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Existence of Unbounded Positive Solutions of Boundary Value
Problems for Differential Systems on Whole Lines

Yuji Liu

Department of Mathematics, Guangdong University of Finance and Economics, Guangzhou 510320, P.R.China

Abstract. This paper is concerned with integral type boundary value problems of second order singular
differential systems with quasi-Laplacian operators on whole lines. A Banach space and a nonlinear
completely continuous operator are defined. By using the Banach space and the nonlinear operator,
together with the Schauder’s fixed point theorem, sufficient conditions to guarantee the existence of at least
one unbounded positive solution are established. Finally, we present a concrete example to illustrate the
efficiency of the main theorem.

1. Introduction

The nonlinear differential operator [®,(x")]" = [|x’ IP~2x’]’ withp > 1is called one-dimensional p—Laplacian.
More recently, equations involving other types of differential operators have been studied from a different
point of view arising from other types of models, e.g. reaction diffusion equations with non-constant
diffusivity and porous media equations. This leads to consider nonlinear differential operators of the type
[a(t, x,x")D(x")]" in which the differential operators acting on the derivative x’, the state variable x and the
time variable ¢, where a is a positive continuous function. For a comprehensive bibliography on this subject,
see papers [15, 29, 42, 43] and the references therein.

The solvability of boundary value problems of differential equations on whole lines with or without
nonlinear differential operators was studied in [5, 10, 13, 14, 28, 30, 34, 46]. In [39], Liu investigated the
more general BVP for a second order singular differential equation on the whole line with quasi-Laplacian
operator

[D(p(Dalt, x(t), X' D) ()] + f(E, x(b),x'(H) =0, teR,

tl_l)I_l’Cl)o p(Ha(t, x(t), x'()x'(t) — Jrfooaz(s)x(s)ds = Tg(s,x(s), X' (s))ds,

t1_1)r+rcl>o p(Ha(t, x(t), x'(#)x'(t) + T,B(s)x’(s)ds = Jrfmh(s, x(s), x'(s))ds,
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where p € C'(R, [0, +c0)) with p(t) > 0 for all ¢ # 0 satisfies

+00

0
1
J s = +oo, Of pds = +oo,

—00

a:RXRXR — (0,+00) is continuous and satisfies that there exist constants m > 0, M > 0 such that

m<a(t(1+’c(t))x )<M,t€R,xeR,yeR

p(t)
and for each r > 0, |x], |y| < r imply that a (t, 1+ z(t)x, %) — (40 uniformly as t — +o0, @, : R — [0, +00)
are continuous functions satisfying

+00

0< [ a(s)ds < +oo, ;fwa(s)f s ds < +oo, f a(s)f AL ds < +oo, f ﬁEs;ds < 400

—00

t . . . .
here () = ‘ fo % , f,9,h defined on R® are nonnegative Carathéodory functions, ® € C'(R) (a quasi-
Laplacian operator) is continuous and strictly increasing on R, ®(0) = 0 and its inverse function denoted
by @1 is continuous too, moreover ®~! satisfies that there exist constants L > 0 and L, > 0 such that

D (x1x7) < LO(x7)D 7 (x2) and
Oy + -+ 2x) S Ly[@7 () + -+ 97N ()], %20, ((=1,2,---,n0).

The ordinary differential systems of second order equations arise directly from many fields in physics,
and chemistry. For example in the theory of nonlinear diffusion generated by nonlinear sources, in thermal
ignition of gases and in concentration in chemical or biological problems, see references [10, 28, 30]. In recent
years, many authors have studied existence of positive radial solutions for elliptic systems, which are also
equivalent to that of positive solutions for corresponding ordinary differential systems, see [9, 18, 35, 55].

The existence of positive solutions of boundary value problems for ordinary differential systems on [0, 1]
(a compact interval) were studied in [1, 14-16, 21-27, 33, 36, 37, 44, 50, 53, 54] and [34]. Contrary to the case
of boundary value problems in compact domains, for which a very wide literature has been produced, in
the framework of un-compact intervals many questions are still open and the theory presents some critical
aspects. One of the main difficulties consists in the lack of good priori estimates and appropriate compact
embedding theorems for the usual Sobolev spaces.

