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LIMITING GROUPS OF MULTIDIMENSIONAL
PLANE-POINT GROUPS

Aleksandr F. Palistrant and Slavik V. Jablan*

Abstract.  For all calegories of mullidimensional plane-point symmetry groups,
modeled by simple and mulliple antisymmetry, p- and (p’)-symmelry groups, as well
as for tablet and crystallographic P-symmetries of rosetles, tablets and 92 crystal-
lographic classes, numbers of their limiting groups were found.

I. A symmetry group is called plane-point group, if their transformations preserve
mvariant a plane and at least one point belonging to it. If such a group contains
rotations around axes (centres) with infinitely small rotation angles, 1l is called the
limiting group.

The classical symmetry groups of one-sided rosettes (two-dimensional point gro-
ups (lgg) are subgroups of two their limiting groups oo and com, describing the
syminetry of circles. The symmetry groups of tablets (three-dimensional plane-
point groups (f3uy) are subgroups of their five limiting groups oo and com (which
are the symmetry groups of vertical circular cones), 0o : 2, 0o :m, and m - 0o :m
(characterizing the symmetry of vertical circular cylinders). The three-dimensional
point groups (Y3q are subgroups of their seven limiting groups, called Curie groups,
to which belong the five limiting groups mentioned, as well as the groups co/oo and
oo/oa-m, describing the sy mmetry of spheres. In the symbols of generating elements
oo denotes rotation axis (centre) of infinite order, 2—the rotation axis of order 2
m—plane (axis) of reflection, - or : betwen the symmetry elements denotes their
parallelism or perpendicularity respectively, and / the two rotation axes making an
arbitrary angle [1,2].

Besides the classical point groups and their limiting symimetry groups mentioned,
i geometrical crystallography are very important their generalizing P-symmetry
groups, representing the adequate model of the corresponding categories of multi-
dimensional symmetry groups [3,4]. Namely, in the monographs [3,4] is proved
that by r-dimensional groups +, ' of l-multiple antisymmetry can be modeled all
the groups of the category G(H—i)(r-i-hii(r%—?) r..., breserving in (r+[)-dimensional

Euclidean space included planes of the dimension ¢ +{—1, rel=2, r4l—=3, 1,
Received 27.10.1993,

1991 Mathematies Subject Classification: Primary 20H15
* Supported by Grant 0401A of RFNS through Math. Tnst. SANU

41




47 A.F. Palistrant and 5.V. Jablan

r,... properly inserted one into the other. Hence, by [-multiple antisymmetry
groups By, (a5d and Gap' [5,6] are described all the groups of the categories
GO+ 20, Gaeamre)..s20 a0d Gzt .50, respectively. By the p- and
(p')-symmetry groups (744 P (aod and GgoF are modeled all the different symme-
try groups of the categories (iazo, (F5320 and Gisso [7]. By the groups Ggg ¥, (2aslt
and GSUP of 31 talet P-symmetries in the geometrical classification (£ =~ (320)
are completely interpreted all the different groups of the categories Gsano, (assao
and (asao [8]. Finaly, by the groups (74 P Gad and (iap T of the 32 crystallo-
graphic P-symmetries in the geometrical classification, are completely described all
the different symmetry groups of the categories (5an, Gleano and Ggap, respectively
[4].

However, the limiting groups of the mentioned categories of multidimensional
symmetry groups remain uninvestigated. In this paper we will try to find the
nuwmber of such limiting groups, corresponding to the categories of multidimensional
plane-point symmetry groups mentioned.

II. Recomanding the reader to find in the cited works [3,4,5,8], the detailed
explanation of the terms and asswptions used, we are giving only the main facts
of the theory of P-symunetry. After asigning to the pomts of a figure at least one
index i = 1,2, ..., p, its isometrical symmetry transforming each point with the index
i into the point with the index k; is called P-symmetry, where the permutation of

indexes
. L "2 e p
T Ak ko ... Ky

belongs to the already given permutation group P of these p indexes. If all the
permutations of indexes belonging to P are exausted in (7, (7 is called complete
P-symmetry group. The P-symmetry group (i is called senior, junior or middle, if
() = (N P coincides with P, confains only identity transformation or represents
nontrivial subgroup of P, respectively. Each group ( 7 of complete P-symmetry
can be derived from its generating (classical) symmetry group S by searching m S
and P for the normal subgroups H and @ respectively, such that S/H ~ P/Q, by
multiplying the cosets corresponding in this isomorphism, and unifying the products
obtained (the main theorem of P-symmetry by A.M.Zamorzaev).

