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Local Function versus Local Closure Function
in Ideal Topological Spaces

Aleksandar Pavlovié?

*Department of Mathematics and Informatics, Faculty of Sciences, Novi Sad, Serbia

Abstract. The aim of this paper is to further investigate properties of the local closure function, as a
generalization of the O-closure and the local function in ideal topological spaces. Similarities and differences
between it and the local function are examined by varying several well-known ideals.

1. Introduction

The idea of “idealizing” a topological space can be found in some classical texts of Kuratowski [13, [14]
and Vaidyanathaswamy [17]. Some early applications of ideal topological spaces can be found in various
branches of mathematics, like a generalization of Cantor-Bendixson theorem by Freud [9], or in measure
theory by Scheinberg [16]. In 1990 Jankovi¢ and Hamlett [12] wrote a paper in which they, among their
results, included many other results in this area using modern notation, and logically and systematically
arranging them. This paper rekindled the interest in this topic, resulting in many generalizations of the
ideal topological space and many generalizations of the notion of open sets, like in papers of Jafari and
Rajesh [10], and Manoharan and Thangavelu [15]].

In 1966 Veli¢ko [18] introduced the notions of 0-open and 6-closed sets, and also a 0-closure, examining
H-closed spaces in terms of an arbitrary filterbase. A space X is called H-closed if every open cover of X
has a finite subfamily whose closures cover X. It turned out that 6-open sets completely correspond to
the already known notion of 6-continuity, introduced in 1943 by Fomin [8]. In 1975 Dickman and Porter
[6] continued the study of H-closed spaces using 6-closed sets proving that an H-closed space is not a
countable union of nowhere dense 6-closed sets. Also they proved that every H-closed space with ccc is
not a union of less than continuum many 6-closed nowhere dense sets if and only if Martin’s axiom holds.
In 1980, Jankovi¢ [11] proved that a space is Hausdorff if and only if every compact set is O-closed. Recent
applications of 0-open sets can be found in the paper of Caldas, Jafari and Latif [4], or in the paper of
Cammaroto, Catalioto, Pansera and Tsaban [5].

In [2], Al-Omari and Noiri introduced the local closure function as a generalization of the -closure and
the local function in an ideal topological space. They proved some basic properties for the local closure
function, and also introduced two new topologies obtained from the original one using the local closure
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function. The aim of this paper is to investigate properties of the local closure function and to see similarities
and differences between it and the local function by using several well-known ideals, like ideals of finite
sets, countable sets, closed and discrete sets, scattered sets, nowhere dense sets and others. Also, special
attention is paid to the class of ideal topological spaces with the ideal Fin of finite sets.

2. Definitions and Notations

We will use the following notation. If (X, 7) is a topological space, t(x) will be the family of open
neighbourhoods at the point x, CI(A) the closure of the set A, Int(A) its interior and dA its boundary. If a set
A is both open and closed, it is called clopen.

For a set A and a cardinal «, [A]*, [A]<* and [A]** are the families of all subsets of A of cardinality «, less
than x and less than or equal to «, respectively. @ will denote the set of natural numbers including 0. The
set of all integers is denoted by Z.

If X is a nonempty set, a family 7 c P(X) satisfying

(I0)0 e 71,

(IM)IfAeZand BC A,thenBe 1,

(I2)IfA,Bel,thenAUBe I,
is called an ideal on X. If X ¢ I (i.e.,, P(X) # 1), then I is proper. If there exists A C X such that B € 7 if
B C A, then 7 is a principal ideal.

Let (X, 1) be a topological space. Fin is the ideal of finite sets. 7y, is the ideal of countable sets. 7
denotes the ideal of closed discrete sets. The family of discrete sets does not form an ideal (the union of
two discrete sets does not have to be discrete). A set S is scattered if each nonempty subset of S contains
an isolated point. If X is a T; space, then the family of scattered sets is the ideal of scattered sets, and it is
denoted by 7. Every discrete set is scattered. A set A is relatively compact if CI(A) is compact. The family
of all relatively compact sets forms the ideal 7x. A set A is nowhere dense if Int(Cl(A)) = 0. A countable
union of nowhere dense sets is called a meager set. The family of nowhere dense sets forms the ideal 4,
and the family of meager sets forms the ideal 1.

If (X, 7) is a topological space and 1 an ideal on X, then a triple (X, 7, ') is called an ideal topological
space. If (X, 7, I) is an ideal topological space, then the mapping A = A7, (briefly A%) defined by

Ax—

(T/]):{xeX:Aﬂll(,i_IforeachUET(x)}

is called the local function (see [14]).
The local function has the following properties (see [12]):
(1)AcB=A"CB,
(2) A* = Cl(A") € CI(A);
(3) (A7) € A%
(4)(AUB)=A"UB"
G)IfIel, then(AUI) =A"=(A\I])".
Also by CI'(A) = AU A* a closure operator on P(X) is defined and it generates a topology 7*(7) (briefly
) on X where
T ={UcX:CI'X\U)=X\U}

It is easy to see that T C 7* C P(X).