The existence of positive solutions of boundary value problems for ordinary differential systems on half
line [0, +00) (an un-compact interval) were studied in [38, 40, 51] and the references therein. As we know
that there is a few papers discussed the existence of positive solutions of BVPs for differential systems on
whole lines (un-compact intervals) with integral boundary conditions.

Motivated by the same kind of the works for the single equation and [9, 33, 34, 39, 44], in this paper,
we consider the following boundary value problem for second order singular differential system on whole
lines with quasi-Laplacian operators

[D(p(Da(t, x(t), X' O)' (D] + f(E y(#), y' () =0, tER,

)
[W(a®b(t, y(&), y' Oy ()] + g(t, x()),x'(#)) =0, teR
subjected to the integral boundary conditions
Jm p(t)x'(f) = f G5, y(s), y' (©)ds,  Lim x()) = [ (s, 4(5), ¥/ (9)ds,
()

lim ot)y'(H) = [ x(s,x(6),x'&)ds, lim y(t) f (s, x(5), ¥/(5))ds
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where
(a) [22% € CO(RI [0/ OO)) Satisfying

0 +00 0 +oo
== L s = L A e
7[0 p(s)ds < +00, of p(s)ds = +o0o0, 7ofo s < +oo, Of Ssds = +oo,

(b)a,b: R X R X R — (0, +0c0) is continuous and satisfies that

tl_l)I_Ro a(t, 1 +t(t)u,v/p(t)) =a, >0, tl_l){& bt, A +o)u,v/ot) =by >0
uniformly for u, v € R, and there exist constants m; > 0, M; > 0 such that
my <a(t,(1+7(H), W) <My, tu,veR, my <b(t1+0(®)u, M) <M, tu,veR
t t
where 7(t) = f ﬁds and o(t) = f

—00 —00

1
a4,

(0)®, ¥ are quasi-Laplacian operators (Definition 2.1 in Section 2), the inverse operators of @,V are
denoted by @' and W™ respectively, the supporting functions of @, W are w;, w,, the supporting functions
of @71, W1y v,, respectively,

(d) f defined on R® is a o—Caratheodory function, g defined on R’ is a T—Caratheodory functions
(Definitions 2.2 and 2.3 in Section 2),

(e) ¢, ¢ defined on R® are o—Caratheodory functions, x, ¢ defined on R® t—Caratheodory functions.

The purpose of this paper is to establish sufficient conditions for the existence of at least one unbounded
positive solution of BVP(1)-(2). The results in this paper generalize and improve some known ones since
the quasi-Laplacian terms

[D(p(Da(t, x(t), X' () (£)] and [W(a(Ob(t, y(b), y' )y ()]

are involved with the nonnegative functions p, ¢ that may satisfy p(0) = 0, o(0) = 0, p, o satisfy (a) that is
different from the one in [39].
By a unbounded solution of BVP(1)-(2) we mean a function x € C'(R) such that

[D(pax')]' : ¢ — [D(p(Balt, x(t), X O EY, [P(oby )yl : t — [W(a(B)bit, y(®), y Oy O
belong to L'(R) and all equations in (1)-(2) are satisfied and both 11%) and 11{%) are bounded on R. Both x
and y are unbounded and positive when all f, ¢, ¢, g, x, { are are nonnegative and ¢(t, u, v), x(t,u,v) # 0 on
R.

We note that boundary value problems for second order differential equations with integral boundary
conditions constitute a very interesting and important class of problems. They include as special cases
two, three, multi-point and nonlocal boundary-value problems as special cases. For such problems and
comments on their importance, we refer the readers to the papers [20], [31] and [32] and the references
therein. Various problems arising in heat conduction [6, 12], chemical engineering [8], underground water
flow [19], thermo-elasticity [49], and plasma physics [47] can be reduced to the nonlocal problems with
integral boundary conditions. This type of boundary value problems has been investigated in [17, 48, 52]
for parabolic equations and in [45] for hyperbolic equations.

The remainder of this paper is organized as follows: the preliminary results are given in Section 2, the
main results are presented in Section 3. Finally, we present a concrete example to illustrate the efficiency of
the main theorem.

