrix to rectangular matrix. The per-
turbation bounds, a characterization, integral representation and the splitting method for the W-weighted
Drazin inverse can be found in ([4-7, 11, 13, 15, 18, 20, 22, 25, 26]). Qiao [16] previously introduced and
investigated the weighted Drazin inverse for bounded linear operators between Banach and Hilbert space,
which extending the concept by Cline and Greville into infinite dimensional situations. Wei [30] presented
the perturbation bound for the Drazin inverse AP of bounded linear operator A in Banach space. In this
note, we give two explicit expressions for the W-weighted Drazin inverse of a perturbed bounded linear
operator in Banach space, which improves the results in [30].

2. Preliminaries

Let H and K denote arbitrary Banach spaces. and B(H, K) be the set of all bounded linear operators
from H to K. Also, B(H) = B(H,H). For any operator A € B(H, K), we denote its range and null space
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by R(A) and N(A) respectively. We define the index of A, written by Ind(A), to be the least nonnegative k
for which R(A) = R(A**!) and N(AF) = N(AF*1). We will write || - || for the spectral norm.

Let A € B(H,K), W € B(K,H), if for some nonnegative integer k > 0, there exists X € B(H,K)
satisfying

(AW)HIXIW = (AW)E, XWAWX =X, AWX = XWA,

then X is called the W-weighted Drazin inverse of A and denoted by X = A;,,. If there exists A4, then we
say that A is W-weighted Drazin invertible and A, must be unique [18]. When H = K and W = I, the
W-weighted Drazin inverse of A is called Drazin inverse of A and denoted by X = AP. Further, if k = 1, the
Drazin inverse is reduced to group inverse and denoted by A*,

The W-weighted Drazin inverse has the following properties ([19, 23]):

(i) A4 exists & AW is Drazin invertible & WA is Drazin invertible;

(i) Ag = AIWAPP = [(AW)PA;

(iii) AgW = (AW)P, WA ., = (WA)P;

(iv) WAWA;, = WA(WA)P, A; s WAW = (AW)PAW.

3. Perturbation of the W-Weighted Drazin Inverse

Now we present the explicit formulae for the W-weighted Drazin inverse (A + E); ., of bounded linear
operators in Banach space.

Throughout this paper, we need some notations. Let the projectors M = A;,WAW and F = WAWA .

Theorem 3.1. Let A, E € B(H,K), W € B(K,H) and k = max{Ind(AW), Ind(WA)}. Suppose that R(AW))
and R(((A + E)YW)X) are closed subspace in H. If E = Ay, ;y WAWE, Z = I + Ay, WEW and ||AqllIWEW]|| < 1.
Then we have

k-1

(A+ Bl = Z7 Agu + Y _(Z7 AqW)*2E(I = F)(WAY, (1)
i=0
with
127 g WIFRIEC  FYWAY|
Z- WI"4||[E(I — F)(WA)'
1A + By = Agall _ o WIWEWIIWAW] 5~ 7"
Mool = 1= kau(AIWEWI/IWAW]] Adll ’

where 14.,(A) = |WAWI||[|Agwll is the condition number with respect to the W-weighted Drazin inverse of A.

Proof. For the convenience, let H = A, — Ay WEWZ 1A, , and Y is the right-hand side of (1). Observe
that H = Z‘lAd,w and EW = A; , WAWEW. By direct computation, we have

(A+E)WY = (A+E)WH+(A+E)W z (HW)*2E(I — F)(WA)')
= AWAdw - EWZ 1Adw + EWAdw - EWAdeEWZ Adw
+ (A+EW z (HW)*2E(I - F)(WA)
i=0

k-1 , ,
= AWAg, - EW(Z ' =1+ Ay WEWZ YAy + (A + YW Y. (HW)*2E(I — F)(WA)!
i=0
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k-1 . ,
= AWAgy + (A + EYW(Agw — Agw WEWZ LA, )W Y. (HW)+E(I - F)(WA)'

i=0

k-1 . ,
= AWAg, + AWAL,W Y. (HW)*LE(I — F)(WA)
i=0

k-1 i .
= AWAgy + Ao WAW Y (HW)*LE(I — F)(WA)

i=0

k-1 . )
= AWAg, + Y (HW)*LE(I - F)(WA).

i=0

Since
HW(A + EWAWA ) = AgowWA+ Ay WEWAWA,,, — Ay s WEWZ 1Ay, WA
—AgwWEWZ Ay (y WEWAWA,
= AWAu . + Ay WEWZ N (Z =1 - Ay WEW)AWAy,
= AWAuu,
which implies that

HWA = AWAy,, - HWEWAWA,,,

and then

HW(A + E) = AWAy, + HWE(I - WAWA,,,) = AWA,,,, + HWE(I - F).

