FILOMAT (Ni§) 8 (1994), 1-40

COLOR-SYMMETRY GROUPS OF BANDS

Slavik V. Jablan

Abstract. (/sing color-symmetry characteristics of symmetry groups, all color- -

symmetry groups of bands (74,7, are derived.

1. Introduction

The concept of P-symimetry (pérmutation symmetry) introduced by A.M.%Zamo-
orzaev [1, 2] is defined as follows. If P is a subgroup of the symmetric permutation
-group of p indices, and (7 is a discrete symmetry group, every transformation ( =
cS=58c,c€P, Selisa P-symimetry transformation. Every group (f derived
from ¢ by subtituting its symmetries by the corresponding P-symmetries is a P-
symmetry group. If the substitutions incl uded in GF exhaust the group P, GF isa
complete P-symmetry group, Every complete P-symmetry group GF can be derived
from its generating group i by searching in (7 and P for normal subgroups H and
) for which the isomorphism (/H = P/() holds, by paired multiplication of the
cosets corresponding in this isomorphism, and by the unification of the products
obtained. The groups of complete P-symmetry fall, respectively, into the senior
(¢ = Hand G¥ = G x P), middle (Q = P, Q = I and I ¢ C P) and junior
groups ((/H = P and (F = ). In this paper only the Junior P-symimetry groups
are considered.

There are few diflerent criterions for the equality of junior P-symmetry groups.
The most rafined ("strong”) eriterion is the following: let a color-permutation group
P be decomposed in the product of different (irreducible) groups P = Pya;... P,
where H,, ..., H, (¢ =a;+ ...+ a;) are the subgroups of ¢ such that ({/Hy = Py,
G/Hy = P,...G/Hay = Pi,....,G/Ha = P,, and H is their section (G = p),
In this case every P-symmetry group can be uniquely defined as (//(H;, ..., H.)/H
[2]. If subgroups which result in isomorphic quotient groups are taken as equivalent,
or if only reduced symbols G/ H are considered, two (sub)criterions (the ”middle”
and "weak”), are obtained. Knowing P-symmetry groups classified according to the
"middle” criterion, they can be siply classified according to the ” strong” criterion
by permuting the equivalent subgroups.

If H is a normal subgroup of @, and P is the regular permutation group of the
order N(G/H = P), then [G : H] = N. In the case of an irregular permutation
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group P, instead of a group/subgroup symbol 7/ H (1, 2, 3, 4], a symbol G/H,/H
will be used, where H; is the subgroup retaining invariant one index, and H is
the symmetry subgroup of (‘7 [5]. Then, H; is not a normal s ubgroup of &,
[C; ! Iqul = Ni, [Hl : H] = Ny, and N = Ny Na.

Bohm gymbols [6] are used to denote the corresponding categories of 1sometric
symmetry groups. In a symbol Gn... the first subscript n is the maximal dimension
of space in which the transformations of the symmetry group act, while the following
subscripts are the maximal dimensions of subspaces invariant with respect to the ac-
tion of the symmetry group and properly included in each other. The corresponding
categories of P-symmefry groups are denoted by additional P-superscripts.

The indices ascribed to the points of a figure with a P-symmetry group have an
extrageometric sense with respect to the space In which the figure is considered.
In additional dimensions such index permutations can be geometrically interpreted,
making possible an investigation of rrulti-dimensional symmetry groups by means
of P-symumetry groups [7]. A simple example illustrating this is the derivation of the
sytmetry groups of bands (g from the symmetry groups of friezes (Y91. The 31
symmetry group of bands (321 can be derived from the symmetry groups of {riezes
(741 by using antisymmetry (31 Gisg1 ~ 7 generating G+7 senior (( x 1)+ 17 junior
(1, (¢ € (31). The same method can be used in order to derive the P-symmetry
groups of bands from the P-symmetry groups of friezes [1, 2, 8 |

If P = (), according to the "strong” criterion we have the simple ({ = 1) and
multiple (I > 2) antisymmetry groups, and according to the "rmiddle” criterion, so-
called Mackay groups (or compound groups) [9, 10]. In the first case, all quotient
sroups (7y are treated as non-equivalent, and in the second case as the equivalent
ones. Hence, in the first case besides of their choice, there are considered permuta-
tions of the corresponding subgroups of the index 2.

Let a symmetry group (¢ be given by the presentation:

Mg B 8 S, BY=E b= 12 e

and let er, es,...,¢; be the antiidentity transformations of the first, second,....lth

2 e

kind satisfying the relations:

81»2 = I, €5 — €564, EZ'S,‘-, = Sqﬂi,
i3 €412, .0} we il dqgr}

Every transformation S = €'S, S € (7, where ¢’ is an antiidentity transformation or
their product is called a (multiple) antisymmetry transformation. Every group G
derived from (7, which contains al least one (multiple) antisymmetry transformation
is called a (multiple) antisyimmetry group, and the group (3 is called its generat-
ing group. A junior multiple antisymmetry group is called the M™-type group if
its corresponding antiidentity transformations are independent, this means, if they
are not representable by the others. In the theory of simple and multiple anfisym-
metry [10] only the derivation of junior simple and multiple antisymmetry groups
of the M™-type is non-trivial. They can be derived very efficiently by using the
antisymmetric characteristic method [11, 12].
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In particular, for [ = 1 we have the (simple) antisymmetry. Among (simple) an-
tisymmetry groups we can distinguish the senior antisymmetry groups of the form
7 x {e1}, with the structure (¢ x (U3, where {e1} denotes the group generated by
€1, with the structure C'y, and the junior antisymmetry groups isowmorphic to theijr
generabing group (7. Since the antiidentity transformation el can be identified with
the (hyper)reflection in the invariant (n + 1)-plane, to every antisymmetry group
of the category G,! correspounds the symmetry group of the category Gl Tip,..o
Namely, fo every senior antisymmetry group (/ % {e1} corresponds the symme-
try group ¢ x {71}, where {T}} denotes the symmetry group with the structure
Dy (Dy = (), generated by a plane reflection 71, and to every junior autisymmetry
group (7' given by the presentation:

{85 9210 88 w8 8 ni 8 =1, B='13 .8
wbere the set {S)!, 9,!,..., 9} consists of the (anti)generators 5' (5'91,l = 5 or
,S'(J' =e1S;, ¢=1,2,..,7), corresponds the (n + 1)-dimensional symmetry group

generated by the symmetries .S'Q,‘ = 5, or .b'ql =T15.
In the case of Belov (p)-syminetry [2] (or Cp-symmetiy [4]), the group P = (p
is generated by the permutation ¢; = (12...p) satisfying the relations:

of =1, aS=S, Se6.

In the case of Pawley (p')-symmetry [2] (or Dygpy-symmetry [4]), the group P =
Dyap) is the regular dihedral permutation group generated by the permutations e
and e; = (11) satisfving the relations:

P 2 2

¢ =e =(c1e1)* =1 c185=98c1 eS=8e, Sed.

In the case of (p2)-symmetry [2] (or Dp-symmetry [4]), the group P = D, is the
irregular dihedral permutation group generated by the permutations c1 and ep =
(12) satisfying the same relations.

All remaining P-symmetries which the symmetry groups of friezes admit, are the
combinations of Cp—, Dp(2p)— and Dp— symmetry with the simple and multiple
antisymmetry.

With regard to their structure, 7 symmetry groups of friezes can be divided in 4
classes:

1) p111, plal of the structure (y;

2) pmll, pl12, pma2 of the structure Dy;

3) plml of the structure €y, x D and

4) pmm?2 of the structure Doy x [)y.

Having in mind the reducibility of the groups Cap_s (Clap—s = Cop_y X C'3) and
Dag 5 (Dyg—o = Dyp_y xCy), from this we can conclude that P can be, respectively:

1) C:

2) D, Dicogy;

3) Cr, Cp x Os;
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4) Dy, Dyarys Di % Ca, Dyary % Ca, Dag—1(ak—2) % Cy”.
Using the method of A. TV_I Zamorzaev and Kishinev school, all P-symmetry gro-
ups of friezes, are derived. From them, by applying antisymmetry, all P-symmetry
groups of bands (classified according to the ”strong” equality criterion), are derived.

2. Color-symmetry groups of bands

According to the relation of isomorphism, 31 symmetry group of bands can be
distributed in 6 equivalency classes. Every such class consists of g mups possessing
the same structure:

1) {pl11}, {plal, plla, p2111} of the structure Ceo;

2) {pmll, p112, p121, pi}, {pma2, pl2/al, pm?2a, pllZ/cL p2,/mll, 2 22} of
the structure De.;

3) {plml, pllm, p211}, {p2lma, p2lam, p2aa} of the structure Cioo % Dy;

4){pmm?, plZ/ml pm2m, pl12/m, p2/mll, p222}, {pmma, pmam, 22a} of the

structure Dy x Dy

5) {p2mm)} of the structure C'ow x D%

6) {promm} of the structure Do, x D%

From their structure, knowing that Cyp o = Cap—1 xCy and Dag_g = Dop—1 X,
we can directly conclude that the color-permutation group P, as a finite quotient
group of the considered symmetry group can be, respectively:

Ly Cly;

2) Dy, Diary;

3) (1;) ’1}\, X (-'2;

'1) Dy, U,{(gj,), 1)y 5 (,;, D;»( y X ¢ b Dqk—l(4k—)j X (/Z |

3) ;:(,,kx(,:z,(kX(.»z, '

6) Di, Digar), D X Cz, Dycagy X Ca, Die x C?, Diawy X Co?y Dag_yqar—n) X C5°

Hence, the color-symmetry groups of bands admit the following P-symmetries:
P = Gy, Cix Cz, Cix Co, Dy, Digary, Dix Cy, Diganyx Ca, Dp X O, Digany x G,
1)2]{_1(4]{:_2) X CEB. i

Definition 1. Lel the sct of elements of a symmetry group (¢ be divided in equin-
alency clusses consisting of elements equivalent with regard to symmelry. The re-

r

sulting system is called the color-symmelry characteristic CC(() of the group G.

Theorem 1. Twe P-symmetry groups derived from the same generating .5ymmetry
group G are equal off they possess equal color-symmetry characteristics.

Theorem 2. From two symmetry groups (G and (1) which possess isomorphic color-
symmelry characteristics CCO(G) = CC(GY) the same number of color-symmetry
(P-symmelry) groups can be derived. All P-symmelry groups derived from G and
(/1 are corresponding in this C'C-isomorphism. i

With regard to the C'C-isomorphism, the symmetry groups of bands belonging
to the classes 1)-6) are distributed in 10 subclasses, denoted by . Consequently;
the derivation of all P-symmetry groups of bands is reduced to the derivation of P-

symmetry groups from 10 symmetry groups of bands, i.e. from the representatives

of the subclasses mentioned: pl11, plal, pmll, pma2, plml, p2yma, pmm2, pmma,
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p2mm and pmmim. By this teans, all P-symmetry groups of bands classified
according to the "middle” equality criterion (and resulting "strong” and ”wealk”
criterion), are derived,

3. Catalogue of color-symmetry groups of bands

In Table 1 symmetry groups of bands (321 are denoted by the corresponding
nurber 01—31 and classified .according to their structure and C'C-1somorphism.
The symmetry groups of [riezes G'21 (Gay Gagy) are denoted by #.

Table 1
oo Cha % Dy € 12
01 plllx 15 plmlx* 30 p2mm
16 pllm
02 plals 17 p211 D X D¢
03 plla 31 proamam.
04 p2i1l 18 p2ima
19 p2iam
Doy 20 plaa
05 pml 1+
06 pl12x Doy x Dy
07 pl21 21 prom2s
08 pi 22 pl2/ml
23 pm2m
09 pImalx 24 pl12/m
10 pl2/al 25 p2/mll
11 pmla 26 p222
12 pll2/a '
13 p21/mll 27 prima
14 p2122 28 pmam
29 p220

In Table 2.1- 2.4 Mackay groups (or compound groups [9]) of bands with P =
Cl(l<i< 4), derived from the groups-representatives (01, 02, 05, 09, 15, 18,
21, 27, 30, 31), are given. The multiple antlsymmetry groups of bands [10] can be
simply derived from them by permuting the equivalent subgroups of the index 2.
The results according to the ”strong” and ”weak” criterion are given at the end of
each table.

Tahlg 2.1.

G

01/01 15/01 927/21 30/15
27/18

02/01 18/15 27/14 31/31

18/04 27/13 31/30




G

05/05
05/01

09,06
09/05
09/02

15/15
15/02

There are 117 (75,

Table 2.2

vy
05/(05,05)/01
05/(05,01)/01

09/(06,05)/01
09/(06,02)/01
09/(05,02)/01

15/(15,02)/01
15/(15,01)/01
15/(02,01)/01

18/(15,04)/01
18/(15,03)/01
18/(04,03)/01

21/(21,21)/15
21/(21,15)/15
21/(21,09)/06
21/(21,06)/06
21/(09,06)/06
21/(21,09)/05
21/(21,05)/05
21/(09,05)/05
21/(15,09)/02
21/(09,09)/02
21/(15,06)/01
21/(15,05)/01
21/(06,05)/01

27/(22,21)/15

18/03

21/21
21/15
21/09
21/06
21/05

27/22
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27/12
27/11

30/30
30/20
30/19
30/18
30/17
30/16

27/(14, 13)/04
27/(18,12)/03
27/(18, 11)/03
97/(12,11)/03

30/(30,20)/17
30/(30,17)/17
30/(20, 17)/17
30/(30,19)/16
30/(30,16)/16
30/(19,16)/16
30/(30,18)/15
30/(30, 15)/15
30/(18, 15)/15
30/(19,18)/04
30/(19,17)/04
30/(18,17)/04
30/(20, 18)/03
30/(20,16)/03
30/(18,16)/03
30/(20, 19)/02
30/(20,15)/02
30/(19,15)/02
30/(17,16)/01
30/(17,15)/01
30/(16,15)/01

31/(31,31)/30
31/(31,30)/30
31/(31,29)/26

31/29
31/28
31/27
31/26
31/25
31/24
31/23
31/22
31/21

31/(27,21)/21
31/(30,29)/20
31/(29,29)/20
31/(30,28)/19
31/(28,28)/19
31/(30,27)/18
31/(27,27)/18
31/(}(,26 /17
31/(30,25)/17
31/( ze 25)/17
31/(30,24)/16
31/(30,23)/16
31/(24,23)/16
51/(30,22)/15
31/(30,21)/15
31/(22,21)/15
51/( 8,27)/14
1/(28,26)/14
51/( 7,26)/14
31/(28,27)/13
31/(28,25)/13
31/(27,25)/13
31/(29,27)/12
31/(20,24)/12
31/(27,24)/12
31/(29,27)/11
31/(29,23)/11
31/(27,23)/11
(
(

2
/(2
2
2
2
2

31/(29,28)/10
31/(29,22)/10




27/(22,18)/15
27/(21,18)/15
27/(22,13)/08
27/(22,12)/08
27/(13,12)/08
27/(22,14)/07
27/(22,11)/07
27/(14,11)/07
27/(21,14) /06
27/(21,12)/06
97/(14,12)/06
27/(21,13)/05
27/(21,11)/05
27/(13,11)/05
27/(18,14)/04
927/(18, 13)/04
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31/(31,26)/26
31/(29,26)/26
31/(31,29)/25
31/(31,25)/25
31/(29,25)/25
31/(31,28)/24
31/(31,24)/24
31/(28,24)/24
31/(31,28)/23
31/(31,23)/23
31/(28,23)/23
3$1/(31,27)/22
31/(31,22)/22
31/(27,22)/22
31/(31,27)/21
31/(31,21)/21

31/(28,22)/10
31/(29,28)/09
31/(29,21)/09
31/(28,21)/09
31/(25,24)/08
31/(25,22)/08
31/(24,22)/08
31/(26,23)/07
31/(26,22)/07
31/(23,22) /07
31/(26,24)/06
31/(26,21)/06
31/(24,21)/06
31/(25,23)/05
31/(25,21)/05
31/(23,21)/05

~]

From 271 compound groups of the MZ-type can be derived 20 + 2 x 251 = 522
multiple antisymmetry groups of the M2type, and 97 Dyay-symuinetry (or (27)-
symimetry [2]) groups, according to the ” weak” equality criterion ((// H).