P-symimetry is the most extended generalization of the classical theory of sym-
metry, including all the generalizations of antisymmetry in which the change of
properties is combined directly with isometrical transformalions acting only to the
points, independently of the choice of the part of a figure [3,4,5,8]. In the scheme
of P-symmetries antisymmetry is the 2-symmetry with the group P = {(12)}, for
the p-symmetry P = {(12..p)}, l-multiple symumetry is the (2, 2, ..., 2)-symimetry
where P is the direct product of { groups of order 2. for (p')-symmetry P =
{(L.p)@F.1),AT)...(pp)}, for (p,2)-symmetry P = {(12...p) x (+—)}, and for
the (p/, 2)-symmetry I’ = {(1..p)(@.. 1), (1T)..(pP) } X H(+-) 1

The mentioned particular cases of P-symmetry can be simply visualized. Hence,
the permutations of indexes in the case of 2-symmetry, (2,2)-, p- and (p/ )-symmetry
are represented, respectively, by the permutations of the vertices of a segment, rec-
tangle, oriented regular p-angle, and equiangular semiregnlar 2p-angle, correspond-
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ing to their symmetry transformations, (p,2)- and (p', 2)-syminetry are represented
by the permutations of the vertices of a regular prism with equaly oriented p-angular
bases and equiangular semiregular prism with the 2p-gonal bases [3,4]. Therfore,
the permutation group P, characterizing each particular P-gymmetry mentioned,
is isomorphic to the group €4 in the case of Z-symmetry, Cy in the case of (2,2)-
syminetry, Cl, in the case of p-symmetry, Dy in the case of (p')-symmetry, Chop in
the case of (p, 2)-symmetry and Dy in the case of (p/, 2)-symmetry, since the corre-
sponding point groups given by Sch’onflies symbols are complete symmetry groups
of the geometrical figures mentioned [5].

In the case where permutation group P is isomorphic to certain crystallographic
group of the category (7340, the geometrical classification of P-symimetries [41] makes
possible to distinct the 31 tablet P-symmnetry, where each of them is complete or
uncomplete (p, 2)- or (', 2)-symmetry. The list of all the tablet P-symmetries is
given in [9]. If the group P is isomorphic to certain group from the category (s,
according to the geometrical classification of P-symmetries, there are 32 different
P-symmetries, geometricaly interpreted by 32 three-dimensional point groups (Vsg.
Their complete list given by International symbols of crystallographic axial symme-
try and antisymmetry groups, modeling 32 crystallographic classes (735, where the
mversion is represented by the antiidentity transformation, is given in [4].

III. Evidently, the groups (,,7%, Gaod and G, corresponding to each of
P-symmetries mentioned in | are the subgroups of analogous groups, obtained gen-
eralizing the limiting groups of rosettes, tablets and crystal classes by the same
P-symmetry. According to this, in order to solve the proposed problem, we must
generalize the mentioned limiting point groups by l-multiple antisymmetry, p- and
(p")-symmetry, and by tablet and crystallographic P-symmetries. Therefore we are
giving the complete sistematization of classical point symmetry groups [1]. Accord-
ng to it, the symmetry groups of rosettes G4y are distributed into the four series:
1,3,5,7,...,00; 2,4,6,8,....,00; 1 - m, 3- m, om,..., com and 2:m, 4-m, 6-m,....c0 1m,
and tablete groups (399 into the 14 series:

1) 1,3,5,7, ..., 00
2) 2,4,6,8, ..., co;

3)1:2,3:2,5:2,...,00: %
4)2:2,4:2,6:2,...,00:2;

5) L-m,3-m,5-m,..,00-m;
6)2-m,4-m,6-m,. .. oo m;
7)1:m,3:mb:m,.. co:m;
8)2:m,4:m,6:m,.. 00:m;
9) 2,6, 10, T4, ..., 00 : m;
)4, 8,12, 16,...,00 : m;
H)m-1L:mm -3:m,m-5:m,...,m- oo: m;
Jm-2:mm-4:mm-6:m,... m-oo: m;
13)2-m,6-m, 10-m, 14 -m...,m- oo : m;
14)4-m,8-m, 12-m, 16 -m...,m - 00 : m, -

ending by the limiting groups.
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In accordance with systematization realized in [1], point groups of the category
({3y are distributed into 16 series, among which all the 14 infinite series are the
copies of the tablet series mentioned; two finite series 3/2, 3/4, 3/5 and 6/2, 3/4,
6/10, 3/10 result in the limiting groups oofoo and oofoo - m, respectively.