A set U is G-open if for each x € U there exists V € 7(x) such that CI(V) C U. G-interior is defined by
Intg(A) = U{U : U c A, U is B-open). It is known that O-interior does not have to be a 0-open set, but U is
0-open if and only if Intg(U) = U. A set A is O-closed if X \ A is 0-open. Also, a set A is O-closed if and only
if it is equal to its O-closure Cly(A) defined by

Clo(A) = {x € X : CI(U) N A # 0 for each U € 1(x)).
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Similarly as in the case of O-interior, O-closure of a set does not have to be 0-closed, but it is always a closed
set. The family of 0-open sets generates a topology 79 on X and we have that 79 C 7. If (X, 7) is a regular
space, then every open set is §-open and therefore 7 = 7¢.

Generalizing the notions of local function and 6-closure, Al-Omari and Noiri [2] defined the local
closure function in an ideal topological space (X, 7, 7) which assigns to each set A the set I'; r)(A) (briefly
I'(A)), where

Fn(A)={xeX:Cl(U)NA ¢ I for each U € 1(x)}.

The local closure function has the following properties (see [2]):
(1) A* CT'(A);
(2) I'(A) = CI(T'(A)) < Clo(A);
(3) (AU B) =T(A) UT(B);
4 TAuUl)=T(A)=T(A\I)foreachI € I.
Let us notice that between I'(I'(A)) and I'(A) both inclusions are possible.
Using I', Al-Omari and Noiri [2] defined an operator ¢r by r(4) = X \ I'(X \ A) which satisfies the
following:
(1) r(A) = Int(Pr(A);
(2) Yr(A N B) = ¢Pr(A) N Yr(B);
3) Yr(AUI) = yYr(A) = Yr(A\I) foreachI € I;
(4) I U is 0-open, then U C yr(U).
Using this, a topology o is defined in [2] in the following way:

Aco e ACyr(A).

Obviously 7¢ C 0.
Also in [2]], using yr, is defined another topology oo by

Aegy & ACInt(Cl(yr(4))).
Since Yr(A) is open, Yr(A) € Int(Cl(yr(A))) and we have

Tg € 0 C 0.

3. The Difference Between ¢ and o,

An example for the case when 79 ¢ ois givenin [2]. Also, there it is asked whether ¢ ¢ 0¢. The following
lemma gives a necessary condition for the strict inequality between these two topologies.

Lemma 1. If 0 C 0y, then there exists a set A and a point x € A such that:
(1) CU)\ A ¢ 1, for each U € t(x), and
(2) there exist V € t(x) and an open set W C V such that CI(W)\ A € 1.

Proof. If 0 C 0y, then there exists A € gy \ 0. Since A ¢ ¢, there exists x € A such that

x ¢ Pr(A) ox ¢ X\I(X\A)
oxel(X\A)
eoVUet(x) CLU)N(X\A) ¢ T
eVUe(x) Cl(U)\A ¢ 1.
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Since A € 0y, for each y € A we have

y €Int(CLYr(A)))

<3V e 1(y) V € Cl(Yr(A))

oIVer(y)VzeVVO et(z) ONyr(A) #0

©IVety) VOCV(Oet=0nNyYrA) #0)
©IVety)VOCV(Oet=0nX\T(X\A)) +0)
©IVer(y) VOCV(Oet=O0\T(X\A) #0)

oIVerty) VOCV(Oer=AWCO (We1=ClW)\AcT)).

Since this holds for each y € A, it holds also for the one which is not in 1r(A), and taking the whole V
for O finishes the proof. [J

Example 1. Let us consider an ideal topological space (X, t, I'), where X = w + 1 = w U {w} with the order topology,
ie, T=P(w)U{{w)U(@\K): K e [w]™}. Let I = Fin.

Each open set of the form {w} U (w \ K), where K € [w]<™ is closed at the same time. Therefore, such sets are
O-open. Also, for U € P(w), and n € U we have {n} € T and Cl({n}) = {n} C U, implying U is O-open. Therefore
T ="Tg.

We will prove that the only non-open singleton {w} in the space (X, T) belongs to oo, but not to o, i.e., o is the
discrete topology, and o = 7.

Firstly, let us verify that A = {w} fulfills the conditions of Lemma (1| Each open neighborhood of the point w
has the form U = {w} U (w \ K), where K is a finite subset of w. Since it is clopen, its closure stays the same, but
Cl(U) \ A = w \ K is an infinite set. But in U there exists a clopen singleton {n}, such that Cl({n}) \ A = {n} € 1.