For [ = 2,3,4, the multiple antisymmetry groups can be obtained [rom Mackay
groups given in Table 2.2- 2.4 by permuting the corresponding equivalent subgroups
of the index 2. In non- exceptional cases, the number of multiple antisymmetry
groups derived from a Mackay group will be {! in the case that all subgronps men-
tioned are different, or I!/2 if two of themn are identical. In exceptional cases (denoted
by +) the section of two identical subgroups with a remaining subgroup results in
distinet s ubgroups of the index 4, so these identical subgroups are notl equivalent,
and the number of multiple antisymmetry groups derived will be 1!. If a Mackay
group (Table 2.3-24) is not uniquely defined by its extended group/subgroup sym-
bol, an additional symbol (given in parentheses () or jj, indicating to Tahle 2.2 or
2.3), which points to the section of subgroups of the index 2, is given.

Table 2.3

(_123
21/(21,21,09)/01+
21/(21,21,06)/01
21/(21,21,05)/01
21/(21,15,09)(06)/01
21/(21, 15,09)(05)/01
21/(21,15,06)/01
(
(

27/(22,18,11)/01
27/(22,14,13)/01
97/(22, 14, 12)/01
27/(22,13,11)/01
27/(22,12,11)/01
27/(22,18,14) /01
27/(21, 18, 13)/01
27/(21,18,12)/01
27/(21,18, 11) /01
27/(21,14,13) /01

30/(30, 20, 16) /01
30/(30, 20, 15)/01
30/(30, 19, 18)/01
30/(30, 19, 17) /01
30/(30, 19, 15)/01
30/(30,18,17) /01
30/(30, 18, 16)/01
30/(30, 17, 16) /01
30/(30, 17, 15)/01
30/(30, 16, 15) /01

21/(21,15,05)/01
21/(21,09,09)/01t
21/(21,09,06)/01
21/(21,09,05)/01
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921/(21,06,05)/01
21/(15,09,06)/01
21/(15,09,05)/01
21/(09,09,06)/01
21/(09,09,05)/01
21/(09,06,05)/01

27/(22,21,14)/01
27/(22,21,13)/01

27/(22,21,12) /01
27/(22,21,11)/01
27/(22,18,14)/01
27/(22, 18, 13)/01
27/(22, 18, 12)/01
30/(18,17,15)/01
30/(18,16,15)/01

31/ (31,31, 293/ 17%
31/(31,31,28)/16%
31/(31,31,27)/15%
31/(31,31,26)/17
31/(31,31,25)/17
31/(31,31,24)/16
31/(31,31,23)/16
31/(81,31,22)/15
31/(31,31,21)/15
31/(31,30,29)(26)/17
31/(31,30,29)(25)/17
31/(31,30,28)(24)/16
31/(31,30,28)(23)/16
31/(31,30,27)(22)/15
31/(31,30,27)(21)/15
31/(31,30,26)/17
31/(31,30,25)/17
31/(31,30,24)/16
31/(31,30,23)/16
31/(31,30,22)/15

31/(31,29,20)/17F
31/(31,29,28)/08
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27/(21, 14, 11)/01
27/(31 i3, 12)/)1

27/(21,12, 11)/01
27/(18, 14, 12)/01
97/(18, 14, 11)/01
27/(18,13,12)/01
27/(18,13,11)/01
27/(14,13,12)/01
97/(14,13, 11)/01
97/(14,12,11)/01
927/(13,12,11)/01

30/(30,20,19)/01
30/(30,20, 18)/01

31/(31,27,27)/ 15+

31/(31,27,26)/07
31/(31,27,26)/06
31/(31,27,25)/08
31/(31,27,25)/05
31/(31,27,24)/08
31/(31,27,24)/06
31/(31,27,23)/07
31/(31,27,23)/05
31/(31,27,22)/15
31/(31,27,21)/15
31/(31,26,25)/17
31/(31,26,24)/06
31/(31,26,23)/07
31/(31,26,22)/07
31/(31,26,21)/06
31/(31,25,24)/08
31/(31,25,23)/05
31/(31,25,22)/08
31/(31,25,21)/05
31/(31,24,23)/16
31/(31,24,22)/08
31/(31,24,21)/06
31/(31,23,22)/07
31/(31,23,21)/05
31/(31,22,21)/15

30/(20, 19, 18)/01
10/(1) 19, 17)/01

0/(20, 19, 16)/01
50/(20%13 17)/01

30/(20, 18, 15) /01
30/(20, 17,16)/01
30/(20, 17, 15)/01
30/(20, 16, 15)/01
30/(19, 18, 16) /01
30/(19,18,15)/01
30/(19,17,16)/01
30/(19, 17, 15) /01
30/(19, 16, 15)/01
30/(18,17,16)/01
31/(30,24,22)/01
31/(30,24,21)/01
31/(
31/(30,23,21)/01
31/(29,29,28)/02%
31/(29,29,27)/03%
31/(29,29,26)/04
31/(29,29,25)/04
31/(29,29,24)/03
31/(29,29,23)/03
31/1(29,29,22)/02
31/(29,29,21)/02
31/(29,28,28)/02%
31/(29,28,27)/08

30,23,22)/01

31/(29,28,27)/07
31/(29,28,27)/06

31/(29,28,27)/05
31/(29,28,26)/07

31/(31,29,28)/07
31/(31,29,28)/06
31/(31,29,28)/05
31/(31,29,27)/08
31/(31,29,27)/07

)
)
|
31/(31,30,21)/15
)
)
)
)

(

(

(
31/(30,29,28)(12)/03
31/(30,29,28)(11)/03
31/(30,29,28)(10)/02
31/(30,29,28)(09)/02
31/(30,29,26)/17

31/(29,28,26)/06
31/(29, 28,25)/0
31/(29,28,25)/05
31/(29,28,24)/0
31/(29,28,24)/0
31/(29,28,23)/07
31/(29,28,23)/05
31/(29,28, zz)/uz
31/(29,28,21)/02
31/(29,27,: 7)/03+
31/(29,27,26)/07
31/(29,27,26)/06
31/(29,27,25)/08




31/(31,29,27)/06
31/(31,29,27)/05
31/(31,29,26)/17
31/(31,29,25)/17
31/(31,29,24)/08
31/(31,29,24)/06
31/(31,29,23)/07
31/(31,29,23)/05
31/(31,29,22)/08
31/(31,29,22) /07
31/(31,29,21)/06
31/(31,29,21)/05
31/(31,28,28)/16+

)

)

e —

31/(31,28,27)/08
31/(31,28,27)/07
3L/(31,28,27)/06
31/(31,28,27)/05
31/(31,28,26)/07
31/(31,28,26)/06
31/(31,28,25)/08
31/(31,28,25)/05
3L/(31,28,24)/16
31/(31,28,23)/16
31/(31, zs,zz )/08
31/(31,28,22)/07
31/(31,28,21)/06
31/(31,28,21)/05
31/(28,28,22)/02
31/(28,28,21)/02
31/(28,27,27) /04t
- 31/(28,27,26)/04
31/(28,27,25)/04
31/(28,27,24)/08
31/(28,27,24) /06
31/(28,27,23)/07
31/(28,27,23)/05
31/(28,27,22)/08
31/(28,27,22)/07
31/(28,27,21)/06
31/(28;27,21)/05
31/(28,26,25)/04
31/(28,26,24)/06
31/(28,26,23)/07
31/(28,26,22)/07
“31/(28,26,21)/06
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31/(30,29,25)/17
31/(30,29,24)/03
31/(30,29,23)/03
$1/(30,29,22)/02
31/(30,29,21)/02

31/(30,28,27)(13)/04
31/(30,28, 27)(12)/04
" 31/(30,28,26)/04

)

31/(30,28,25)/04
31/(30,28,24)/16
31/(30,28,23)/16
31/(30,28,22)/02
31/(30,28,21)/02
31/(30,27,26)/04
31/(30,27,25)/04
31/(30,27,24)/03
31/(30,27,23)/03
31/(30,27,22)/15

31/(30,27,21)/15

31/(30,26,24)/01
31/(30,26,23)/01
31/(30,26,22)/01
31/(30,26,21)/01
31/(30,25,24) /01

31/(30,25,23) /01

31/(30,25,22) /01
31/(30,25,21)/01

31/(28,24,23)/16

31/(28,24,22)/08
31/(28,24,21)/06

31/(28,23,22)/07

31/(28,23,21)/05

"31/(28,22,21)/02

31/(27,27,26)/04
31/(27,27,25)/04
31/(27,27,24)/03
31/(27,27,23)/03
31/(27,97,92) /02
31/(27,27,21)/02
31/(27,26,25)/04
31/(27,26,24)/06
31/(27,26,23)/07
31/(27,26,22)/07
31/(27,26,21)/06
31/(27,25,24)/08

31/(29,27,25)/05
31/(29,27,24)/03
31/(29,27,23)/03
31/(29,27,22)/08
31/(29,27,22)/07
31/(29,27,21)/06
31/(29,27,21)/05
31/(29,26,25)/17
31/(29,26,24)/06
31/(29,26,23)/07
31/(29,26,22)/07
31/(29,26,21)/06
31/(29,25,24)/08
31/(29,25,23)/05
31/(29,25,22)/08
31/(29,25,21)/05
31/(29,24,23)/03
31/(29,24,22)/08
31/(29,24,21)/06
31/(29,23,22)/07
31/(29,23,21)/05
31/(29,22,21)/02

31/(28,28,27)/04+

31/(28, 28, 26)/04

31/(28,28,25)/04

31/(28,28,24)/16
31/(28,28,23)/16

)
31/(27, 24, 22) /08
)

31/(27,24,21)/06
31/(27,23,22)/07

31/(27,23,21)/05

31/(27,22,21)/15
31/(26,25,24)/01

31/(26,25,23)/01
31/(26,25,22)/01
31/(26,25,21)/01

31/(26,24,23)/01
31/(26, 24, 22) /01
31/(26,23,21)/01
31/(26,22,21)/01
31/(25,24, 23)/01
31/(25,24,21)/01
31/(25,23,22)/01
31/(25,22, 21)/01
31/(24,23,22)/01
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31/(28,25,24),/08
31/(28,25,23)/05
31/(28,25,22)/08
31/(28,25,21)/05
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31/(27,25,23)/05

31/(27,25,22)/08
31/(27,25,21)/05
31/(27,24,23)/03

31/(24,23,21)/01
31/(24,22,21)/01
51/(23,22,21)/01

From 444 compound groups of the M3-type (or 221-symimetry groups [2] can be
derived 6 x 396 4+ 3 x 48 = 2520 multiple antisymmetry groups of the M>-type, and

the only one group G'/H.
Table 2.4

ot
31/(31,31,29,28)(10)/01%F
31/(31,31,29,28)(09)/01F
31/(31,31,29,27)(12)/01+
31/(31,31,29,27)(11)/01F
31/(31,31,29,24)/01F
31/(31,31,29,23)/01%
31/(31,31,29,22)/01*
31/(31,31,29,21)/01%
31/(31,31,28,27)(14) /01
31/(31,31,28,27)(13)/017F
31/(31,31,28,26)/01F
31/(31,31,28,25)/01F
31/(31,31,28,22)/017F
31/(31,31,28,21)/01F
31/(31,81,27,26)/01+
31/(31,31,27,25) /01
31/(31,31,27,24)/01F
31/(31,31,27,23)/01F
31/(31,31,26,24)/01
81/(31,31,26,28)/01
31/(31,31,26,22)/01
31/(31,31,26,21)/01
31/(31,31,25,24)/01
31/(31,31,25,23)/01
51/(31 31,25,22)/01
311/(31, 30, 28,22)(24)/01
31/(11 30, 28, 21)(24)/01
31/(31,30,28,27) < 06 > /0L
31/(31,30,28,27) < 05 > /01
31/(31,30,28,26)(23)/01
31/(31,30,28,25)(23)/01
31/(31,30,28, 22)(23)/01
31/(31,30,28,21)(23)/01