IV. Extending the limiting rosette groups by antisymmetry, we obtain, according
to [5], 2 generating groups oo and oo - m, 2 senior groups 0o = 00 X 1, 00-m =
50 - m x 1 and one junior group oo - m, i.e. five groups. The same result can be
obtained generalizing by antisymmetry discrete rosette groups and systematizing
the obtained groups Gap; in the series [10], ending by their limiting groups. But, by
the groups (is91 are interpreted the symmetry groups of the category (fazo. Hence,
the symmetry groups of tablets are subgroups of the five limiting groups oo, co-m,
coXl=o0:imoo-mxl=m-00:m, 00 m=00:2, proving in this way our
previous considerations.

The nontrivial generalizations of the limiting groups of rosettes are ending at
[ = 1, and the same generalizations of the crystallographic groups of the category
Gog at | = 2. Therefore, discrete groups of 2-multiple antisymmetry ({42 are the
subgroups of the limiting 2-multiple antisymmetry groups of rosettes, the number
of which can be calculated using the formula Py = 5Ng + 6N, + N3 [5,3]. In this, as
well as in the following formulas from [5,3], the symbol Py denotes the number of all
the different (-multiple antisymmetry groups of certain category, No is the number
of generating groups, and Ny, is the number of the junior groups of m independent
patterns (1 < m < ). In our case, P, =5x2+6x 1+4+0=16,s0 the 2-multiple
antisymmetry groups of rosettes (oo % are the subgroups of the 16 limiting groups.
Since by the groups (,,? are interpreted the symmetry groups of the category
Glazo (hypertablets), we can conclude, according to I, that hypertablets are the
subgroups of the L6 limiting groups.

In the same way, from the symmetry groups of tablets we derive 6 junior an-
tisymmetry groups at { = 1 : 00 : 2, 00, 00 1M, M- 0OC DR, Mo 0O DN,
m - o0 :m, and 6 junior 2-multiple antisymmetry groups of 2 intependent patterns
atl=2:m co:m , m-oo:m/,m-oco:m' m-oo:m, m oo:m,[5]. At
[ > 3 the limiting symmetry groups of tablets does not generate the junior groups
of [ independent patterns. Hence, the nontrivial generalization by [-multiple an-
tisymmetry of the limiting groups of tablets can be realized at [ < 2, and of the
disrete symmetry groups of the category (s at I < 3. The complete numbers
of the antisymmetry groups of tablets are at [ = 1, Py = 2x b+ 6 = 16, and at
=2 P,=5x5+6x6+6=67. Hence, the symmetry groups of the category
(Y4300, interpreted by antisymmetry groups of tablets (}'3201, are the subgroups of
the 16 limiting groups. This result coincides with ther account using the limit-
ing 2-multiple antisyminetry groups of rosetfes (ryg 2. Analogously, the symmetry
groups of the category Gsaazo, interpreted by the 2-multiple antisymmetry groups
of tablets (i, 2, are the subgroups of the 67 limiting groups. The same result can
be obtained using the limiting 3-multiple antisymmetry groups of rosettes.

The complete number of all the limiting 3-multiple antisymmetry groups of
tablets can be calculated using the formula Py = 16Ny + 35N, + 14Nz 4+ N3 [5,3].




Limiting groups of multidimensional plane-point groups ... 45

In our case P; = 16 x 5435 x 6 + 14 x 6 4+ 0 = 374. Since the symmetry groups
of the category Ggsaang are interpreted by the 3-multiple antisymmetry groups of
tablets (745, the 6-dimensional point groups of this category are the subgroups of
the 374 limiting groups. The same result can be obtained if we use, in order to find
the number of the limiting groups of the category ('esaszo, the limiting 4-multiple
antisymmetry groups of roseties [5].

Generalizing the seven limiting three-dimensional point groups of the category
Cigg by -multiple antisymmetry, we conclude that they generate 7 junior antisym-
metry groups at [ = 1, among which is the only one new (co/oo-m), and the other
six are the copies of the junior limiting antisymmetry groups of tablets at [ = 1. Ab
[ =2 the § junior 2-multiple antisymmetry groups of two independent patterns ob-
tained, coincide to the analogous limiting 2-multiple antisymmetry groups of tablets.
Hence, the nontrivial generalization of the limiting three-dimensional point groups
by l-multiple antisymmetry can be realized at { < 2, and in the case of the crystal-
lographic classes (#30 at [ < 3. At | = 1,2,3 the complete numbers P of the lim-
iting l-multiple antisymmetry groups belonging to the crystallographic classes are:
PL=2xT4T7=21, PB,=5x7T+6x7+6 = 83 Pa=16xT+35xT+14x6+0 = 441,

According to this, the symmetry groups of the category (aso, interpreted by
the antisymmetry groups (s, !, are the subgroups of the 21 limiting group. The
symmetry groups of the category Graag, interpreted by the Z-multiple antisymmetry
groups /g, 2, are the subgroups of the 83 limiting groups, and the symmetry groups
of the category (foraap, interpreted by the J-multiple anbisymmetry groups I
are the subgroups of the 441 limiting group.