2. Preliminary Results

In this section, we present some background definitions in Banach spaces and state an important fixed
point theorem. The preliminary results are given too.
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Let X be a Banach space. An operator T; X — X is completely continuous if it is continuous and maps
bounded sets into relatively compact sets.

Definition 2.1[29]. An odd homeomorphism @ of the real line R onto itself is called a quasi-Laplacian
operator if there exists a homeomorphism w of [0, +c0) onto itself which supports @ in the sense that for all
01,0, > 0 it holds

D(0102) 2 w(v1)P(v2). 3)
w is called the supporting function of ®.

It is clear that a quasi-Laplacian operator @ and any corresponding supporting function w are increasing
functions vanishing at zero and moreover their inverses ®~! and v respectively are increasing and such that

O N (wiw,) < v(w) D (w,), 4)

for all w1, w, > 0 and v is called the supporting function of oS

Definition 2.2. G: R X R X R — Ris called a T—Carathédory function if it satisfies
At—-G (t, 1+ 7(t)u, ﬁv) is measurable for any u,v € R,

(i) (u,0) > G (t, 1+ z(t)u, %v) is continuous for almost all t € R,
(iii) for each r > 0, there exists nonnegative function ¢, € LY(R) such that |ul, [v] < r implies

'G(t, (1 +(t), ﬁvﬂ < &yt aet €R.

Definition 2.3. H : R X R X R — R is called 0—Carathédory function if it satisfies
G)t—H (t, 1+ a()u, ﬁv) is measurable for any u,v € R,

(ii) (u,v) > H (t, 1Q+o@®)u, ﬁv) is continuous for almost all € R,
(iii) for each r > 0, there exists nonnegative function ¢, € L!(R) such that |ul, [v| <  implies

‘H (t, 1 +o®)u, $v)‘ < ¢u(t),a.et €R.

Define

1+7(

X = {x ‘R R: ¥€CR), pr' € COR) lim x(t), lim 705 exist, lim p(t)x' (1) exist }

For x € X, define the norm of x by

_ ()]
|lx|| = max {sup 1L(t), sup p(t)lx’(t)l} )
teR teR
One can prove that X is a Banach space with the norm |lx|| for x € X. In fact, it is easy to see that X is a
normed linear space. Let {x,} be a Cauchy sequence in X. Then ||x,, — x,|| = 0, m,n — +o0. It follows that

sup % — 0,m,n — +oco, sup p(t)|x;,(t) = x;,(#)| = 0,m,n — +oo.

teR teR

Then there exist two functions xo, o : R — R such that 12“52) — xo(t) and p(t)x;,(t) — yo(t) asn — +oco. We

need to prove that yo(t) = p(£)[(1 + 7(t))xo(t)]’ and (1 + 7(t))x € X.
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Step 1. Prove that xo € C°(R).
|xn(t)_xm(t)|

[ ( t) X (B)]
T+(t) t

= <€ for all

For every € > 0, since sup — 0asm,n — +oo, then there exists Ny such tha
teR

m,n > Njand t € R. So

on R.
For each t; € R, 11”1(2;) 11”1(2;) - xo(to)| < € for
all n > N,. Since both 7 and x,, are continuous at t = ty, Thus for n > max{Ny, N,}, there exists 6 > 0 such

n (£
that 1172) 117(((;3) < eforall |t — ty| < 5. We have

12%(2) - Xo(t)' <eforalln > Ny and f € R. Then fi’T(it) — xo(t) as n — +oo uniformly

— xo(tp) as n — +oo implies that there exists N, such that

x(t) _ xulto)
1+1(t) 1+1(to)

X (to)
+ 1+T((zo) — XQ(f0)| < 3e

1 t
[ro(t) = xo(to)l < [ro(t) — 72| +

for all |t — to| < 5. It follows that x is continuous at ty. Thus x; € C°(R).
Step 2. Prove that the limits lim xo(t) exist.

[xn (t) X,,,(t

For every e > 0, since sup === — 0 as m,n — +oo, then there exists Ny such that W < € for
€R
allm,n > N7 and t € R. Lett - +oo, we get that 11m f‘:—% — lim fjﬁ < e for all m,n > Nj. Then the
o0 117(H)
xu(f)

limit nl_l>IPoo tlirirlo jEe) exists.