31/(31,31,25,21)/01
31/(31,31,24,22)/01
31/(31,31,24,21)/01
31/(31,31,23,22)/01

31/(31, 31,23, 21)/01
31/(31,30,29,28) < 08 > /01
31/(31,30,29,28) < 07 > /01
31/(31,30,29,27) < 08 > /01
31/(31,30,29,27) < 07 > /01
31/(31, 30,29, 24)(26)/01
31/(31, 30,29, 23)(26)/01
31/(31,30,29,22)(26)/01
31/(31, 30,29, 21)(26)/01
31/(31,30,29,27) < 06 > /01
31/(31,30,29,27) < 05 > /01
31/(31,30,29,27) < 06 > /01
31/(31,30,29,27) < 05 > /01
31/(31, 30,29, 24)(25)/01
31/(31,30,29,21)(25)/01
31/(31,30,29,22)(25)/01
31/(31,30,29,21)(25)/01
31/(31,30,28,27) < 08 > /01
31/(31,30,28,27) < 07 > /01
31/(31, 30,28, 26)(24)/01
31/(31, 30, 28, 25)(24)/01
31/(31,29,27,21) < .08 > /01
31/(31,29,27,25) < 07 > /01
31/(31,29,27,24) < 07 > /0L
31/(31,29,27,21) < 07 > /01
31/(31,29,27,25) < 06 > /01
31/(31,29,27,23) < 06 > /01
31/(31,29,91,82)< }o:> /01
31/(31,29,27,26) < 05> /01
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31/(31,30,27,26)(22)/01
31/(31,30,27,25)(22)/01
31/(31,30,27,24)(22)/01
31/(31,30,27,23)(22) /01
31/(31,30,27,26)(21)/01
31/(31,30,27,25) (zl)/Ul
31/(31,30,27,24)(21)/01
31/(31,30,27,23)(21)/01
31/(31,30,26,24)/01
31/(31,30,26,23)/01
31/(31,30,26,22)/01
31/(31,30,26,21)/01
31/(31,30,25,24)/01
31/(31;30,25,23)/01
31/(31,30,25,22)/01
31/(31,30,25,21)/01
31/(31,30,24,22)/01
31/(31,30,24,21)/01
31/(31,30,23,22)/01
31/(31,30,23,21)/01
31/(31,29,29,28)(24)/01+
31/(31,29,29,28)(23)/01+
31/(31,29,29,27)(22) /01t
31/(31,29,29,27)(21)/01+
31/(31,29,29,24)/01%
31/(31,29,29,23)/01F
31/(31,29,29,22)/01+
31/(31,29,29,21)/01%
31/(31,29,28,28)(26) /01
31/(31,29,28,28)(25)/01+
31/(31,29,28,27) < 08 > /01
31/(31,29,28,27) < 07 > /01
31/(31,29,28,27) < 06 > /01
31/(31,29,28,27) < 05 > /01
31/(31,29,28,26) < 08 > /01
31/(31,29,28,23) < 08 > /01
31/(31,29,28,21) < 08 > /01
31/(31,29,28,25) < 07 > /01
31/(31,29,28,24) < 07 > /01
31/(31,29,28,21) < 07 > /01
31/(31,29,28,25) < 06 > /01
31/(31,29,28,23) < 06 > /01
31/(31,29,28,22) < 06 > /01
31/(31,29,28,26)<:05 > /01
31/(31,29,28,24) < 05 > /01

31/(31,29,27,24) < 05 > /01
31/(31,29,27,22) < 05 > /01
31/(31,29,26,24)/01
31/(31,29,26,23)/01
31/(31,29,26,22)/01
31/(31,29, 26, 21)/01
31/(31,29,25,24)/01
31/(31,29,25,23)/01
31/(31,29,25,22)/01
31/(31,29,25,21)/01
31/(31,29, 24, 23)(26) /01
31/(31,29,24,23)(25)/01
31/(31,29,24,22)/01
31/(31,29,24,21)/01
31/(31,29,23,22)/01
31/(31,29,23,21)/01
31/(31,29,22,21)(26)/01
31/(31,29,22,21)(25)/01
31/(31,28,28,27)(22)/01+
31/(31,28,28,27)(21)/01+
31/(31,28,28,26)/01+
31/(31,28,28,25)/01+
31/(31,28,28,22)/01F
31/(31,28,28,21)/01t
31/(31,28,27,27)(24)/01+
31/(31,28,27,27)(23)/01+
31/(31,28,27,26) < 08 > /01
31/(31,28,27,23) < 08 > /01
31/(31,28,27,21) < 08 > /01
31/(31,28,27,25) < 07 > /01
31/(31,28,27,24) < 07 > /01
31/(31,28,27,21) < 07 > /01
31/(31,28,27,25) < 06 > /01
31/(31,28,27,23) < 06 > /01
31/(31,28,27,22) < 06 > /01
31/(31,28,27,26) < 05 > /01
31/(31,28,27,24) < 05 > /01
31/(31,28,27,22) < 05 > /01
31/(31,28,26,25)(24)/01
31/(31,28,26,25)(23)/01
31/(31,28,26,24)/01
31/(31,28,26,23)/01
31/(31,28,26,22)/01
31/(31,28,26,21)/01
31/(31,28, 25, 24) /01
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31/(31,
31/(31,
31/(31,
31/(31,
31/(31,
31/(31,
31/(31,
31/(31,
31/(31,
31/(31,
31/(31,
31/(31,

31/(31,
31/(31,

31/(31,
31/(31,2
31/(31,
31/(31,
31/(31
31/(31,

81/(31,
31/(31,
31/(31,2
31/(31,2
31/(31,

31/(31,
31/(31,
31/(31,
31/(31,

29,28,22) < 05 > /01
99,27, 27)(26)/016+
29,27,27)(25)/016+
29,27,26) < 08 > /01
29,27,23) < 08 > /01
28,23,22)/01
98,23,21)/01
28,22, 21)(24)/01
28,22, 21)(23)/01
97,27,26)/01+
27,27,25)/01F
97,27, 24)/01F
27,97,23)/01+
27,26, 25)(22) /01
27,26, 25)(21)/01
7,26,24)/01
27,26,23)/01
27,26,22)/01
27,26,21)/01
27,25,24)/01
27,25,23)/01
27,25,22)/01
7,25,21)/01
7,24,23)(22)/01
27 24,23)(21)/01
27,24, 22)/01
97,24, 21)/01
97,923,22)/01
27,23,21)/01
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31/(31,28,25,23)/01
31/(31,28,25,22)/01
31/(31,28,25,21)/01
31/(31,28,24,22)/01
31/(31,28,24,21)/01
31/(30,29,27,21)(12)/01
31/(30,29, 27,21)(11)/01
31/(30, 29,26, 24)/01
31/(30,29, 26, 23)/01
31/(30,29,26,22)/01
31/(30,29,26,21)/01
31/(30,29,25,24)/01
31/(30,29,25,23)/01
31/(30,29, 25, 22) /01
31/(30,29,25,21)/01
31/(30, 29, 24, 22) /01
31/(30,29,24,21)/01
31/(30,29,23,22)/01
51/(30,29,23,21)/01
31/(30,28, 27, 24)(14) /01
31/(30,28,27,24)(13)/01
31/(30, 28,27, 23)(14) /01
31/(30, 28,27, 23)(13)/01
31/'30 98,27, 22)(14)/01
31/(30, 28, 27, 22)(13) /01
31/(30 98,27,21)(14)/01
31/(30,28,27,21)(13)/01
31/(30, 28, 26, 24) /01
31/(30,28, 26, 23)/01

31/(31,26,25,24)/01
31/(31,26,25,23)/01
31/(31,26,25,22)/01
31/(31,26,25,21)/01
31/(31,28,94,93)/01
31/(31,26,24,22)/01
31/(31,26,23,21)/01
31/(31,26,22,21)/01
31/(31,25,24,23)/01
31/(31,25,24,21)/01
31/(31,25,23,22)/01
31/(31,25,22,21)/01
31/(31,24,23,22)/01
31/(31,24,23,21)/01
31/(31,24,22,21)/01
31/(31,23,22,21)/0L

31/(30, 28, 26, 22) /01
31/(30, 28,26, 21)/01
31/(30,28,25,24)/01
31/(30,28, 25, 23)/01
31/(30, 28,25, 22)/01
31/(30,28,25,21)/01
31/(30,28, 24, 22)/01
31/(30, 28,24, 21)/01
31/(30,28,23,22)/01
31/(30,28,23,21)/01
31/(30, 27,26, 24) /01
31/(30,27, 26, 23) /01
31/(30, 27,26, 22)/01
31/(30,27,26,21)/01
31/(30,27,25,24)/01
31/(30,27,25,23)/01




31/(30,29,28,27) < 08 > /01
31/(30,29,28,27) < 07 > /01
31/(30,29,28,27) < 06 > /01
31/(30,29,28,27) < 05 > /01

31/(30,29,28,26)(10) /01
31/(30,29,28,26)(09)/01
31/(30,29,28,25)(10)/01
31/(30,29,28,25)(09)/01
31/(30,29,28,24)(10)/01
31/(30,29,28,24)(09)/01
31/(30,29, 28,23)(10) /01
31/(30,29,28,23)(09)/01
31/(30,29,27,26)(12)/01
31/(30,29,27,26)(11)/01
31/(30,29,27,25)(12) /01
31/(30,29,27,25)(11)/01
31/(30,29,27,22)(12)/01
31/(30,29,27,22)(11)/01
31/(29,29,26,22)/01
31/(29,29,26,21)/01
31/(29,29,25,24) /01
31/(29,29,25,23)/01
31/(29,29,25,22)/01
31/(29,29,25,21)/01
31/(29,29,24,22)/01
31/(29,29,24,21) /01
31/(29,29,23,22)/01
31/(29,29,23,21)/01
31/(29,28,28,27)(12)/01+
31/(29,28,28,27)(11)/01+
31/(29,28,28,26)/01t
31/(29,28,28,25)/01+
31/(29,28,27,24)/01+
31/(29,28,27,23)/01F
31/(29,28,27,27)(10)/01+
31/(29,28,27,27)(09)/01+

31/(29,28,27,26) < 08 > /01
31/(29,28,27,23) < 08 > /01
31/(29,28,27,21) < 08 > /01
31/(29, 28,27, 25) < 07 > /01
31/(29,28,27,24) < 07 > /01
©31/(29,28,27,21) < 07 > /01
31/(29,28,27,25) < 06 > /01
31/(29,28,27,23) < 06 > /01
31/(29,28,27,22) < 06 > /01

C(:}JO]'—S}’.I?Hllél;I}/ groups of bands

31/(30,27, 25,22) /01
31/(30, 27,25, 21)/01
31/(30,27,24, 22) /01
31/(30,27,24,21)/01
31/(30,27, 23,22) /01
31/(30,27,23,21)/01
31/(29,29, 28, 27)(14) 01+
31/(29,29, 28, 27)(13) /01+
31/(29, 29,28, 26) /01+
31/(29,29,28,25)/01+
31/(29,29, 28, 24)/01+
31/(29,29,28,23)/01+
31/(29,29,27,26)/01+
31/(29,29,27,25) 01+
31/(29,29,27,92)/01+
31/(29,29,27,21)/01+

. 31/(29,29, 26, 24)/01

(

(
31/(29,29,26,23)/01
31/(29,27,25,92) /01
31/(29,27,95,21)/01
31/(29,27, 24,22) /01
31/(29,27,24,21) /01
31/(29,27,23,22)/01
31/(29,27,23,21)/01
31/(29, 27,22, 21)(12)/01
31/(29,27,22,21)(11)/01
31/(29, 26, 25,24) /01
31/(29,26, 25, 23) /01
31/(29,26,25,22) /01
31/(29, 26,25, 21)/01
31/(29, 26,24, 23) /01
31/(29, 26,24, 22) /01
31/(29,26,23,21)/01
31/(29, 26,22, 21)/01
31/(29,25, 24,23) /01
31/(29,25,24,21) /01
31/(29,25,23,22)/01
31/(29,25,22,21)/01
31/(29,24,23,22) /01
31/(29,24,23,21)/01
31/(29, 24,22, 21)/01
31/(29,23,22,21)/01
31/(28,28,27,24)/01+
31/(28,28, 27,23) /0 L+
31/(28, 28,27, 22) /01 +
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31/(29,28,27,26) < 05 > /01
31/(29,28,27,24) < 05 > /01
31/(29,28,27,22) < 05 > /01
31/(29,28,26,25)(10)/01
31/(29,28,26,25)(09)/01

31/(29,28,26,24)/01
31/(29,28,26,23)/01
31/(29,28,26,22)/01
31/(29, 28,26, zL)/Ul
31/(29,28,25,24)/01
31/(29,28,25 123)/01
31/(29,28,25,22)/01
31/(29,28,25,21)/01

31/(29,28,24,23)(10)/01
31/(29,28,24,23)(09)/01

31/(29,28,24,22)/01
31/(29,28,24,21)/01
31/(29,28,23,22)/01
31/(29,28,23,21)/01

31/(29,27,27,26)/01+
31/(29,27,27,25)/01+
31/(29,27,27,22)/01F
31/(29,27,27,21)/01%
31/(29,27,26,25)(12)/01
31/(29,27,26,25)(11)/01

31/(29,27,26,24)/01
31/(29,27,26,23)/01
31/(29,27,26,22)/01
31/(29,27,26,21)/01
51/(29,27,25,24)/01
31/(29,27,25,23)/01

31/(28,27,22,21)(14)/01
31/(28,27,22,21)(13)/01

31/(28,26,25,24)/01
31/(28,26,25,23)/01
31/(28,26,25,22)/01
31/(28,26,25,21)/01
31/(28,26,24,23)/01
31/(28,26,24,22)/01
31/(28,26,23,21)/01
31/(28,26,22,21)/01
31/(28,25,24,23)/01
31/(28,25,24,21)/01
31/(28,25,23,22)/01
31/(28,25,22,21)/01
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31/(28,28,27,21)/01%
31/(28, 28,26, 24) /01
31/(28,28, 26,23) /01
31/(28, 28,26, 22)/01
31/(28,28,26,21)/01
31/(28,28,25,24)/01
31/(28, 28,25, 23)/01
31/(28,28,25,22)/01

131/(28,28,25,21)/01

31/(28,28,24,22)/01
31/(28,28,24,21)/01
31/(28,28,23,22)/01
31/(28,28,23,21)/01
31/(28,27,27,24)/01F
31/(28,27,27,23)/01%
31/(28,27,27,22)/01t
$1/(28, 27, 27, 21) /017
31/(28,27,26,24)/01
31/(28,27,26,23)/01
31/(28,217,26,22)/01
31/(28,27,26,21)/01
31/(28,27,25,24)/01
31/(28,27,25,23)/01
31/(28,27,28,22)/01
31/(28,27,25,21)/01
31/(28,27, 24, 23)(14) /01
31/(28,27,24,23)(13)/01
31/(28,27,24,22)/01
31/(28,27,24,21)/01
31/(28,27,23,22)/01
31/(28,27,23,21)/01
31/(27,27,25,23)/01
31/(27,27,25,22)/01
31/(27,27,25,21)/01
31/(27,27,24,22)/01
31/(27,27,24,21)/01
31/(27,27,23,22)/01
31/(27,217,23,21)/01
31/(27,26,25,24)/01
31/(27,26,25,23)/01
31/(27,26,25,22)/01
31/(27,26,25,21)/01
31/(27,26,24,23)/01
31/(27,26,24,22)/01
31/(27,26,23,21)/01




Color-symmetry groups of bands 15
31/(28,24,23,22)/01 31/(27,26,22,21)/01
31/(28,24,23,21)/01 317/(27, 25, 24, 23)/01
31/(28,24,22,21) /01 31/(27,25, 24, 21)/01
31/(28,23,22,21)/01 31/(27, 25, 23, 22) /01
31/(27,27,26,24)/01 31/(27,25,22,21)/01
31/(27,27, 26, 23)/01 31/(27, 24, 23,22) /01
31/(27,27,26,22) /01 31/(27,24,23,21) /01
31/(27,27,26,21)/01 31/(27,24,22,21) /01
31/(27,27,25,24) /01 31/(27,23,22,21)/01

From 444 compound groups of the M*-type can be derived (24 x 396 4+ 12 x
48) = 10080 multiple antisymmetry groups of the M *-type, and the only one group
according to the ”weak” equality criterion ((7/H).