This also proves that {w} ¢ o. Let us prove that {w} € ao. Firstly, let us calculate Yr({w}). The point w is the
only point with infinite closure of each its neighborhood. Therefore, it is not difficult to see that I'(w) = {w}. Thus,
Yr({w}) = w. Now we have

Int(Cl(Yr(fw}))) = Int(Cl(w)) = Int(X) = X,

and therefore

{w} € Int(Cl(yr(iwh)),

ie., {w} € gy.

4. When the Local Function and the Local Closure Function Coincide

Al-Omari and Noiri in Examples 2.3 and 2.4 of [2] showed that the local function and the local closure
function are different. In the following theorem we give some sufficient conditions for equality of these two
functions.

Theorem 1. Let (X, 7, I) be an ideal topological space. Then each of the following conditions implies that the local
function and the local closure function coincide:

a) The topology T has a clopen base B.

b) T is a Ts-topology on X.

ol =1

d) I =1Tk.

e) i C 1.

DI =1y,

Proof. Since A* C T'(A) always holds, it remains to prove that I'(A) C A*.

a) Let us suppose that x ¢ A*. Then there exists U € 7(x) such that U N A € 7. There exists V € U such
that V € 8N 1(x). Obviously, since VNA c UNA, we have VN A € 1. But, since V = Cl(V), we have
Cl(V)NA e I, implying x ¢ I'(A).
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b) Let us prove that I'(A) € A*. Let us suppose that x ¢ A*. Then there exists U € t(x) such that UNA € 1.
Since X is a Ts-space, there exists V € 7 such that x € V ¢ CI(V) c U (see [7, Proposition 1.5.5]). Obviously,
since CI(V) N A € UNA, wehave Cl(V) N A € 7, implying x ¢ I'(A).

) Suppose there exists a set A and a point x € I'(A) \ A*. Then there exists U € 7(x) such that UN A
is closed discrete. We have UN A € ClI(U)N A € Cl(U N A), and since U N A is a closed set, we have
Cl(U) N A = UnN A, contradicting the fact that x € T'(A).

d) If there exist a set A and a point x € I'(A) \ A", then there exists U € 7(x) such that U N A is relatively
compact. We have UNA C Cl(U) N A € CI(U N A), and since CI(U N A) is a compact set, we have Cl(U) N A
is relatively compact, which implies x € I'(A). This is a contradiction.

e) Suppose x € I'(A). Then for each U € 7(x) we have

CIU)NA=UUI)NA=UNA)UE@UNA).

Since dU is a nowhere dense set, dU N A € I. Therefore UN A ¢ I, because otherwise CI(U) N A would
be in the ideal, which would contradict the fact that x € T'(A). So, x € A*.
f) Direct consequence of ). [

The following example shows that having a T>-topology is not sufficient for equality of the local function
and the local closure function.

Example 2. Let R be the real line and K = {% :n € Z\{0}}. Forx #0let B(x) = {(x—a,x+a):a >0}, and
B(0) = {(-a,a) \ K : a > 0}. This is a neighbourhood system which generates a T»-topology which is not T3 (see [[7]
Example 1.5.6]).

Let us, for I = Fin, calculate K*. For x # 0, there exists U € B(x) such that UNK| <1, so UNK € Fin,
implying x ¢ K*. If x = 0, since U = (—a,a) \ K for some a € R, we have U N K = @ for each U € B(0), implying
0¢ K. SoK*=0.

Now, let us calculate T'(K). If x # 0, then there also exists U € B(x) such that | CI(U)NK]| < 1, so Cl(U)NK € Fin,
implying x ¢ I'(K). For x = 0 and U € B(x) we have U = (—a,a) \ K for some a € R. But CI(U) = [—a, a], implying
| CI(U) N K| = 8o, so CI(U) N K ¢ Fin, giving us I'(K) = {0}.

So, K* ¢ I'(K).

5. When the Local Function and the Local Closure Function Are Different

Let us start with the ideal of countable sets 7 .. Of course, if the set X is countable, then 7 = P(X),
which implies that A* = I'(A) = 0 for each set A. Therefore, we are only interested in uncountable sets.

We will give an example of an ideal topological space and a set in it for which the local function and the
local closure function are different.

Example 3. Let (R, o, Z i) be the ideal topological space, where the topology T is generated by the neighbourhood
system:

B) ={ {(x—a,x+a)NQ:aeR*), xeQ;
{(x—a,x+a):aeR}, xeR\Q.

It is easy to check that the family {B(x) : x € X} satisfies conditions for a neighbourhood system (see [I7, p. 13]).