3

V. Before begining with the generalization of limiting point groups by p- and
(p")-syminetry, we are giving some remarks about P-symmetry. Groups of complete
P-syminetry are distributed into the three classes: senior, junior and Q-middle. The
derivation of senior groups is trivial: (¢ = § x P, where S is a generating group,
and P is a permutation group of in dexes, given by P-symmetry in question. Junior
groups of the given P-symmelry can be derived from certain generating group 5
according to the main theoem of P-symmetry [3,4] only if there is a normal subgroup
H of S, such that S/H ~ P.

The derivation of all the Q-middle groups can be realized directly, from the
previously derived junior P-symmetry groups. Namely, the number of -middle
groups of a given category is equal to the number of Junior P'-symmetry groups of
the same category, where P/Q ~ P! [3,4].

Now we will generalize the limiting groups of rosettes, tablets and crystal classes
by p- and (p')-symmetry af p=1,234,6. Since the l-symmetry is the classical
symmetry, the corresponding limiting groups coincide to the generating limiting
groups. For the other nine P-symmetries, from each clagsical group we obtain
one senior group, so for the limiting symmetry groups or rosettes there are two
generating and 2 x 9 = 18 senior groups. Analogously, there are 5 generating and
9 X 9 = 45 senior limiting groups of tablets, and 7 generating and 7 x 9 = 63 senior
Curie groups.

In Table 1 is given the number of Junior and middle limiting point groups of p-
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and (p')-symmetry (p = 2, 3,4,6). For the rosettes are given the particular Jjunior
groups of all the P-symmetries mentioned, for the tablets (2')-symmetry junior
groups, and for the crystal classes only the number of the P-syminetry groups.

Table 1

Number of junior and middle limiting P-symunetry groups
Rosettes (Fg9 Tablets (7320 Crystel classes (3

P-symmetry

2-symmetbry

3-symmelry

4-symmetry

G-symmetry

(17)-symmetry

(27)-symumetry

(37)-symimetry

(4°)-symmetry

(6")-symumetry

1 junior
oo - ml?)

1 2-mmiddle

O 'iﬂ,([”

1 3-middle
oo -m(?) x 163

1 junior
#
oo -m )

1 2-middle
co-m )1
1(1") — mmiddle

oo -m® . 1)

1 3-muddle

oo-m) - 13

1 4-middle
oo -m) - 1E4;
1 (2")-middle

oo -mlt . 1)

1 6-mddle
oo -m) - 10,
1 (3)-middle

6 junior

6 2-middle

6 3-middle

6 junior

3 junior
. ‘
m? oo m j,
i/
m ) oo ml?,

nt !
m? oo :m);

6 2-middle;

6 (17)-middle

6 3-middle

6 4-middle;
6 (27)-middle;
3 2-middle

6 6-middle;
6 (37)-middle;
3 J-middle

7 junior

7 2-middle

7 3-middle

7 Junior

3 junior;
T 2-middle;
7 (1’}-middle

7 3-middle

7 4-middle;
7 (27)-middle;
3 2-muddle

T 6-middle;
7 (37)-middle;
3 3-middle

0o -2 - (18 1)
From V and Table 1 we conclude that generalizing the limiting point groups
of rosettes, tablets and crystal classes by p- and (p)-symunetry at p = 1,2,3,4,6,
the 31 limiting P-symmetry group of rosettes Gy P (2 generating + 18 senior +2
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junior +9 middle), 125 limiting P-symmetry groups of tablets G3ad” (5 generating {
-+ 45 senior + 15 junior + 60 middle) and 156 limiting P-symmetry groups of crystal ‘
classes Glyy T (7 generating + 63 senior + 17 junior + 69 mi ddle), are obtained.