The remaining groups G, are classified in the same way, according to P-
symmetries ((+/H P), using the "middle” equality criterion. In Table 3.1 — 3.10
every P-symuetry group is given by its (extended) group/subgroup symbol and by

the number n. Each table is followed by data about the possible reducibility of

the group P, the number of the P-symmetry groups for the given n, the number
of erystallographic P-symumetry groups of bands [1, 2], by results corresponding
lo the "strong” equality criterion (which can be simply derived by permuting the
equivalent subgroups of the index 2), and to the "weak” equality criterion (G/H).
Owing to the reducibility of the groups Cl4z_» and Dipo, P = Cyp_s % C'zi_l =
Cop_1 X szr and P = Dyp_y x (,':;71 = ng_lt‘t'ﬂtﬁ&'(_}'zl (I < 1). Therefore, the cases
P21 x C4, Doy % Cd are not considered.

Table 3.1

( :’n
01/01 k& 15/01 4k —2 30/30 &k
30/20 2k

02/02 2k — 1 18/18 2k —1 30/19 2k

02/01 2k 18/15 2k 30/18 2k
18/04 4k —2 30/17 4k —2

15/15 & 18/03 4k —2 30/16 4k — 2

15/02 2k 18/02 4k 30/15 4k —2

Car—2 = Cap—1 x Oy

k 5 2 29
2k —1 6 3 11
2k 12 4 20
4k 3 ] 29

4k — 2 12
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Table 3.2
D'rﬁ,('_-"l‘l.)
05/01 91/0L 4k —2 31/30  k
31/20 2%k

09/02 2%k —1 27/18 2k —1 31/19 2k

09/01 2k 97/15 2k 31/18 2%
97/04 4k —?2 31/17 4k —2

21/15  k 27/03 4k —2 31/16 4k —2

21702 2k 927/02 4k 31/15 4k —2

k i1 2 14

2k — 1 9 3 20

2k 13 4 52

4k ] 6 24

4k — 2 15

Table 3.3

D, (n>2)
05/05/01 k(k>3) 27/27/18 2k —1 31/31/30 &k (k> 3)

27/23/15 2k 31/29/20 2k
09/09/02 2 — L 27/21/15 2k 31/28/19 2k
09/06/01 2k 27/14/04 4k —2  31/27/18 2k
09/05/01 2k 97/13/04 4k—2  31/26/17 4k—2

27/12/03 4k —2  31/25/17 4k—2
21/21/15  k(k>3)  27/11/03 4k—2  31/24/16 4k -2

21/09/02 2k 27/10/02 4k 31/23/16 4k —2
21/06/01 4k — 2 27/09/02 4k 31/22/15 4k —2
91/05/01 4k — 2 31/21/15 4k —2

Dyp—o = Dsr—1 X

k 11 3 20
2k —1 9 4 44
2k 27 6 68
Ak 6

4k —2 30

The transition from the ” middle” (in this case coinciding to the "strong” ) equality
criterion ((¢/H,/H) to the ” weak” equality criterion (G/H ), results in the transition
from D,-symmetry (or p2-symmetry [2]) to Dy (z2n)-symmetry (or p'-symunetry [2]).




Table 3.4

(-jn. X (-7"12

15/(15,02)/01
15/(15,01)/01
15/(02,01)/01
15/(02,02)/01
15/(01,02)/01
15/(01,15)/01
15/(02, 15)/01
18/(15,04

)/(
18/(15,03)/0
18/(02, oz)/u1
18/(02,04) /01
18/(04, 03) /01
18/(03,04)/01
18/(03,15)/01
18/(04,15)/01

30/(30,20)/17
30/(30,19)/16
30/(30,18)/15
30/(30,17)/17
30/(30,16)/16
30/(30,15)/15

2k
2k
2%
4k
4k —2
4k — 2
4k -3

2k
2k
Ak
4k
4k -2
4k — 2
4k — 2
4k — 2

2
2%

2k

2k
2%
2k

Cap 5 = Clap—y x Cy

2k 30
4k 14
4k — 2 48

In transition {rom the ?

2k 12
4k — 2 1
Table 3.5

D any x Cy
05/(01,05)/01

[ Bt ]

1=

2k —1

Color-synmnetry groups of bands

30/(20,17)/17
30/(20,16)/03
30/(20, 15)/02
30/(19,17)/04
30/(19,16)/16
30/(19,15)/02

30/(18,17)/04
30/(18,16)/03
30/(18,15)/15
30/(20,20)/17
30/(20,19)/03
30/(20,18)/02
30/(19,20)/04
30/(19,19)/16
30/(19,18)/02
30/(18,20)/04
30/(18,19)/03
30/(18,18)/15
30/(20,30)/17
30/(19,30)/16
30/(18,30)/15
30/(17,30)/17
30/(16,30)/16

78
48
78

13
12
13

31/(30,31)/30
31/(30,29)/20

2k
2k
2k
2k
2k
2k
2k
2k
2k
4k
4
4k
4k
4k
4k
4k
4k
4k
4k — 2
4k —P
4k — 2
4k —2
4k — 2

2/5"1
% — 1

30/(15

30/(15,30)/15
30/(17,20)/17
30/(16,20)/03
30/(15,20)/02
30/(17,19)/04
30/(16,19)/16
30/(15,19)/02
30/(17,18)/04
30/(16,18)/03
30/(15,18)/15
30/(20,19)/02
30/(13,20)/02

0/(20,18)/03
10/(15,20)/03
30/(19, 18)/04
30/(18,19)/04
30/(17,16)/01
30/(16,17)/01
30/(17,15)/01
30/(15,17)/01
30/(16,15)/01
,16)/01

31/(18,24)/03

4k — 9
4 — 2
4k — 2
4k — 2
4k — 2
4k — 2
4k — 9
Ak 2
4k — 2
4k — 2
4k -2
4k — 2
4 — 2
4k — 2
4k — 2
Ak — 2
4k — 2
4k — 9
4k — 2
4k — 2
4k — 2
4k —2

middle” (m this case coinciding to the’ “strong”) equal-
ity criterion (G/(H1,H2)/H) to the ”weak” equality criterion
following results:

(G/H), we have the

24

31/(18,23)/03 2%
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09/(02,06)/01 2k—1  31/(30,28)/19 2k—1  31/(18,22)/15 2k
09/(02,05)/01 2k—1  31/(30,27)/18 2k—1  31/(18,21)/15 2k
31/(30,26)/17 k 31/(18, 51)/1r Ak —2
21/(15,21)/15 2k—1  31/(30,25)/17 k 31/(18,20)/03 4k —2
21/(15,09)/02 2k —1  3L/(30,24)/16 & 31/(18,28)/04 4k —2
91/(15,06)/01 & 31/(30,23)/16 k 31/(18,29)/04 4k
21/(15,05)/01 & 31/(30,22)/15 k 31/(18,28)/03 4k
91/(15,09)/01 2k 31/(30,21)/15 & 31/(18,27)/15 4k
21/(02,06)/01 2k 31/(30,29)/17 2k 31/(17,31)/17 4k —2
21/(02,05)/01 2k 31/(30,28)/16 2k 31/(17,29)/17 4k — 2
91/(02,09)/01 4k 31/(30,27)/15 2k 31/(17,28)/04 4k —2
91/(02,21)/01 4k—2  31/(20,26)/17 2k 31/(17,27)/04 4k —2
91/(01,21)/01 4k—2  31/(20,25)/17 2k 31/(17,24)/01 4k —2
21/(01,09)/01 4k—2  31/(20,24)/03 2k 31/(17,23)/01 4k —2
31/(20,23)/03 2k 31/(17,22)/01 4k —2
97/(18,22)/15 2 —1  31/(20,22)/02 2k 31/(17,21)/01 4k — 2
27 /( 821)/1r ok — 1  31/(20,21)/02 2k 31/(16,31)/16 4k — 2
27/(18, 1 )/04 ok—1  31/(20,31)/17 4k—2  31/(16,29)/03 4k -2
97/(18,13)/00 2k —1  31/(20,28)/02 dk—2  81/(16,28)/16 4k —2
97/(18,12)/03 2k —1  31/(20,27)/03 4k—2  31/(16,27)/03 4k —2
27/(18,11)/03 2k —1  31/(20,29)/17 4k 31/(16,26)/01 4k —2
27/(15, 14)/01 2k 31/(20,28)/03 4k 31/(16,25)/01 4k —2
27/(15,13)/01 2k 31/(20,27)/02 4k 31/(16,22)/01 4k —2
97/(15,12)/01 2k 31/(19,26)/04 2k 31/(16,21)/01 4k — 2
97/(15,11)/01 2k 31/(19,25)/04 2k 31/(15,31)/15 4k —2
27/(04,22)/01 4k —2  31/(19,24)/16 2k 31/(15,29)/02 4k —2
97/(04,21)/01 4k—2  31/(19,23)/16 2k 31/(15,28)/02 4k — 2
27/(04,12)/01 4k—2  31/(19,22)/02 2k 31/(15,27)/15 4k — 2
27/(04,11)/01 4k—2  31/(19,21)/02 2k 31/(16,26)/01 4k —2
97/(03,22)/01 4k—2  31/(19,31)/16 4k—2  31/(15,25)/01 4k -2
27/(03,20)/01 4k—2  31/(19,20)/02 dk—2  31/(15,24)/01 4k —2
97/(03,14)/01 4k—2  31/(19,27)/04 4k—2  31/(15,23)/01 4k—2
97/(03,13)/01 4k—2  31/(19,29)/04 4k
27/(02,14)/01 4k 31/(19,28)/16 4k
97/(02,13)/01 4k 31/(19,27)/02 4k
97/(02,12)/01 4k 31/(18,26)/04 2k
27/(02,11)/01 4k 31/(18,25)/04 2k
9% —1 50 2 171
k 18 3 68
2k 5l 4 96
4k — 2 75 6 144
4k 27

In the transition from the "middle” (G'/(Hy, H2)/H) to the "weak” equality cri-
terion (G//H), we have the following results:




2k — 1 35
ke 44
2% 6
) 1

Table 3.6

Dy x Uy

21/(21/15,09)/06/01
21/(21/15,09)/05/01
21/(21/15,06)/06/01
21/(21/15,06)/05/01
21/(09/02, 06)/06/01
21/(09/02,05)/05/01
21/(09/02,09)/06/01
21/(09/02,09)/05/01
21/(09/02,21)/06/01
21/(09/02, 21)/05/01
21/(06/01,21)/06/01
21/(06/01,09)/06/01
21/(05/01,21)/05/01
21/(05/01,09)/05/01

27/(22/15, 14)/08 /01
27/(22/15,13)/07/01
27/(22/15,12)/08/01
27/(22/15,11)/07/01
27/(21/15,14)/06/01
27/(21/15,13)/05/01
27/(21/15, IZ)/OO/UI
27/(21/15, 11)/05/01
27/(10/02, 14)/0(/01
27/(10/02, 13)/08/01
27/(10/02,12)/08/01
27/(10/02, 11)/07 /01
27/(09/02,14)/06/01
27/(09/02, 13)/05/01
27/(09/02, 12)/06/01
z?/(oq/oz 11)/05/01
27/(14/04, 22)/07/01
27/(14/04, 21)/06 /01
27/(14/04, 12) /0601
27/(14/04, 11) /07 /01
27/(13/04,22)/08/01
27/(13/04, 21)/05/01

[ BT L B Nt

Colorsymmetry groups of bands

44
35
50
5l

o2k
2k
2k
2k
2k
2k
4k
4k
4k — 2
4k — 2
4k — 2
4k — 2
4k — 2
4k — 2

2k
2k
2%k
2k
2%
2k
2k
Dk
4k
4k
4k
4k
4k
4k
1k
4k
4k — 2
4k — 2
4k — 2
4k — 2
4k — 2
4f — 2

31/(31/30,26)/26/17
31/(31/30,25)/25/17
31/(31/30,24)/24/16
31/(31/30,23)/23/16
31/(31/30,22)/22/15
31/(31/30,21)/21/15
31/(29/20,26)/26/17
31/(29/20,25)/25/17
31/(29/20,24)/12/03
31/(29/20,23)/11/03
31/(20/20,22)/10/02
31/(29/20,21)/09/02
31/(29/20,29)/26/17
31/(29/20,29)/25/17
31/(29/20, 28)/12/03
31/(29/20,28)/11/03
31/(29/20,27)/10/02
31/(29/20,27)/09/02
31/(29/20,31)/26/17
31/(29/20,31)/25/17
3L/(29/20,28)/10/02
31/(29/20,28)/09/02
31/(29/20,27)/12/03
31/(29/20,27)/11/03
31/(28/19,26)/14/04
31/(28/19,25)/13/04
31/(28/19,24)/24/16
31/(28/19,23)/23/16
%1/( 8/19,22)/10/02
1/ (28/19,21)/09/02