It is obvious that (IR, To) is a T»-space, since Ty contains the natural topology on the real line. Also the set of
rational numbers is open. But this is not a Ts-space, since the set of all irrational numbers is closed, and one can not
separate it from any rational point by two disjoint open sets.

Now, (=1,1)* = [-1,1] \ Q, because every rational point has a countable neighbourhood, which intersected with
(=1,1) gives a countable set, i.e., a set in the ideal 1 y,.

On the other hand T'((-1,1)) = [-1, 1] because C1((g — a,q + a) N Q) = [q — a, q + a] for each rational number g,
and its intersection with [—1, 1] is either empty, or a singleton, or a closed interval, which is uncountable.

Now we will consider the ideal of scattered sets 7. The following example shows that there is an ideal
topological space of the form (X, 7, 7 ) having the operators * and I' different.
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Example 4. Let S = {(%,sin ny:n €N} CR?and L = {0} x [-1,1]. Let X = SUL U {p}, where p is a special point
outside of R%. Let us define a neighbourhood system. For x € S U L let B(x) be the neighbourhood system as in the
induced topology on S U L from IR?, and for the point p let B(p) = {{p} US\K:Ke [S]“O}.

Let us notice that S is a scattered set.

Let T =14,and A=SUL.

A" = L. For x € S, {x} is an open set, so its intersection with A is a singleton, and therefore a scattered set. For
x € L, each its neighbourhood contains an interval on the line L, implying that its intersection with A is not scattered.
Since each neighbourhood of the point p meets only S, its intersection with A is scattered.

I'(A) = LU {p}. First, let us notice that L € CI(S). Also, this is the case for each cofinite subset of S, i.e.,
L € CI(S \ K), where K is finite. Therefore, for an open set U = {p} U S\ K, as a neighbourhood of p, we have
Cl(U) = UUL. So, CI(U) N A contains L, which is dense in itself, and therefore C1(LI) N A is not scattered, implying
p € I'(A). By the same reason as in the local function case, there is no point of S in I'(A).

So,(SUL)*cI(SUL).

6. The Ideal of Finite Sets

In this section we will see some properties of ideal topological spaces of the form (X, 7, Fin).

Example [2|also shows that for I = Fin there exists a topological space such that the local function and
the local closure function are not equal. On the other hand, in Example[Twe have a clopen topology, which,
by Theorem I]a), implies that A* = I'(A) for each A.

A topological space (X, 1) is nearly discrete if each x € X has a finite neighbourhood. Let us notice
that every nearly discrete space is an Alexandroff space [1] (arbitrary intersection of open sets is open).
Concerning the ideal topological spaces of the form (X, 7, Fin), it is known that X;. = 0 if and only if (X, 7)
is nearly discrete (see [12]). For the local closure function we have the following theorem.

Theorem 2. For an ideal topological space (X, 7, Fin), if I'(X) = 0, then (X, ) is nearly discrete.

Proof. From I'(X) = 0 it follows that for each x € X there exists U € 7(x) such that |Cl(U) N X] < Ry, ie.,
| CL(U)| < 8o, which implies |U| < Xg. O

The following example shows that the converse is not true.

Example 5. Let X = w, and let T be generated by the base B = {{0,1} : i € w}. Obviously, (X, t) is a nearly discrete
space. Let us notice that {0} is an open set and C1({0}) = w. Therefore, since C1({0,1})) Nw = w N w = w & Fin, for
each i € w, we have I'(w) = w # 0.

If A% = {x e X : |JANU| > N forall U € 7(x)} is the set of all w-accumulation points of the set A, it
is obvious that for the ideal Fin we have A* = A%. For T; spaces we have that the derived set (set of
accumulation points) A’ = {x e X : AN U\ {x} # 0 for all U € 7(x)} is equal to Ao,

O-derived set is defined in [3] by Dg(A) = {x e X : AN U\ {x} # 0 for all U € 14(x)}.

Theorem 3. For the ideal topological space of the form (X, 7, Fin) and each subset A of X in it we have I'(A) C Dg(A).
Proof. Let us suppose that x ¢ Dg(A). Then there exists U € to(x) such that U N A\ {x} = 0. Since U € 7y,
there exists V € 7(x) such that CI(V) c U, which implies CI(V) N A\ {x} = 0. So, CI(V) N A is finite, and
therefore x ¢ I'(A) for the ideal Fin. O

The following example shows that the inclusion can be strict.
Example 6. Let us consider the left-ray topology on the real line, i.e., T = {(—o0,a) : a € R}. The only O-open sets

are § and R. If K is a finite set with at least two elements, we have Dg(K) = R. On the other hand, for the ideal Fin,
it is obvious that T'(K) = 0.
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