According to 1, the symmetry groups of the category (Y420, interpreted by the p-
and (p/)-symmetry groups (7ny ¥, are the subgroups of the 31 limiting group; the
symmetry groups of the category (f53q0, interpreted by the p- and (p')-symmetry
groups Glged’, are the subgroups of the 125 limiting groups, and the symmetry 1
groups of the category (V539, interpreted by the p- and (p’)-symmetry groups (igo %, ‘
are the subgroups of the 156 limiting groups. VI. Generalizing the limiting point
groups by the 31 tablet P-symmetry in the geometrical classification (P = G3zp), ‘
as well as before, nontrivial is only the derivation of junior and middle P-symmetry ‘
groups. |

The number of the groups obtained, denoted by symbols of the tablet P-sym- ‘
metries, used in [9], is given in Table 2. |

\

Table 2

The number of junior and middle limiting point groups of the nontrivial tablet
P-symmetries in the geometrical classification

P-syminetry Number of junior and middle limiting tablet P-syminetry

groups

2-symmetry 1 junior 6 Jjunior 7 junior
J-syminetry
4-symmetry 1 2-middle 6  2-middle 7 2-middle
G-symmetry 1 3-middle 6 3-middle 7 3-middle
(1")-symmetry 1 junior 6 Jjunior 7 junior
(2)-symmetry 1 2-middle; 6 3-junior; 3 junior;
1 (17)-middle 6  2-middle; 7 2-middle; ‘
6 (1)-middle 7 (1")-middle i
(3")-symmetry | 3-middle 6 3-middle 7 3-middle |
(47)-symmetry 1 4-middle 6 4-middle; T 4-middle;
1 (27)-middle 6 (27)-middle; 7 (27)-middle;

{67)-symmetry

Rosettes (T‘QU

1 G-mddle

Tablets (-7‘320

(%)

2-middle

6-middle;

Crystel classes (¥

3 2-middle

7 6-middle;




(L)-symumetry

(21)-symmetry

(3L)-symmetry

(41)-symmetry

(61)-symmetry

((1")1)-symmetry

((2)1)-symmetry

((3")1)-symmetry

((4)1)-symmetry

A.F. Palistrant and S.V. Jablan

(3")-middle

1 junior

I 2-middle;
I l-mmddle;
[2-middle

1 3-middle

1 4-middle;
1 4-middle;
1 (21)-middle

1 6-middle;
L G-rniddle;

1 (31)-middle

1 (1")-middle;
1 I-middle;

1 ( -middle

27 )-middle;
27)-middle;
2’)-middle;
21)-middle;
(

1(
1(
1
I(
1 ((1")1)-middle

L (31)-middle;
1 (3)-middle;
1 (3))-middle

1 (41)-middle;

1 ((2)1)-middle;

6 (37)-muddle;
3 3-middle

6 junior

6 junior;

6 2-middle;
6 1-middle;

6  2-middle

6 3-middle

6 Z-nuddle;
6 4-rniddle;
6 4-middle;
6 (21)-middle

6 3-middle;
6 G-middle;
6 G-middle;
6 (31)-middle

junior;
1-middle;
(1"}-riddle;
(17)-middle

O O O

o

1-middle;
2-middle;
2-middle;
(1")-middle;
(1))-middle;
(27)-middle;
(2))-middle;
(2’)-middle;
(21)-middle;
3 ((17)1)-middle

Sy OO OO O WD

3-middle;
(31)-middle;
(3")-middle;
(3))-middle

Oy S Oy

(=]

4-middle;
(2")-middle;

o

7 (3’)-middle;
3 3-middle

7 junior

6 junior;

7 2-middle;
T1l-middle;
T2-middle

T 3-middle

6 2-middle;
7 4-middle;
7 4-middle;
7 (21)-middle

6 3-middle;
T 6-middle;
T G-middle;
7 (31)-middle

6 junior;

7 I-middle;

7 (17)-middle;
7 (1))-middle

3 L-middle;

3 2-middle;

6 2-middle;

6 (17)- md(lle

6 (L7)-middle;

7 (2°)-middle;

T (27)-middle;

7 (2’)-middle;

7 (21)-middle;
7 ((1M)1)-middle

6 3-middle;

7 (31)-middle;
7 (37)-middle;
7 (37)-middle

6 4-middle;
6 (27)-middle;
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((67))-symmetry

(2)-syrumetry
(4)-symmetry
(6)-syrumetry
(1)-symmetry

(27)-symmetry

(27)-syrumetry

(37)-symmetry

(4))-symmetry

(4')-symmetry

I (4)-middle;
1 (4))-middle:
1 (4)-middle

41)-middle;

371 nucl(lle‘

3

J-middle;

I (

F((

1(67)- muldle
1 (6]

1 (6)-middle

1 junior
I Z-middle
1 3-middle
1 junior
[ 2-middle;