31/(28/19,29)/14/04
31/ 28/19,29)/13/04
31/(28/19,28)/24/16
31/(28/19,28)/23/16
31/(28/19,27)/10/02

31/(28/19,27)/09/02
31/(28/19,31)/24/16

2k
2k
2k
2k
2k
2k
2k
2k
2k
2k
2k
2k
4k
4k
4k
4k
4k
4
4k — 2
4k — 2
4k — 2
4k — 2
4k — 2
4k — 2
2k
24k
2%
2k
2%
2k
4k
4
Ak
4k
4k
4k
Ak — 2
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27/(13/04, 12)/08/01
27/(13/04, 11)/05/01
27/(12/03,22)/08/01
27/(12/03,21)/06/01
27/(12/03, 14)/08/01
927/(12/03,13)/06/01
27/(11/03,22)/07/01
97/(11/03,21)/05/01
27/(11/03, 14)/07/01
27/(11/03,13)/05/01
31/(31/30,20)/26/17
31/(31/30,29)/25/17
31/(31/30,28)/24/16
31/(31/30,28)/23/16
31/(31/30,27)/22/15
31/(31/30,27)/21/15
31/(27/18,31)/22/15
31/(27/18,31)/21/15
31/(27/18,29)/12/03
31/(27/18,29)/11/03
31/(27/18,28)/14/04
31/(27/18,28)/13/04
31/(26/17,31)/26/17
31/(26/17,29)/26/17
31/(26/17,28)/14/04
31/(26/17,27)/14/04
31/(26/17,24)/06/01
31/(26/17,23)/07/01
31/(26/17,22)/07/01
31/(26/17,21)/06/01
31/(25/17,31)/25/17
31/(26/17,29)/25/17
31/(25/17,28)/13/04
31/(25/17,27)/13/04
31/(25/17,24)/08/01
31/(25/17,23)/05/01
31/(25/17, 13)/os/01
31/(25/17,21)/05/01
31/(24/16,31)/24/16
31/(24/16,29)/12/03
31/(24/16,28)/24/16
31/(24/16,27)/12/03
31/(24/16,26)/06/01

4k — 2
4k —2
4 — 2
4k — 2
4k — 2
4k — 2
4k — 2
4k —2
4k — 2
4k — 2

2k

2k

2k

2k

2k

2k

4k — 2
4k — 2
4 —2
4k — 2
4k — 2
4k — 2
4k — 2
4l — 2
4k — 2
4k -2
4 — 2
4k —2
4k —2
4k — 2
4k —2
4k — 2
4k — 2
4k -2
4k — 2
4f — 32
4 —2
4k — 2
4k — 2
4k — 2
4k — 2
4k — 2
4k — 2

D:}i;—‘_), X (,'-2 = DE:’\? —1x (;‘22

Slavik V.

31
31/(28/19,29
V)

31/(28/19,2

)

)

)
31/(27/18,29)/13/04

)

)

)

Jablan

31/(28/19,31)/23/16
/10,02
/09/02

1)

)
31/(28/19,29)
)/14/04
)

)

9
7
31/(28/19,27)/13/04
31/(27/18,26)/14/04
31/(27/18,25)/13/04

31/(27/18,23)/11/03

(
31/(27/18,24)/12/03

(

(

31/(27/18,22)/22/15
31/(27/18,21)/21/15
31/(27/18,29)/14/04

31/(27/18,28)/12/03
31/(27/18,28)/11/03
3L/(27/18,27)/22/15
31/(27/18,27)/21/15
31/(24/16,25)/08/01
31/(24/16,22)/08/01
31/(24/16,21)/06/01
31/(23/16,31)/23/16
31/(25/16,29)/11/03

31/(23/16,28)/23/16
31/(25/16,27)/11/03
31/(23/16,26)/07/01
31/(23/16,25)/05/01
31/(23/16,22)/07/01
31/(23/16,21)/05/01
31/(22/15,31)/22/15
31/(22/15,29)/10/02
31/(22/15,28)/10/02
31/(22/15, 2; )/22/15
31/(22/15,26)/07/01
31/(22/15, z))/08/01
31/(22/15,24)/08/01
31/(22/15, zi)/u7/01
3L/(21/15,31)/21/15
31/(21/15,29)/09/02
31/(21/15, 28 )/09/02
31/(21/15,27)/21/15
31/(21/15,26)/06/01
31/(21/15,25)/05/01
31/(21/15,24)/06/01
31/(21/15,23)/05/01

4k — 2
4k — 2
4k — 2
4k — 2
4k — 2
2k

2k

2k

2k

2k

2k

4

4k

4k

4k

4k

4f

4k — 2
4h — 2
4k — 2
4k — 2
4fp — 2
Ak — 2
4k — 2
4k — 2
A — 2
4k — 2
4k — 2
4k — 2
4k —2
4k —2
Ak — 2
4k — 2
Ak —2
4f — 2
Ak — 2
4k — 2
4k — 2
4k —~ 2
4k — 2
4k — 2
4k — 2
4k — 2
4k — 2




2k 90
4k h4
Ak — 2 150

In transition from the
equality criterion (G/(H,/Hs, H
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4 144
6 240
"middle” (in this case coinciding with the “strong”)
2)/Hi/H) to the the "weak” equality criterion

((//H | /H), we have the lollowing results:

2k 36
4k —2 4

4 36
6 40

If the symbols G/Hy/H are reduced to (/H, then:

2k 15
4k — 2 1

Table 3.7
O 0

30/(30, 20, JQ)/U]
30/(;0 20, 18)/01
(30 19, 13)/01
50/( 20, 16/01
30/(30 20, 15)/01
30/(30, 16, 15) /01
30/(30,19,17)/01
30/(30. 19, 15)/01
30/(30,17, 15)/01
30/(30, 18, 179/01
30/(30, 18, 16) /01
30/(30, 17, 16) /01
30/(20, 19, 18)/01
30/(20, 19, 17) /01
30/(20, 18, 17) /01
30/(20, 17, 16) /01
30/(20, 17, 15)/01
30/(20, 16, 15)/01
30/(19,20, 18)/01
30/(19,20,16)/01
30/(19,18, 16)/01
30/(19,17, 16) /01
30/(19,17, 15)/01
JU/(IQ 16, 15) /01
0/(18,20,19)/01
.3()/(18 20, 1) /01
30/(18,19, 15)/01
(1

30/(18,17,16) /01

2%

2k
2k
2k

2

2k
2k
2k
2k
2k
2k
2k
2k
2k
2k
2k
2k
2k
2k
2k
2k
2k
%k
2k
2k
2k
2k
2k

4 15
6 16

30/(17,30,18)/01 4k —2
30/(17,30,16)/01 4 — 2
30/(17,18,16)/01 4k — 2
30/(17,20,19)/01 4k —2
30/{17,20, 16)/01 4k — 2
30/(17,19, 16)/01 4k —2
30/(17,20,18)/01 4k —2
30/(17,20,15)/01 4k —2
30/(17,18,15)/01 4k —2
30/(16,30,20)/01 Ak —2
30/(16, 30, 17)/01 4k —2
30/(16,20,17)/01 4k — 2
30/(16,30,18)/01 4k —2
30/(16,30, 15)/01 4 —2

./UFIbHVm dk — 2

30/(16,20,19)/01 4k — 2
50/(10 20, 1r)/01 Ak —2
30/(16, 19, )/01 Ak — 2
30/(16,19,18)/01 4k —2
30/(16 19,17)/01 4k — 2
30/(16,18,17)/01 4k —2
30/(15 303@/ 4k — 2
30/(15,30,17)/01 4k —2
30/(15,20,17)/01 4k —2
30/(15,30,19)/01 4k —2

30/(15,30, 16)/01 4k — 2
30/(15,19,16)/01 4k —2
30/(15,20,18)/01 4k —2
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30/(18,17,15)/01 2k 30/(15,20,16)/01 4k —2
30/(18,16,15)/0L 2k 30/(15,18,16)/01 4k —2
30/(20,30,19)/01 4k —2 30/(15,19, 18)/01 4k —2
30/(20,30,16)/01 4k —2 30/(15,19,17)/01 4k —2
30/(20,19,16)/01 4k —2 30/(15,18,17)/01 4k —2
30/(20,30,18)/01 4k —2 30/(20,20,19)/01 4k
30/(20,30,15)/01 4k —2 30/(20,20,15)/01 4k
30/(20,18,15)/01 4k —2 30/(20,19,15)/01 4k
30/(19,30,20)/01 4k —2 30/(20,20,18)/01 4k
30/(19,30,17)/01 4k —2 30/(30_20,1@)/01 4k
30/(19,20,17)/01 4k —2 30/(20, 18,16)/01 4k
30/(19,30,18)/01 4k —2 30/(19,20,19)/01 4k
30/(19,30,15)/0L 4k —2 30/(19,20,15)/01 4k
30/(19,18,15)/01 4k —2 30/(19,19,15)/01 4k
30/(18,30,20)/01 4k -2 30/(19,19,18)/01 4k
30/(18,30,17)/01 4k —2 30/(19,19,17)/01 4k
30/(18,20,17)/01 4k —2 30/(19,18,17)/01 4k
30/(18,30,19)/01 4k —2 30/(18,20, 18)/01 4k
30/(18,30,16)/01 4k —2 30/(18,20,16)/01 4k
30/(18,19,16)/01 4k —2 30/(18,18,16)/01 4k
30/(17,30,19)/01 4k —2 30/(18,19,18)/01 4k
30/(17,30,15)/01 4k —2 30/(18,19,17)/01 4k
30/(17,19,15)/01 4k —2 30/(18,18,17)/01 4k

(,"4]‘._2 X (71‘22 = C«rzk_q X (‘:?

2k 30 2 28
4k — 2 H4 4 48
4k L5 6 84

In transition from the "middle” to the "strong” equality criterion, by permuting
the corresponding subgroups of the index 2, from every group two groups can be
derived. According to the “weak” equality criterion (G /H), there is the only one
group 30/01 for every n=2k.

Table 3.8

Dn x (12

51/(31/30,29,28)/08/01 2k 31/(31/30,29,21)/05/01 2k
31/(31/30,29,27)/08/01 2k 31/(31/30,28,27)/05/01 2k
31/(31/30,20,24)/08/01 2k 31/(31/30,98,25)/05/01 2k
31/(31/30,29,22)/08/01 2k 31/(31/30,28,21)/05/01 2k
31/(31/30,28,27)/08/01 2k 31/(31/30,27,25)/05/01 2k
31/(31/30,28,25)/08/01 2k 31/(31/30,27,23)/05/01 2k
31/(31/30,28,22)/08/01 2k 31/(31/30, 25, z;)/05/01 2k
31/(31/30,27,25)/08/01 2k 31/(31/30,25,21)/05/01 2k




31/(31/30,27,24)/08/01
31/(31/30,25,24)/08/01
31/(31/30,25,22)/08/01
31/(31/30,24,22)/08/01
31/(31/30,29,28)/07/01
31/(31/30,29,27)/07/01
31/(31/30,29,23)/07/01
31/(31/30,29,22)/07/01
31/(31/30,28,27)/07 /01
31/(31/30,28,26)/07/01
31/(31/30,25.22)/0(/01
31/(31/30,27,26)/07/01
31/(31/30,27,23)/07/01
31/(31/30,26,23)/07/01
31/(31/30,26,22)/07/01
31/(31/30,23,22)/07/01
31/(31/30,29,28)/06/01
31/(31/30,29,27)/06/01
31/(31/30,29,24)/06/01
31/(31/30,29,21)/06/01
31/(31/30,28,27)/06/01
31/(31/30,28,26)/06/01
31/(31/30,28,21)/06/01
31/(31/30,27,26)/06/01
31/(31/30,27, 24) /06 /01
31/(31/30, 26, 24)/06/01
31/(31/30,26,21)/06/01
31/(31/30,24,21)/06/01
31/(31/30,29,28)/05/01
31/(31/30,29,27)/05/01
31/(31/30,29,23)/05/01
31/(29/20, 31, 28)/07/01
31/(29/20,31,28)/07/01
31/(29/20, 28, 23)/07/01
31/(29/20,31,27)/07/01
31/(29/20, 31, 22)/07/01
31/(29/20,27,22)/07/01
31/(29/20, 31, 28)/06/01
31/(29/20, 31, 24)/06/01
31/(29/20,28,24) /06,01
31/(2 g/z{\31,27)/00/01
31/(29/20,31,21)/06/01
31/(29/20,27,21)/06 /01
31/(29/20,31,28)/05/01
31/(29/20, 31,23)/05/01

Color-synumetry groups of bands

2k
2k
2k
2k
2k
2k
2k
2k
2k
2k
2k
2k
2%k
A0
2k
2k
2k
2k
2k
2k
2k
2k
2k
2k
2k
2k
2k
2k
2k
2k
2k
4k — 2
4k — 2
4k — 2
4k — 2
4k — 2
4k —2
4k — 2
4k — 2
4k — 2
4% — 2
4k — 2
4k — 2
4k -2
4k — 2

31/(31/30,23,21)/05,/01
31/(29/20,28,27)/08 /01
31/(29/20,28,25)/08/01
31/(29/20,27,25)/08 /01

31/(29/20,25, 24)/08/01

31/(29/20,25,22)/08/01
31/(29/20,24,22)/08/01
31/(29/20,28,27)/07/01
31/(29/20,28,26)/07/01
31/(29/20,27,26)/07 /01
?1/ (29/20,26,23)/07/01

1/(29/20,26,22)/07/01
%1/( 9/20,23,22)/07/01
31/(29/20,28,27)/06/01
31/(29/20,28,26)/06/01
31/(29/20,27,26)/06/01
31/(29/20,26,24)/06/01
31/(29/20,26,21)/06/01
31/(29/20,24,21)/06/01
31/(29/20,28,27)/05/01
31/(29/20,28,25)/05/01
31/(29/20,27,25)/05/01
31/(29/20,25,23)/05/01
31/(29/20,25,21)/05/01
31/(29/20,23,21)/05/01
31/(29/20,31,28)/08/01
31/(29/20,31,24)/08/01
31/(29/20,28,24)/08/01