Thus, we can obtain

k-1
Y [HWI*?E(I -

i=0

T (HW)2E(I - FwAy*
=0

= Y (HW)Y*E(I - F)(WA)..
i=1

F)(WA) W(A + E)

Combining (2) and (3), we have

YW(A + E)

Hence,

YW(A + E)WY

k-1 . .
AWA, ., + HWE(I - F) + Y, (HW)*E(I — F)(WA)'
i=1

k-1 . ,
AWAy + Y (HW)*LE(I - F)(WA)'.
i=0

k-1 . ,
= AWAz WY + Y (HW)*'E(I - F)(WA)WY
=0
k-1 . ,
= AgoWAWIH + ¥ (HW)*2E(I - F)(WA)]
=0

+ T HWHET - FWAYWIH + T (HWY2E(I - F)(WA)]
i=0 i=0
- Y

It can be verified that for every m > k = max{Ind(AW), Ind(WA)},

[(A+E)W]™ 'YW = (A + E)".

Note that

(A + E)d,w - Ad,w

k-1

= [ - AgwWEWZ™ ' = I]Ag + Z[(Ad,w — A wWEWZ ™ Ay )WI2E(I - F)(WA),

i=0

507
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we have

(A + E)aw = Adwll Kaw(AIIWEWII/I[WAW]]
lAdll — 1= xau(A)IIWEW|/[WAW|

k=1 . .
L (Aaw = Aaw WEWZ Ay )WIF2IE(I = F)(WAY'|

n i=0
1Al

We finish the proof. O
In a similar way, we present another perturbation bound of bounded linear operators in Banach space.

Theorem 3.2. Let A,E € B(H,K), W € B(K,H) and k = max{Ind(AW), Ind(WA)}. Suppose that R(AW)F)
and R(((A + E)W)¥) are closed subspaces in H. If E = EWAWA; ., Z = [ + WEWA,;,, and ||Ay|lIWEW]| < 1.
Then we have

k-1

(A+ Bl = AguZ ™ + Y (AWY(I - M)E(WA4,,Z ™), (4)
i=0
with
T IAWY T - MENWAZ |
1A + By = Agall _ s DIWEWIIWAWI 5 '
Al 1= kauAIWEWI/IWAW]] Al /

where 14..,(A) = (IWAWI||[[Agwll is the condition number with respect to the W-weighted Drazin inverse of A.

Proof. Similar to the proof of Theorem 3.1. Let H = Ay, Z 7! = Ay — AawZ "WEWA,,, and Y is the
right-hand side of (4). It follows WE = WEWAWA, ,, from E = EWAWA,, by direct computation, we have

HW(A + E) + kf(z — MY(AW){(I = M)EE(WH)"2W(A + E)

= Ay WA = AgZ TWEWAL WA + Ag wWE — AgnZ - WEWA o, WE
+ }El(AW)i(I — M)E(WH)"2W(A + E)

AL WA = Agu(Z- — 1+ Z71(Z - )WE

+ kf(AW)l’(I — M)E(WH)*\YWHW(A + E)
i=0

YW(A +E)

k=1 , .
= Ao WA+ Y (AW) (I - M)E(WH) " 'W(Ay — AdwZ "WEWA,;,)W(A + E)
i=0
k-1 . .
= AgoWA+ Y (AW) (I - M)E[W(Agp — AgwZ "WEWA; ) TTWAWA,,
i=0

k-1 . .
= AguWA+ Y (AW)(I - M)E(WH)*.
i=0

Since

(A + Aqw WAWE)WH AWA o — AWA10Z TWEWA 1, + Agw WAWEWA, 4,
—Ag wWAWEWA, wZ TWEWA,,,
= AWAgw + AWA (=1 + Z = WEWAy ) Z Y WEW A