I (1))-middle

I 2-middle;
(1")-middle:
1 (1’)-middle

1 3-middle

1 4-middle;
1 (2))-middle

I 4-middle;

6
6

6
6

o S

(LI

W o oo oo O

6

[eriRen] (a2

(o2 BN e i el

O o

Oy

(

(27)-middle;
(41)-mic dl(‘
((27)1)-middle;
( 7

ru:ddle

)1)
)
J-middle;
)=
)

(
(4’
(‘

4’
4 )-middle;
1mdd]e
4-middle

G-middle;
(3°)-middle;
(37)-middle;
(61)-middle;
(31
(6”)-middle;
(67)-middle;
(67)-middle;
(31)-middle;

6-middle
junior
2-middle
3-middle
Junior
Junior;
2-middle;
(1))- 11’ll(l(h?
junior;
(2)-middle;
(1’)-middle;
(12)-middle
3-middle
4-middle;
(2))-middle;
2-middle

2-middle;

)-middle;

6 (27)-mniddle;
7 (41)-middle;
7 (47)-middle;
T (4))-middle;
7 (47)-middle;

7 ((2)1)-middle;

3 (21)-midele;
3 4-middle

6 B-middle;

6 (37)-middle:
6 (3))-middle;
7 (61)-middle:

7 ((3)D)-middle;

7 (6°)-middle;
7 (67)-middle;
7 (6°)-middle;
3 (31)-middle;
3 6-middle

T junior

7 2-middle

7 3-middle

7 junior

3 junior;

7 2-middle;

T (1)-middle
6 junior;

T 2-middle;

7 (17)-middle;
7 (1))-middle
7 3-middle

7 4-middle;

7 (2))-middle;
3 2-middle

6 2-mniddle;
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1 (27)-middle; 6 (4)-middle; 7 4-middle;

1 (2)-middle 6 (2°)-middle; 7 (27)-middle;

6 (27)-middle 7 (2))-middle
(67)-symmetry 1 6-middle; 3 3-middle; 3 3-middle;
1 (37)-middle 6 6-middle; 7 G-middle;

6 (3)-middle 7 (37)-middle

3-middle; 6 3-middle;
(6)-middle; 7 6-middle;
(3")-middle; 7 (37)-middle;
6 (3))-middle 7(3’)-middle

From the results given in Table 2, we conclude that the generalization of the
two luniting groups of rosettes by 31 tablet P-symmetry result in 125 (2 generating
+2 % 30 senior + 58 middle +5 junior) P-symmetry groups. Hence, the symmetry
groups of the category (is420, modeled by the P-symmetry groups of rosettes Gy,
where P is one from the tablet P-symmeties [8], are the subgroups of the 125
Jimiting groups. The same is the number of the limiting groups of the category
(5390, obtained 1 V. T. This equality proves that tlhe rasults obtained are correct,

(6")-symnetry 1 6-middle;
1 (3’)-middle;
1 (32)-middle

> Oy &

because the categories Gsamo and (s3z0 coincide. Analogously, from the results
given in the second column of Table 2, we conclude that the generalization of the
five limiting groups of tablets by 31 tablet P-symmetry result in 671 (h generating
+5 x 30 senior +462 middle + 54 junior) P-symumetry group. Hence, the symmetry
groups of the category (iesaa0, interpreted by the P-symmetry groups of tablets
(390, Where P is one from the tablet P-symmetries [8], are the subgroups of the
671 limiting group. Finaly, from the results given in the third colurmnn of Table 2 we
conclude that the generalization of the seven limniting groups of 32 erystal classes by
the 31 tablet P-symmetry result in 796 (7 generating +7 x 30 senior + 520 middle
459 junior) P-symmetry groups. Therefore, the symmetry groups of the category
(Y530, interpreted by the three-dimensional P-symmetry polnt groups Gy P where
P is one from the tablet P-symmetries [8], are the subgroups of the 796 limiting
groups.

VIL In order to completely solve the proposed problem, we will generalize the
limiting point groups by 32 crystallographic P-symimetry in the geometrical classifi-
cation (P =~ (Ga0). As well as in the previous cases, nontrivial is only the derivation
of junior and middle groups of the P-symmetries mentioned. The number of such
junior and middle P-symimetry groups derived from the limiting groups of 32 three-
dimensional groups, denoted by symbols introduced in the monograph [4], is given
in Table 3, formed analogously to the Table 1 and Table 2.