31/(29/20,31,27)/08/01

)

)
31/(29/20,31,22)/08/01
31/(29/20,27,22) /0801
31/(28/19,26,21)/06/01
31/(28/19,24,21)/06 /01
31/(28/19,29,27)/05/01
31/(28/19, 29, 23)/05/01

31/(28/19,27,23)/05/01

31/(28/19,25,23)/05/01
$1/(28/19,25,21)/05/01

31/(28/19,23,21)/05/01

)
31/(28/19,31,29)/08/01
31/(28/19,31,25)/08/01

31/(28/19,29,25)/08/01
31/(28/19,31,27)/08/01
31/(28/19,31,22)/08/01
31/(28/19,27,22)/08/01

2Us

2k
2k
2k
2k
2k
2k
Dk
2k
2k
24k
2k
2k
2k
2k
2
2k
2k
2k
2%
2k
Ak
2k
2k
A4k —2
4k — 2

4k — 2
4k — 2
4k — 32
2k
2k
2k
2k
2k
2k
2k
2k
)
4k — 2
4k —2
4k — 2
4k — 2
4f — 2




24

31/(29/20,28,23)/05/01
31/(29/20,31,27)/05/01
41/(39/2( 31,21)/05/01
31/(29/20,27,21)/05/01
31/( 9/20,29,28)/08/01
31/(29/20, 29, 22)/08/01
31/(29/20, 28, 22)/08/01
31/(29/20,29,27)/08/01
31/(29/20, 29, 24)/08/01
31/(29/20,27,24)/08/01
31/(29/20,29, 2t /07/01
31/(29/20, 29, 22
31/(29/20,28, 2
31/(29/20,29,2
jl/ 29/20, 29, 2
31/(29/20,27,2:
31/ 29/20,29, 28 /)6/01
21)/06/01
21)/06/01

27

(

(

(
31/()9/zu.zq
31/(29/20, 28,
31/(29/20,29,27)/06/01
31/(29/20,29,24)/06/01
31/(29/20,27,24)/06/01
31/(29/20,29,28)/05/01
31/(29/20,29,21)/05/01
31/(29/20,28,21)/05/01
31/(29/20,29,27)/05/01
31/(29/20, 29, z;)/u /01

)
)
)
)
)
7)
4)
)
)
)
)/07/01
)
)
)
)
)
)
)
4)
)

31/(29/20,27,23)/05/01
31/(28/19,29,27)/08/01
31/(28/19,29,24)/08/01
31/(28/19,27,24)/08/01
31/(28/19,25,24)/08/01
31/(28/19,25,22)/08/01
31/(28/19,24,22)/08,/01
31/(28/19,29,27)/07/01
31/(28/19,29,23)/07/01
31/(28/19,27,23)/07/01
31/(28/19,26,23)/07 /01
31/(28/19,26,22)/07/01
31/(28/19,23,22)/07/01
31/(28/19,29,27)/06/01
31/(28/19,29,24)/06/01
31/(28/19, 27 24)/06/01
31/(28/19,26,24)/06,/01
31/(27/18,28,22)/08/01

Slavik V.

4k — 2
4k —2
4k -2
4k — 2
4k
4k
4k
4k
4k
4k
4k
4k
4k
4k
4k
4k
Ak
4k
Ak
4k
4k
44
4k
4k
4k
4k
4k
4k
2k
2k
2k
2k
2k
2k
2k
2k
2k
2k
2k
2k
2k
2%
2k
2k
2k

Jablan

31/(28/19,31,29)/07/01
31/(28/19,31,26)/07/01
31/(28/19,29,26)/07/01
31/(28/19,31,27)/07/01
31/(28/19,31,22)/07/01
31/(28/19,27,22)/07/01
31/(28/19,31,29)/06/01
31/(28/19,31, 36)/06/01
31/(28/19,29,26)/06/01
31/(28/19,31,27)/06/01
31/(28/19,31,21)/06/01
31/(28/19,27,21)/06/01
31/(28/19,31, )9)/05/01
31/(28/19,31,25)/05/01
31/(28/10 29,25)/05/01
31/(28/19,31,27)/05/01
31/(28/19,31,21)/05/01
31/(28/19,27,21)/05/01
31/(28/19,29,28)/08/01
31/(28/19,29,22)/08/01
31/(28/19,28,22)/08/01
31/(28/19,28,27)/08/01
31/(28/19,28,25)/08/01

(

(

(2

(

(2

(

(2

(

31/(28/19,27,25)/08/01

31/(28/19,29,28)/07/01
$1/(28/19,29,22)/07/01
31/(28/19,28,22)/07/01
31/(28/19, 28, 27)/07/01
31/(28/19,28,26)/07/01
31/(28/19,27,26)/07/01
31/(28/19,29,28)/06/01
31/(28/19,29,21)/06/01
31/(28/19,28,21)/06/01
31/(28/19,28,27)/06/01
31/(28/19,28,26)/06/01
31/(28/19,27,26)/06/01
31/(28/19,29,28)/05/01
31/(28/19,29,21)/05/01
31/(28/19,28,21)/05/01
31/(28/19,28,27)/05/01
31/(28/19,28,25)/05/01
31/(28/19,27,25)/05/01
31/(27/18 zu ,28)/08/01
31/(27/18,29,22)/08/01
31/(27/18,29,27)/06/01

4k — 2
4k — 2
4k — 2
4k — 2
4k — 2
4k — 2
4f — 2
4k — 2
4 — 2
4f — 2
4k — 2
dk —g
4k — 2
4k — 2
4k — 2
4k — 32
4k — 2
4k —2
4k
Ak
4k
Ak
4k
4k
4k
4k
Ak

Ak

2k
2k
4k




31/(27/18,25,24)/08/01
31/(27/18,25,22)/08/01
31/(27/18,24,22)/08/01
31/(27/18,29,28)/07/01
3L/(27/18,29,22)/07/01
31/(27/18,28,22)/07/01
31/(27/18.26,23)/07/01
3L/(27/18,26,22)/07/01
31/(27/18,23,22)/07/01
31/(27/18,29,28)/06/01
3L/(27/18,29,21)/06/01
31/(27/18,28,21)/06/01
31/(27/18,26,24)/06/01
31/(27/18,26,21)/06/01
31/(27/18,24,21)/06,/01
31/(27/18,29,28)/05/01
3L/(27/18,29,21)/05/01
31/(27/18,28,21)/05/01
31/(27/18,25,23)/05/01
3L/(27/18,25,21)/05/01
31/(27/18,23,21)/05/01
31/(27/18,31,29)/08/01
31/(27/18,31,25)/08/01
31/(2;/15,29 25)/08/01
31/(27/18,31,28)/08/01
31/(27/18,31,24)/08/01
31/(27/18,28,24)/08/01
31/(27/18,31,29)/07/01
i]/(ﬁ?/lb‘iljzb )/07/01
31/(2?/18,29,26)/07/01
3L/(27/18,31,28)/07/01
31/(27/18,31,23)/07/01
31/(27/18,28,23)/07/01
31/(27/18,31,29)/06/01
31/(27/18, 31, 26)/06/01
31/(27/18,29,26)/06/01
3L/(27/18,31, 28) /06 /01
A1/(27/18,31,24)/06/01
3L/(27/18,28,24)/06/01
31/(27/18,31,29)/05/01
31/(27/18,31,25)/05/01
31/(27/18,29,25)/05/01
31/(27/18,31,28)/05/01
31/(27/18,31,23)/05/01
31/(27/18,28,23)/05/01

Color-gymmetry groups of bands

2k
2k
2k
2k
2k
2k
2k
2k
2k
2k
2k
2k
2k
2
2k
2k
2k
2k
2k
2k
28k
4k — 2
4k -3
4k — 2
4k — 2
4k — 9
A — 2
4k -2
4k -2
4k — 2
4k -2
4k — 2
4k —2
4k — 2
4k — 2
4k — 2
4k — 2
4k — 2
4k — 2
4k — 9
4k — 2
4k — 2
4k — 2
4k — 2
4k -2

31/
3L/(26/17,27,24)/06 /01
31/(26/17,31,28)/07 /01
31/(26/]7,31‘22)/07/01
31/(26/17,28,22)/07/01
3L/(26/17,31,27)/07 /01
31/(26/17,31,23)/07/01
31/(26/17,27,23)/07 /01
31/(26/17,29,28)/07/01
3L/
31/(26/17,28,23)/07/01
31/(26/17,29, 27)/07/01
3L/(26/17,29,22)/07/01
BL/(26/17,27,22)/07/01
31/(25/17.31,28)/08/01
31/(25/17,31,24)/08/01

31/(25/17, 28, 24) /08/01
31/(25/17,31,27)/08/01
31/(25/17,31,22)/08/01
31/(25/17,27,22)/08/01
3L/(25/17,29,28)/08 /01
31/(25/17,29,22)/08/01
31/(25/17, 28, 22)/08 /01
31/(25/17,29,27)/08,/01

31/(27/18,29,24)/06/01
31/(27/18, 27, 24) /06 /01
31/(27/18,28,27)/06/01

31/(27/18, 28, 26)/06/01
31/(27/18,27,26)/06/01

31/(27/18,29,27)/05/01

31/(27/18,29,23)/05/01
31/(27/18,27,23)/05/01
31/ 27/18,28,27)/05/01

31/(27/18,28,25)/05/01

31/(26/17,31,28)/06 /01

(
(
31/(27/18,27,925)/05/01
(
31/(26/17, 31, 24) /060

31/(26/17,28,24) /06,01
31/(26/17,31,27)/06/01
31/(26/17,31,21)/06/01

31/(26/17,27,21)/06/01

(
31/(26/17,29, 28)/06/01
31/(26/17,29,21)/06 /01
31/(26/17,28,21)/06 /01
(
(2
(

31/(26/17,29,27)/06/01
6/17,29,24)/06,/01

26/17,29,23)/07/01

4

4k

4k

4k

4k

4k

4k

4k

4k

4k

4k

4k — 2
4k — 2
4k — 2
4k — 2
4k — 2
4k — 2
4k —2
4 — 2
4k — 2
4h — 2
4k — 2
4k — 2
4k — 2
4k —2
4k — 2
4k — 2
4k — 2
4k — 2
4k — 9
4k — 2
4k — 2
Ak — 2
4b -2
4k — 2
4k — 2
4k — 2
4k —2
4k — 2
4k —2
4k — 2
1k —2
Af — 2
4k — 2
4f — 2




26

31/(27/18,29,27)/08/01
31/(27/18,29,24)/08/01
31/(27/18,27,24)/08/01
31/(27/18,28,27)/08/01
31/(27/18,28,25)/08/01
31/(27/18,27,25)/08/01
31/(27/18,29,27)/07/01
31/(27/18,29,23)/07/01
31/(27/18,27,23)/07/01
31/(27/18,28,27)/07/01
31/(27/18,28,26)/07/01
31/(27/18,27,26)/07/01
31/(25/17,29,23)/05/01
31/(25/17,27,23)/05/01
31/(24/16,31,29)/08/01
31/(24/18, %1,22 )/08/01
31/(24/16. 29, 22)/08/01
31/(24/16,31,27)/08/01
31/(24/16,31,25)/08/01
31/(24/16,27,25)/08/01
31/(24/16,29,28)/08/01
31/(24/16,29,25)/08/01
31/(24/16,28,25)/08/01
31/(24/16,28,27)/08/01
31/(24/16,28,22)/08/01
31/(24/16,27,22)/08/01
31/(24/16,31,29)/06/01
31/(24/16,31,21)/06/01
31/(24/16,29,21)/06/01
31/(24/16,31,27)/06/01
31/(24/16,31,26)/06/01
31/(24/16,27,26)/06/01
31/(24/16,29,28)/06/01
51/( 4/16,29,26)/06/01

31/(24/16, 28,26)/06/01
31/(24/1@ 28,27)/06/01
31/(24/16, 28, 21)/06/01
31/(24/16,27,21)/06/01
31/(23/16,3]‘29)/07/01
31/(23/16,31,26)/07/01
31/(23/16,29,26)/07/01
31/(23/16,31,27)/07/01
31/(23/16,31,22)/07/01
31/(23/16,27,22)/07/01
31/(23/16,29,28)/07/01

Slavik V

4k

4k

4k

4k

4k

4k

4k

4k

4k

4k

4k

4k

4k — 2
4f — 2
4k — 2
4k —2
4k — 2
4k — 2
4k —2
4k — 2
4k — 2
4k —2
4k — 2
4k — 2
4k — 2
4k — 2
4k — 2
4k — 2
4k —2
4k — 2
4k — 2
4k — 2
4k —2
4k — 2
4k — 2
Ak —2
4k — 2
4k — 2
4k —2
4k — 2
4k — 2
4k — 2
4k — 2
Ak — 2
4k — 2

Jablan

31/(25/17,29, 24)/08/01
31/(25/17,27,24)/08/01
31/(25/17,31,28)/05/01
31/(25/17,31,23)/05/01
31/(25/17,28,23)/05/01
31/(25/17,31,27)/05/01
31/(25/17,31,21)/05/01
31/(26/17, 27 31)/05/01
31/(25/17,29, 28)/05/01
31/(25/17,29,21)/05/01
31/(25/17,28,21)/05/01
31/(25/17,28,27)/05/01
31/(23/16,27,21)/05/01
31/(22/15,31,29)/08/01
31/(22/15,31,26)/08/01
31/(22/15,29,25)/08/01
31/(22/15,31,28)/08/01
31/(22/15,31,24)/08/01
31/(22/15,28,24)/08/01
51/(22/15,29,27)/08/01
31/(22/15,29,24)/08/01
31/(22/15,27, 24)/08/01
31/(22/15,28,27)/08/01
31/(22/15,28,25)/08/01
31/(22/15,27,25)/08/01
31/(22/15,31,29)/07/01
31/(22/15,31,26)/07/01
31/(22/15,29,26)/07/01
31/(22/15,31,28)/07/01
31/(22/15,31,23)/07/01
31/(22/15, 28,23)/07/01
31/(22/15,29,27)/07/01
31/(22/15,29,23)/07/01
31/(22/15,27,23)/07/01
31/(22/15,28,27)/07/01
31/(22/15, 28,26)/07/01
31/(22/15,27,26)/07/0]
31/(21/15,31,29)/06/01
31/(21/15, 31, 26)/06/01
31/(21/15,29,26)/06/01
31/(21/15,31,28)/06/01
31/(21/15,31,24)/06/01
31/(21/15,28,24)/06/01
31/(21/15,29,27)/06/01
31/(21/15,29,24)/06/01