= AWA4u,
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which implies that

AWH = AWA, — Ay WAWEWH,

and then
(A+ EYWH = AWA;» + EWH(I — Ay wWAW) = AWA,;, + EWH(I — M). )
Moreover,
(A+ E)Wki;(AW)i(I - M)E(WH)*? = ki;(AW)”l(I — M)E(WH)*?
o ©)

= Y (AW)(I - M)E(WH)™*!.
i=1
Together with (5) and (6), we have

(A +E)WY

(A+E)WH + (A + E)wkf(AW)f(I — M)E(WH)*2
i=0

k-1 X .
AWAy + EWH(I — M) + Y, (AW)i(I — M)E(WH)*1
i=1

k-1 . .
AWAq, + Y (AW)(I — M)E(WH)1.
i=0

Thus YW(A + E) = (A + E)WY. By simple computation, we can show
YW(A +E)WY =,

and for every m > k = max{Ind(AW), Ind(WA)},
[(A+E)W]™ 'YW = (A + E)".

Note that

=~
_

(A+E)iw—Adw = Agoll = ZTWEWA , — 11+ Y (AW) (I - M)E[W(A 0 — AgwZ 'WEWA,; )]

1

1l
o

We have

A + E)ao — Adull - Ka(AIWEWII/IWAW]
lAdwll — 1= xau(A)IIWEW|/[WAW|

k=1 . .
Z(,) IAW) (I = M)ENIW(Agw — AgwZ ' WEWAg )+
i=

+
Adwll '

which completes the proof. O

In Theorems 3.1 and 3.2, if we suppose that W = I, then we immediately obtain the following corollaries.

Corollary 3.3. ([30, Theorem 4.1]) Let A,E € B(H) and k = Ind(A). Suppose that R(A¥) and R((A + E)*) are
closed subspaces in H. If E = AAPE, Z = I + APE and ||AP||||E|| < 1. Then we have

k-1
(A+EP =Z71AP + Z(Z‘lAD)”ZE(I — AAP)A,
i=0
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with

A +E)° — APl _ _|IAPE]| A E
@A+5 Z e Al ~ A4l

AP = T—[IAPE] IADEII)’+2 1Al

where kp(A) = |AI|AP| is the condition number with respect to the Drazin inverse of A.

Proof. Since W = I, we have AAPE = E. It follows from Theorem 3.1 that
k-1
(A+E)P = 714D + Z(Z‘lAD)”ZE(I — AAD)A,
i=0
Thus

(A +E)° — AP|| _ _|IAPE| kp(A)*1 | E]|
Z = ol =AAPIL o

AP = T—[IAPE] IAPE[)™ [|All

Corollary 3.4. ([30, Theorem 4.2]) Let A, E € B(H) and k = Ind(A). Suppose that R(A¥) and R((A + E)¥) are
closed subspaces in H. IfE = EAAP, Z = I + EAP and ||AP||||E|| < 1. Then we have

k-1
(A+E’ = APz 14 Z(I — APA)A'E(APZ )2,
i=0

with
(A + E)P —ADII IEAP|| Z kp(A)*t  |IE]| NEH, 7 440y .
lAP]] =1 IEAD]| (1 - [[EAP|)=2 | |Al '
where kp(A) = ||AllllAP|| is the condition number with respect to the Drazin inverse of A.
Proof. From Theorem 3.2, we have
=1 ‘
(A+E)P = APZ 1 + Z Ai(I — APA)E(APZ )2,
i=0
Thus .
A +E)P — AP EAP = Ayl |IE
IA+ B0 =A%) _IEA%) Ko@) IEL, a0y
IAP] L—|IEAP|| &= (1 - [IEAP])=2 [|A]]

In particular, if E = EAAP = AAPE hold in Corollary 3.1 or Corollary 3.2, then we can obtain the known
results on the Drazin inverse [25, 30].

Corollary 3.5. ([30, Corollary 4.1]) Let A, E € B(H) and k = Ind(A). Suppose that R(A*) and R((A + E)¥) are
closed subspaces in H. If E = EAAP = AAPE and ||AP||||E|| < 1. Then

(A+E)P = (I+APE)'AP = AP(I + EAP)7},
with

I(A+E)® - APl _ _lIAPE]|
AP ~ 1-|IAPE|I

4. Conclusion

In this paper, we obtain the explicit representations for (A + E);,, under a perturbed bounded linear
operator in Banach space, which improves the results in [30].
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