Table 3

The number of junior and middle limiting point groups of the nontrivial cristallo-
grafic P-symmetries in the geometrical classification

P-symmetry Number of junior and middle limiting tablet P-symmelry groups




Z-symumetry
3-symmetry
4-syrminetry
G-symmelry

(22)-symmetry

(32)-symmetry

(42)-symmetry

(62)-symmetry

(23)-symmetry
(43)-symunetry
(1)-symumetry

(21)-symmetry

(31)-symmetry

(41)-symrnetry

(61)-syminetry

Roseltes Gap

1 junior

1 2-middle
I 3-middle

1 2-middle

1 3-middle
I 4-middle;
1 (22)-middle

1 6-muddle
1 {32)-middle

L (23)-middle
[ junior

1 Z-middle;
1 1-middle;
1 Z-middle

1 3-middle

I 4-middle;
I 4-middle;
1 (21)-middle

I 6-middle;
I 6-middle;
1 (31)-middle

Tablets (1!320

6 junior

6 2-middle
6 3-middle

| junior;
6 2-middle

6 3-middle

3 2-middle;
6 d-middle;
6 (22)-middle

3 3-middle;
6 6-middle;
6 (32)-middle

6 (23)-middle
6 junior

6 junior;

6 2-middle;
6 l-middle;
6 2-middle

6 3-middle

6 2-middle;
6 4-middle;
6 d-mniddle;
6 (21)-middle

6 S-middle;
6 6-middle;
6 G-middle;
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Crystel classes (739

7 junior

7 2-middle
7 3-middle

1 junior;
7 2-middle

T 3-middle

3 2-middle;
7 d-middle;
7 (22)-middle

3 3-middle;
7 G-maddle;
7 (32)-middle

7 (23)-middle
7 junior

6 junior;

7 2-middle;
7 L-middle;
7 2-middle

7 3-middle

6 2-middle;
7 4-muddle;
7 4-middle;
7 (21)-middle

6 3-middle;
T G-muddle:
7 6-middle;
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(221)-symmetry

(321)-symmetry

(421)-symmetry

(621)-symmetry

(231)-symimetry

(431)-symretry

(2)-symmetry

A.I', Palistrant and S.V.

L (22)-middle;
L (22)-middle;
1 (21)-middle

I (31)-middle;
1 (32)-middle;
I (32)-middle

1 (41)-middle;
1 (221)-middle;
1 (42)-middle;
1 (42)-middle;
1 (42)-middle

1)-middle;

21)-middle;

2)-middle;

1 (6

1(3

1 (62)-middle;
1 (6:

1 (62)-rniddle

1 (23)-middle
L (43)-middle;

1 (43)-middle;
1 (231)-middle

1 junior

6 (31)-middle

1 l-middle;
6 2-middle;
6 2-middle;
6 (22)-middle;
6 (22)-middle;
6 (21)-middle

6 3-middle;

6 (31)-middle;
6 (32)-middle;
6 (32)-middle

3 (21)-middle;

3 4middle;

6 4-middle;

6 (22)-middle;

6 (22)-middle;

6 (41)-middle;

6 (221)-middle;
6 (42)-middle;

6 (42)-middle;

6 (42)-middle

3 (31)-middle;
3 B-middle;
6 G-middle;
6 (32)-middle;
6 (32)-middle;
6 (61)-middle;

6 (321)-middle;

6 (62)-middle;
6 (62)-middle;
6 (62)-middle

6 (23)-middle

6 (43)-middle;
6 (43)-middle;

6 (231)-middle;

6 (23)-middle

6 junior

Jablan

7 (31)-middle

1 l-middle;
6 2-middle;
6 2-middle;
7 (22)-middle;
7 (22)-middle;
7 (21)-middle

6 3-middle;

7 (31)-middle;
7 (32)-middle;
7 (32)-middle

3 (21)-middle;
3 4-middle;

6 4-middle;

6 (22)-middle;
6 (22)-middle;
7 (42)-middle:
7 (42)-middle;
7 (42)-middle;
7 (41)-middle;
7 (221)-middle

3 (31)-middle;
3 6-middle;
6 6-middle;
6 (32)-muddle;
6 (32)-middle;
7 (61)-middle;

T (321)-maiddle;

7 (62)-middle;
7 (62)-middle;
T (62)-middle

7 (23)-middle

J-middle;

6 (23

(45} middle;
(43

(2

J-middle;

T
7
T

7 junior

31) middle




(4)-symmetry

(6)-symmetry

(22)-symmetry

(32)-synmumnetry

(42)-symmetry

(42)-symmetry

(62)-symmetr v

(62)-symmetry

1 2-middle
1 3-middle
1 2-middle;
2 2-middle
1 3-middle
1 4-middle;

1 (22)-middle

1 d-middle;
I (22)-middle;
1 (22)-middle

I 6-middle;
1 (32)-middle

1 6-middle;
L (32)-middle;
1 (32)-middle

6 2-middle
6 3-middle

3 junior;
6 2-middle;
6 (2)-middle

6 3-middle

6 4-middle;
6 (22)-middle;
3 2-middle

6 2-middle;

6 (4)-middle;

6 (22)-middle;
6 (22)-middle

3 3-middle;
6 6-middle;
6 (32)-middle

6 3-middle;
6 (6)-middle;
6 (32)-middle;

Limiting groups of multidimensional plane-point groups ...