Color-symmetry groups of hands 27

31/(23/16,29,22)/07/01 A4 — 2 31/(21/15,27,24)/06/01 Ak — 2
31/(23/16,28,22)/07/01 A — 2 31/(21/15,28,27)/06/01 4k — 2
31/(23/16,28,27)/07/01 4k — 2 31/(21/15,28,26)/06/01 4k — 2
31/(23/16,28,26)/07/01 4k — 2 31/(21/15,27,26)/06/01 4k — 2
31/(23/16,27,26)/07/01 4k — 2 31/(21/15,31,29)/05/01 4k -2
31/(23/16,31,29)/05/01 4k — 2 31/(21/15,31,25)/05/01 4k — 2
31/(23/16,31,21)/05/01 4k —2 31/(21/15,29,25)/05/01 Ak — 2
31/(23/16,29,21)/05/01 4k — 2 31/(21/15, 31,2‘% /05701 4k — 2
31/(23/16,31,27)/05/01. 4k — 2 31/(21/15,31,23)/05/01 4k — 2
31/(23/16,31,25)/05/01 df — 2 3]/(21/15,28,23)/05/01 Ak — 2
31/(23/16,27,25)/05/01 4k — 2 31/(21/15,29,27)/05/01 Ak —2
31/(23/16,29,28)/05/01 df —2 31/(21/15,29,23)/05/01 dk — 2
31/(23/16,29,25)/056/01 4k — 2 31/(21/15,27,23)/05/01 4k — 2
31/(23/16,28,25)/05/01 4k =2 31/(21/15,28,27)/05/01 k-2
31/(23/16,28,27)/05/01 4k — 2 31/(21/15,28,25)/05/01 4k — 2
31/(23/16,28,21)/05/01 4k — 2 31/(21/15,27,25)/05/01 4k — 2
Dytmz X C2 = Dy_y x G
2k 120 4 192
4k — 2 216 6 336
4k T2

In transition from the ”middle” to the "strong” equality criterion, by permuting

the corresponding subgroups of the index 2, from every group two groups can be
derived. According to the "weak” equality criterion ((7/Hy/H), there are four
groups 31/08/01, 31/07/01, 31/06/01, 31/05/01 for every n = 2k, and the only one
group G/ H.

Table 3.9

Using some additional data pointing to the section of the corresponding sub-
groups, every extended group/subgroup symbol uniquely defines the colored sym-
metry group. By additional data given in parentheses () are denoted sections indi-
cating to Table 2.2, and by [] sections indicating to Table 3.5.

Dn(2n)zC'22
21/(15, 21, 00)(06)/01 -1  31/(30,31,21)/15 2% — 1
21/(15,21,09)(05)/01 | 31/(30,29,28)(10)/02 2k — 1
21/(15,21,06)/01 2k -1 31/(30,29,28)(09)/02 2k —1
21/(15,21,05)/01 2k—1 31/(30,29,27)(12)/03 2k —1
21/(15,09,06)/01 26— 1 31/(30,29,27)(11)/03 9k —1
21/(15,09,05)/01 2k —1 31/(30,29,26)/17 -1
31/(30,29,25)/17 2k —1
27/(18,22,14)/01 2k —1 31/(30,29,24)/03 2k —1
27/(18,22,13)/01 2k — 1 31/(30,29,23)/03 2k —1
27/(18,22,12)/01 2k —1 31/(30,29,22)/02 2k —1




28

27/(18,22,11)/01
27/(18,21,14)/01
27/(18,21,13)/01
27/(18,21,12)/01
27/(18,21,11)/01
27/(18,14,12)/01
27/(18,14, 11)/01
27/(18,13,12)/01
27/(18,13,11)/01

31/(30,31,29)(26)/17
31/(30,31,29)(25)/17
31/(30,31,28)(24)/16
31/(30,31,28)(23)/16
31/(30,31,27)(22)/15
31/(30,31,27)(21)/15
31/(30,31,26)
31/(30,31,25)
31/(30,31, 24}
31/(30,31,23)/16
31/(30,31 zz)/iﬁ
31/(30,25,22)/01
31/(30,25,21)/01
31/(30,24,22)/01
31/(30,24,21)/01
31/(30,23,22)/01
31/(30,23,21)/01
31/(30,29,28)(10
(30,
(3
(3
(30,
(3
(
(

/17
/17
/16

/ol
/oL
2)/01
1)/01

31/(30,29,28)( oq
31/(30,29,27)(
31/(30,29, Zr)
31/(30,29,24)/01
31/(30,29,23)/01
31/(30,29,22)/01
31/(30,29,21)/01
31/(30,28,27)(14) /01
31/(30,28,27)(13)/01
31/(30,28,26)/01
31/(30,28,25)/01
31/(30,28,22)/01
31/(30,28,21)/01
31/(30,27,26)/01
31/(30,27,25)/01
31/(30,27,24)/01
31/(30,27,23)/01

\_./_/\_/u

Slavik V. Jablan

2k — 1
2k —1
2k —1
2k —1
2 -1
2k — 1
2b—1
2k —1
2k — 1
2k — 1
26— 1
2k — 1
2k — 1
2hb—1
2k —1
2k —1
2k —1
2k—1
2k — 1
2k — 1
k

I

k

k

I

k

Dk

2k

2k

2k

2k

2k

2k

2k

2k

2k

2k

2k

e

2k

2k

2k

2k

2k

31/(30,29,21)/02
31/(30, 28, 27)(14)/04
31/(30,28,27)(13)/04
31/(30,28,26)/04
31/(30, 28, 25)/04
31/(30,28,24)/16
31/(30,28,23)/16
31/(30,28,22)/02
31/(30,28,21)/02
31/(30,27,26)/04
31/(30,27,25)/04
31/(30,27,24}/0%
31/(30,27,23)/03
31/(30,27,22)/15
31/(30,27,21)/15
31/(30,26,24)/01
31/(30 26, 23)/01

31/(30, 26, 22) /01
31/(10 26,21)/01
31/(30,25,24)/01
31/(30,25,23)/01
31/(20,29,24)/01

(
31/(20,29,22)/01

(

(

(

)
31/(20, 29, )5)/01

)
31/(20,29,21)/01

31/(20, 28, 27)[03, 02)(14
31/(20,28,27)[03,02)(13

)
31/(20, 28 20)[03}/01
31/(20,28,zr)[03}/01
31/(20,28,22)/01
31/(20,28,21)/01
31/(20,27,26)[02]/01
31/(20, 27, 25)[02]/01
31/(20,27,24)/01
31/(20,27,23)/01
31/(19,26,24)/01
31/(19,26,23)/01
31/(19,26,22)/01
31/(19,26,21)/01
31/(19,25,24)/01
31/(19, 25, z%)/01
31/(19,25,22)/01
31/(19, z) 21)/01
31/(19,24,22)/01
31/(19,24,21)/01

2k —1
2k —1
2k —1
2k — 1
2k —1
2k — 1
2B —1
2k —1
2k — 1
2k — 1
2k —1
2k —1
2h—1
2k — 1
2k — 1

k

4k
4k
4k
4k
4k
4k
4k
4k
4k
4k
4k
4k
Ak
41k
2
2k
2k
2k
2k
2k
2k
2k
2k
2k




31/(20,26,24) /01
31/(20,26,23)/01
3L/(20,26,22)/01
31/(20,26,21)/01
31/(20,25,24) /01
31/(20,25,23)/01
31/(20,25,22)/01
31/(20,25,21)/01
31/(20,24,22) /01
31/(20,24,21)/01
31/(20,23,22)/01
31/(2[ 23,21)/01
31/(20,31,28)(24)/01
31/(20,31, 26)(2%)/01
31/(20,31,27)(22) /01
31/(20,31,27)(21)/01
31/(20,31,24) /01
31/(20,31,23)/01
31/(20,31,22)/01
31/(20,31,21)/01

Color-symmetry groups of hands

ik
2k
2k
2k
2k
2k
2k
2k
2k
2k
2k
2k
4k
4k
4k
4k
4k
4k
4
4k

31/(20,28,27)[02,03)(14)/01 4k

)|
31/(20,28, 27)[02, 03](13)/01
i

31/(20,28,26)[02]/01
31/(20,28,25)[02)/01
31/(20,28,24) /01
31/(20,28,23)/01
31/(20,27,26)[03]/01
31/(20,27,25)[03] /01
31/(20,27,22)/01
31/(20,27,21)/01
31/(20,29,28)(10)/01
31/(20,29,28)( 09)/01
31/(20,29,27)(12)/01
31/(20,29,27)(11)/01
31/(19,27,26)/01
31/(19,27,25)/01
31/(19,27,24) /01
31/(19,27,23)/01
31/(19,26,24)/01
31/(19,26,23)/01
31/(19,26,22)/01
31/(19,26,21)/01
31/(18,26,24)/01
31/(18,26,23)/01
31/(18,26,22)/01

4k
4k
44
4k
4k
4k
4f
4k
4k
4
4k
4k
4k
4k
4k
4k
4k
2k
2k
2k
2k
2k
2k
2k

2
2
9
2
2
2
2
2
2
4
2
2
2
2
2
2
2

v

31/(19,23,22)/01
31/(19, 23,21)/01
31/(19,31,29)(26)/01
31/(19,31,29)(25)/01
31/(19,31,27)(22)/01
31/(19, 31, 27)(21) /01
31/(19,31,26)/01
31/(19, 31,25)/01
31/(19,31, 22)/01
31/(19,31,21)/01
31/(19,29,27)[02, 04](1
31/(19,29,27)[02, 04)(1
31/(19,29,26)/01
31/(19,29,25)/01
31/(19,29, 24)[02]/01
31/(19,29,23)[02]/01
31/(19,27,24)/01
31/(19,27,23) /01
31/(19,27,22) /01
31/(19,27,21)/01
31/(19,29, 28)(10)/01
31/(19,29,28)(09)/01

)/01
1)/01

31/(19, 29, 27)[04, 02)(12) /01
31/(19,29, 27)[04,02](11) /01

31/(19,29, 24)[04] /01
31/(19, 29, 23)[04] /01
31/(19,29,22)/01
31/(19,29,21)/01
31/(19,28, 27)(14)/01
31/(19,28,27)(13)/01
31/(19,28,26)/01
31/(19,28,25)/01
31/(19,28,22)/01

31/(19,28,21)/01

31/(17,31,97)(22)/01
31/(17,31,27)(21) /01

31/(17,31,24)/01
31/(17,31,23)/01
31/(17,31,22)/01

31/(17,31,21)/01

(
31/(17,29, 28)(10) /01
31/(17,29, 28)(09) /01
31/(17,29,27)(12)/01
31/(17,29, 27)(11)/01
31/(17,29, 24) /01

2k
2%
4k — 2
4k — 2
4k — 2
4k — 2
Ak — 2
4f — 2
Ak —2
k=2
4f - 2
4 — 2
4k — 2
4k — 2
4k — 2
4k — 2
4k — 2
4k — 2
4k — 2
qf — 2
4k
4k
4k
4k
4k
4k
4k
4k
Ak
4k
4k
4k
4k
4k
4k — 2
4l — 2
4k — 2
4k — 2
4k — 2
Ak =2
4k — 2
4k — 2
4f — 2
Ak — 2
4k — 2
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31/(18,26,21)/01
31/(18,25,24)/01
31/(18,25,23)/01
31/(18,25,22)/01
31/(18,25,21)/01
31/(18,24,22)/01
31/(18,24,21)/01
31/(18,23,22)/01
31/(18,23;21)/61
31/(18,31,29)(26)/01
31/(18,31,29)(25)/01
31/(18,31,28)(24)/01
31/(18,31,28)(23)/01
31/(18,31,26)/01
31/(18,31,25)/01
31/(18,31,24)/0L
31/(18,31,23)/01
31/(18,29,28)[03,04](10)/01
31/(18,29,28)[03,04](09)/01
31/(18,29,26)/01
31/(18,29,25)/01
31/(18,29,22)[03]/01
31/(18,29,21)[03]/01
31/(18,28,26)/01
31/(18,28,25)/01
31/(18,28,22)/01
31/(18,28,21)/01
31/(18,29,28)[04,03](10)/01
31/(18,29,28)[04,03](09)/01
31/(18,29,27)(12)/01
31/(18,29,27)(11)/01
31/(18,29,24)/01
31/(18,29,23)/01
31/(18,29,22)[04]/01
31/(18,29,21)[04]/01
31/(18,28,27)(14)/01
31/(18,28,27)(13)/01
31/(18,28,26)/01
31/(18,28,25)/01
31/(18,28,22)/01
31/(18,28,21)/01
31/(18,27,26)/01
31/(18,27,25)/01
31/(18,27,24)/01
31/(18,27,23)/01

2k
2k
2k
2k
2k
2k
2k
2k
2k
4k
4k
4k
4

4k
4k
4k
4k
4k
A4k
4k
4k
4k
4k
4k
4k
4k
4k
4k
4k
4k
4k
4k
4k
4k
4k
4k

4k
4k
Ak
4k
4k
4k
4k
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-2
—2
=il

L — 2

-2
-2
-2
— 2
-2
-2
—2
-2
—2
—2
-2
—2
—2
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31/(17,29,23)/01
31/(17,29,22)/01
31/(17,29,21)/01
31/(17,28,24)/01
31/(17,28,23)/01
31/(17,28,22)/01
31/(17,28,21)/01
31/(17,27,24)/01
31/(17,27,23)/01
81/(17,27,22)/01
31/(17,27,21)/01
31/(16,31,29)(26)/01
31/(16,3L,29)(25)/01
31/(16,31,27)(22)/01
31/(16,31,27)(21)/01
31/(16,31,26)/01
31/(16,31,25)/01
31/(16,31,22)/01
31/(16,31,21)/01
31/(16,29,28)(10)/01
31/(16,29, 28)(09)/01
31/(16,29,26)/01
31/(16,29,25)/01
31/(16,29,22)/01
31/(16,29,21)/01L
31/(16,28,27)(14)/01
31/(16,28,27)(13)/01
31/(16,28,26)/01
31/(16,28,25)/01
31/(16,28,22)/01
31/(16,28,21)/01
31/(16,27,26)/01
31/(16,27,25)/01
31/(16,27,22)/01
31/(16,27,21)/01
31/(15,31,29)(26)/01
31/(15,31,29)(25)/01
31/(15,31, 23)(44)/01
31/(15,: 3)
31/(15,31,26)/01
a17/(15;31, 253,01
31/(15,31,24)/01
31/(10 31,23)/01
(15 )
(15,29,27)(

31, 28)(23)/01

31/(15, 9 z? (12)/01
31/ 11)/01

1

4 —2
4k — 2
4k — 2
4k —2
4k — 2
4k — 2
4f — 2
4 — 2
4k — 2
4f — 2
Ak — 2
4k — 2
4k — 2
4k — 2
4k — 2
4f — 2
4k — 2
4k — 2
4k — 2
4k —2
4k — 2
4k — 2
4k — 2
4k — 2
4k — 2
4k — 2
4k — 2
4k — 2
4k — 2
4 — 2
Al — 2
4k — 2
4k — 2
Ak — 2
4k — 2
4k — 2
4k — 2
4k — 2
4k -2
4k — 2
4k — 2
4k — 2
4f — 2
4k — 2
4k — 2
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31/(]7,31,28)(24)/01 4k — 2 31/(15,29,26)/01 4k — 2
31/(17,31,28)(23)/01 4k — 2 31/(15,29,25)/01 4k — 2
31/(15,29,24)/01 4k — 2 31/(15,28,24)/01 4k — 2
31/(15,29,23)/01 4k — 2 31/(15,28,23)/01 4k —2
3]/(15,28,27)(14)/0] 4k — 2 31/(15,27,26)/01 4k — 2
31/(15,28,27){13)/01 4k — 2 31/(15,27,25)/01 4k — &
31/(15,28,26)/01 4k — 2 31/(15,27,24)/01 4k — 2
31/(15‘28,25)/01 4 — 2 31/(15,27,23)/01 4k — 2
2k—1 108 2 192

k 12 3 120

2k 54 4 . 120

4k —2 126 6 192

Ak 54-

In transition from the " middle” to the strong” equality criterion, by permuting
the corresponding subgroups of the index 2, from every group two groups can be
derived.

According to the ” weak” equality criterion (G/H), we have the following results:

2k —1 15 2 1
k 1 3 16
4 1
6 1
Table 3.10

By additional data given in parentheses ii, are denoted the sections corresponding
to Table 2.3, and by () the sections corresponding to Table 2.2,

Dn(Zn} X (’133

31/(30,31,29,28) < 08 > /01 2k—1  31/(30,31,28,27) < 06 > /01 2k — |
31/(30,31,29,28) < 07 > /01 2k—1  31/(30,31,28,27) < 05 > /01 2k — 1

31/(30,31,29,28) <06 > /01 2k—1  31/(30,31, 28, 26)(24)/01 % — 1
31/(30,31,29,28) < 05 > /01 2k—1  31/(30,31,28,25)(24),/01 2 — 1
31/(30,31,29,27) < 08> /01 2k—1  31/(30,31,28,22)(24)/01 2% — 1
31/(30,31,29,27) < 07 > /01 2k—1  31/(30,31,28,21)(24)/01 2% — 1
31/(30,31,29,97) <06 > /01 2k —1  31/(30,31,28,26)(23)/01 U — 1
31/(30,31,29,27) < 05> /01 2k—1  31/(30,31,28,25)(23)/01 % — 1
31/(30,31,29,24)(26) /01 2k— 1 31/(30,31,28,22)(23)/01 2% — 1
31/(30,31,29,23)(26)/01 2k—1  31/(30,31,28,21)(23)/01 % — 1
31/(30,31, 29,22)(26) /01 2k—1  31/(30,31,27,26)(22)/01 2% — 1
31/(30,31,29,21)(26)/01 2k—1  31/(30,31,27,25)(22)/01 2% — 1
31/(30,31,29, 24)(25) /01 2k—1  31/(30,31,27,24)(22)/01 2% — 1
31/(30,31,29,23)(25) /01 2k—1  31/(30,31,27,23)(22)/01 % — 1

31/(30,31,29,22)(25)/01 2k—1  31/(30,31,27,26)(21)/01 2% — 1
31/(30,31,29,21)(25)/01 2k—1  31/(30,31,27,25)(21)/01 2% — 1




32 Slavik V. Jablan

31/(30,31,28,27) < 08 > /01 2k—1  31/(30,31,27,24)(21)/01 2% — 1
31/(30,31,28,27) < 07 > /01 2k—1  31/(30,31,27,23)(21)/01 % — 1
31/(30,31,26,24)/01 2% —1  31/(30,29,25,22)/01 % — 1
31/(30,31,26,23)/01 9%k —1  31/(30,29,25, 21)/01 2% — 1
$1/(30,31,26,22)/01 9%k —1  31/(30,29,24,22)/01 % — 1
31/(30,31,26,21)/01 9k —1  31/(30,29,24,21)/01 2% — 1
31/(30,31,25,24)/01 2%k —1  31/(30,29,23,22)/01 2% — 1
31/(30,31,25,23)/01 9% —1  31/(30,29,23,21)/01 2% — 1
31/(30,31,25,22)/01 9k — 1 31/(30,28,27,24)(14)/01 % — 1
31/(30,31,25,21)/01 9k—1  31/(30,28,27,23)(14)/01 2% — 1
31/(30, 31,24, 22) /01 9%k —1  31/(30,28,27, zz)(14)/01 % — 1
31/(30,31,24,21)/01 9k —1  31/(30,28,27,21)(14)/01 2% — 1
31/(30,31,23,22)/01 2k — 1 31/(30,28,27,24)(13)/01 9% — 1
31/(30,31,23,21)/01 2k —1  31/(30,28,27,23)(13)/01 2% — 1
31/(30,29,28,27) < 08 > /01 2k—1  31/(30,28,27,22)(13)/01 2% — 1
31/(30,29,28,27) < 07 > /0L 2k—1  31/(30,28,27,21)(13)/01 ok — |
31/(30,29,28,27) < 06 > /01 2k—1  31/(30,28,26,24)/01 % — 1
31/(30,29,28,27) < 05 > /01 2k —1 31/(30,28,26,23)/01 % — 1
31/(30,29,28,26)(10)/01 9k — 1 31/(30,28,26,22)/01 % — 1
31/(30, 29, 28, 25)(10)/01 9% —1  31/(30,28,26,21)/01 % — 1
31/(30,29,28, 24)(10)/01 9k —1  31/(30,28,25,24)/01 % — |
31/(30,29,28,23)(10)/01 2k —1  31/(30,28,25,23)/01 % — 1
31/(30,29, 28, 26)(09)/01 9% — 1 31/(30,28,25,22)/01 2% — 1
31/(30,29, 28, 25)(09)/01 ok —1  31/(30,28,25,21)/01 % — 1
31/(30,29,28, 24)(09)/ 9% — 1 31/(30,28,24,22)/01 9% — 1
31/(30,29,28,23)(09)/01 9%k —1  31/(30,28,24,21)/01 2% — 1
31/(30,29,27,26)(12)/01 ok — 1  31/(30,28,23,22)/01 2% — 1
31/(30,29,27,25)(12)/01 9k —1  31/(30,28,23,21)/01 2 — 1
31/(30,29, 27, 22)(12)/01 9% —1  31/(30,27,26,24)/01 2% — 1
31/(30,29,27,21)(12)/01 9%k —1  31/(30,27,26,23)/01 % — 1
31/(30,29,27,26)(11)/01 ok —1  31/(30,27,26,22)/01 9% — 1
31/(30,29,27,25)(11)/01 9k —1  31/(30,27,26,21)/01 % — 1
31/(30,29,27,22)(11)/01 2k—1  31/(30,27,25,24)/01 % — 1
31/(30, 29,27, 21)(11) /01 2k—1  31/(30,27,25,23)/01 2% — 1
31/(30, 29, 26, 24)/01 2% —1  31/(30,27,25,22)/01 2% — 1
31/(30,29, 26, 23)/01 9%k —1  31/(30,27,25,21)/01 % — 1
31/(30,29,26,22)/01 9k —1  31/(30,27,24,22)/01 2% — 1
31/(30, 29,26, 21)/01 2k—1  31/(30,27,24,21)/01 2% —1
31/(30,29, 25,24)/01 2% —1  31/(30,27,23,22)/01 % — 1
31/(30,29,25,23)/01 9%k —1  31/(30,27,23,21)/01 2% —1

2k —1 112 3

112

In transition from the »middle” to the ”strong” equality criterion, by permuting
the corresponding subgroups of the index 2, from every group six groups can be
derived. According to the ”weak” equality criterion (G/H), there is the only one
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group 31/01 for every n = 2k — |,

The results obtained imply the complete survey of the group/subgroup relations
of the symmetry groups of bands. In the spirit of [4] Table 4.1 gives the index of a
subgroup in the group, and Table 4.2 the quotient group P = (¢/H.

In Table 4.1 the groups (' and C'? can be replaced, respectively, by Dy, where

[G: H] = N (Table 4.2). The italic indexes in Table 4.9 indicate that H is not a
normal subgroup of (/.
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28

29
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31

Table 4.1

01
C,

Cap
Cak
Cag

Dyan)
D)
Dig(an)
Dok

Dogany
Dopar)
Dopyan)
Doji(ak)
Dopiar)
Dakiar)

Ok X Cg
G, s

~

g X 2

X

Cap Cs
Cor %X O

X

Diary X Ca
Dpzry X C2
Dyaiy x Co
Diary X C2
Dk(zk) X O
Dyary % Oz

Dogary X Oz
Dapeary ¥ C2
Dappawy % Cz

Cyp—z X C2

Dk(Zk) X 022

02

Cak—1

Log—1(4h—2)
Doy 1an—2)

Cag

Cyg
Cup—2
Cag—2

Dapary
Dopgar)

Diyi(an)
Dy—a(sk—1)
Dy o(gr—s)

Cor x O

Dsjiany x Co
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03

Cag—1

Do 1(4k—2)
Dop—1(an—2)

Clag

Cak—2

Cyp—2

Dopiar)
Dapar)

Dyk—a(sk—1)
LDy rian)
Dyg_a(sk—4)

Cor % C2

Dogary X G2

04

Cog—1

Daji—1(4x~2)
Dop_1(an—2)

Caok
Cap—n

Cap—2
Cuk

Dagar)
Dakgar)

Dypo(sk—a)
Dap_aisn—a)
Dypsr)

Cor %X C2

Dajary X Co
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05 06 07 08 09 10 11 12 13 14 15
@)
Cj‘z
6‘2
(/’2
Oy O Dy
Cy  (h Dayy ‘
Gy sy Doy, y
'y Oy Dy 1
Cla Cy Dy g
[ s 1 2L—1
'y
Clay,
'y Cs Oy _Dk(%)
Gy i &
e 3 72 CE
Chy Cy Cqy
Cy 2
Cf OF €f vl D Dy, Cy Cy ' o) Dapan)
a3 oF o7 C2 Cy Cy Dyy, Dy o Cly
B2 CF OF U2 0 Cy s ) Dyy Dy
Ch X Oy
CF ©F @2 oF 2 2 o P 22 o Dizi) X Cs
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16

Cak

Diar)
Diary

Dagiary

(&)

Dyary x Ca
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17 18 19
Uy
Cog—1
Cak—1
Cak
Diary
Diar)
Dajp—1(ar—2)
D a(an—2)
Dopgary
Cp % Ch Oy Cag
Doy ¥ Oz Daggary Dapgany

20

Cap1

Dop_1(ak-2)

Clag

Dogak)
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Cy
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24 25 26

Ty
s
Ty
Cy
- > GQ
G O O

27

Dypy

C'y

28

Doy

Cy

29 30

Dop_y

G

&) Digan)

31

Ca

37




38 Slavik V. Jablan

Table 4.2
01 02 03 04 05 06 o7 08 09 10
01 k
02 2k 2k—1
03 2k 2k —1
04 2k 26—1
05 2k k
06 2k k
07 2k k
08 2k k
09 4k 4k — 2 2k 2k 2k—1
10 4k 4k — 2 2k 2k 2k -1
11 4k 4k —2 2k 2k
12 4k 4k — 2 2k 2k
13 4k 4k — 2 2k 2k
14 4k 4k — 2 2k 2k
15 2k 2k
16 2k 2k
17 2k 2k
18 4k 4k 4k — 2 4k — 2
19 4k Ak -2 4k 4k — 2
20 4k 4k —2 4k —2 4k
21 4k 4k 2k 2k 2k
22 4k 4k 2k 2k 2k
23 4k 4k 2k 2k
24 4k 4k 2k 2k
25 4k 4k 2k 2k
26 4k 4k 2k 2k
27 3k 8k 8k—4 8k — 4 4k 4k 4k 4k 4k 4k
28 8k 8k — 4 8k 8k —4 Ak 4k 4k Ak Ak — 2 4k —2
29 8k 8k —4 8k —4 8k 4k 4k 4k 4k 4k — 2 4k —2
30 Bk —4 A4k 4k 4k

31 8k 8k 8k Bk 4k 4k 4k 4k 4k 4k
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11 12 13 14 15 16 17 18 19 20 21 |
2k —1
2k -1
2k —1
2k -1
k
k
k
2k 2k -1
2k 2k —1
2k 2k—1
2k k
2k
2k 2k
2k 2k
2k 2k
2k 2k
4k — 2 4k —2 4k — 2 4k —2 4k 4k — 2 2k
1k 4k 4k — 2 4k — 2 4k 4k —2
4k — 2 4k — 2 1k 4k 4k 4k — 2
2k 2k 2k 2k 2k 24k

4k4 kA ka k4 k4 k4 k4 k4 k4 k2 k
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22 23 24 25 26 27 28 29 30 31
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04
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06
Qo7
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09
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11
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14
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16
L7
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19
20

21

2k

23 k

24 k

25 k

26 ke

27 2k 2k —1
28 2k 2k 2k —1
29 2k 2k 2k-1

30 k

31 2k 2k 2k 2k 24 2k 2k 2k 2k k
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