7 2-middle
T 3-middle

3 junior;
7 Z2-middle;
7 (2)-middle

7 3-middle

T 4-middle;
T (22)-middle;
3 2-middle

0 Z-middle;
T 4-middle;
7 (22)-middle;
7 (22)-middle

3 3-middle;
7 G-middle;
T (32)-middle

6 3-middle;
G-middle;

7

7 (32)-middle;
6 (32)-middle T (32)-middle

(43)-symmetry 1 (23)-middle 6 (23)-middle 7(23)-middle
From the results given in the first column of Table 3 we conclude that the gen-
eralization of two limiting groups of rosettes by 32 crystallographic P-symmetries
result in 122 (2 generating +2 x 31 senior +55 middle 43 junior) P-symmetry
groups. Hence, the P-symmetry groups of rosettes Gy, where P is one from 32
erystallographic P-symmetries, are the sub groups of the 122 limiting P-symmetry
groups. As it is proved in [4], by them are modeled the limiting groups of the
category (f520, so the symmetry groups of the category (Y549 are the subgroups
of the 122 limiting groups. From the second column of Table 3 we conclude that
the generalization of the five limiting groups of tablets by 32 crystallographic P-
symmetries result in 627 (5 generating +5 x 31 senior + 439 middle 4 28 junior)
P-symmetry groups, Therefore, the P-symmetry groups of tablets (440, where P
1s one from 32 crystallographic P-symmetries, are the subgroups of the 627 limiting
P-symunetry groups. The limiting groups of the category (7g320 are interpreted by
them, so the symmetry groups of the category (399 are the subgroups of the 627
limiting groups. In the same sense, from the third column of Table 3 we conclude
that the generalization of the seven limiting three-dimensional point groups by 32
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crystallographic P-symmetries result in 749 (7 generating + 7x31 senior + 494
middle 4+ 31 junior) limiting P-symmetry groups. Therefore, the three-dimensional
limiting P-symmetry point groups (55q, where P is one from 32 crystallographic
P-symmetries, are the subgroups of the 749 limiting P-symmetry groups. The lim-
iting groups of the category (ieao are interpreted by them, so the symmetry groups
of the category Ggap are the subgroups of the 749 limiting groups. In this way, for
all the categories of multidimensional plane-point symmetry groups, interpreted by
P-symmetry groups of rosettes, tablets and crystal classes, the numbers of their
limiting groups, are calculated. The corplete results are sumarized in Table 4.

Table 4

The number of the limiting groups of multidimensional plane-point symietry gro-
ups

Multidimensional plane-point symmetry groups

Clategory symbol Number

Crystallographic groups Limiting groups
Glazo 31 5
(4320 125 16
(Vn4320 671 67
(?(55432() 4885 374
(7420 263 31
G's420 1274 125
(520 1208 122
(“5320=0'5420 1274 125
Crf's53gn 8806 671
(7430 122 A
(5430 624 83
(65430 4362 441
(F530=C520 1208 156
(7;553:):(;5520 7979 796
(oo 7311 (not 7177, as in [4]) 749

The difference between numbers of the limitieng groups corresponding to the
same category, denoted by two different symbols (e.g. (Geszo and (Fesz0), can
be explained by the fact that among the series into which are distributed three-
dimensional point groups there are two finite series, and all the corresponding se-
ries in the case of symmetry groups of tablets are infinite (see TII). Accepting the
erystallographic restriction to the order of rotational axes, all the series according
to which are systemalized the crystallographic groups of tablets and the crystal
classes will be finite. In that case, all the corresponding numnbers will coincide. For
example, the number of P-symmetry groups Ggyg, modeling the category Geazo,
where P is one from the 32 crystallographic P-symmetries, coincides to the number
of groups of the category (fg530, modeled by erystallographic P-symmetry groups
GSHP: where P is one from the 31 crystallographic tablet P-syminetries.




[1]
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