Since 1’1’7(2) — xo(f) as 1 — +oco uniformly on R, we have that

. 1 . Xt _ 1s . Xn(t)
tl—l>rir<zo X()(t) - t1—1>14_20 nl—lHIoo et — nl—1>r+l:loo t1—1>rirc£o 1+2(t)”

Step 3. Prove that iy € C°(R) and the limits Jim_ o(#) exist.

It is similar to those of the proofs in steps 1 and 2.
Step 4. Prove that y(f) = p(£)[(1 + T(t))xo(f)]’ and (1 + T(t))xo € X.

We have that
X (t) X (i’ ) fyo(S)dS ¥ (S) yg(s)
f ! o p® )
70
£ t
=T 1; fﬁ |p(s)x;(s) —yo(s)|ds - f (S)ds sup |p(t)xn(t yo(t))
f—co p(s)ds tO f ps o
= sup )p(t)x;,(t) - yo(t)| — 0asn — +oo.
teR
So
t
lim (x,(F) = xu(to)) = [ 2ds.
n—+00 b p(s)
Then

t

(1 + T(t)xo(t) — x0(t) = 730(—(55)) ds.
to

It follows that yo(t) = p(H)[(1 + (#))x0(t)]’. Then (1 + t())xo € X. This shows us that X is a Banach space.

Define

Y = {y :R>R: y€C'(R), gy € C°(R), l1m y(t) hm 1+0(t) exist, hm Q(t)]/ (t) exist }
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For y € Y, define the norm of x by

llyll = max {sup I l_}i(t)(lt) sup @(t)ly’(t)l} .

teR

One can prove similarly that Y is a Banach space with the norm [|y|| for y € Y.

It follows that X X Y is a Banach space with the norm ||(x, y)|| = max {||x||, [lyll} for (x,y) € X X Y.
For (x, y) € X X Y, define T(x, y)(t) = (T1(x, y)(t), T2(x, y)(t)) with

t @ 1( (a+ I Gy y(s))ds) f Fluy)y () )du)

T1(x, y)(t) = f @(s,y(s), y'(s))ds + f p(s)a(s, x(s)x(s)) ds
and i
+00 \y—l(\p(h [ xsx(s)x s))dS) f g, x(u) X’ (1)) du )
Tax, ) = [ (s, x(s), X' (s))ds + [ E Sl 4 N

Lemma 2.2. If assumptions (a)-(e) hold, then the following results hold:
(D) T(x,y) e XxYforall (x,y) e XXY;

(ii) (x, y) € X X Y'is a solution of BVP(1)-(2) if and only if (x, y) = T(x, v);
(iii) T is completely continuous.

3552

Proof. (i) For x € X,y € Y, then there exists r > 0 such that ||x|| < r and ||y|| < r. Since f, ¢, ¢ are

o—Caratheodory functions, we see that there exists ¢, € L!(R) such that

£t y(e), ' O = £ (1,1 + o) 295, Aoy ®)| < ¢t € R,
90,0,y O = |6 (1, (1 + o) 7295, 5oy’ )| < pi(t) £ € R,
(e, Y0, 5 ) = |p (1,1 + 00) 75, Loy’ ®)| < dilo) £ € R,
my < at,x(t), %' (1) = a(t, (1+ () 7y, 25O (1) < Myt €R,

+1(t)”

alt, x(8), X' (1) = a (t, (1 + T(t) i, 75 P(DX'(B) = as, t — +oo.
So

[ fls,y(s), Y )ds| < [ Pu(s)ds < +oo,

[ (s, 95), v )ds| < [ by(s)ds < +oo,

[ @(s,9(5), v (5))ds| < [ pr(s)ds < +oo.

By definition of T, we get

f(p(s y(s),y' (s))ds ) t @ ( (l?+ f d(s,y(s)y (5))‘7]5) ff(” Y@y’ () )d”)
+ 0 OGO 7 ) >

—00

Tiny)®) _
1+7(t) 1+7(t)

‘D’l(<1>(a+ f ¢(S,y(5)ry’(5))d5)+ [rf (H/y(u)/y'(u))du)
p(B(T1(x, )Y (1) = SRR .
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Then Ti(x, y), p(T1(x,y))’ € C°(R) and

[psyoyoms <I>‘1(<I>(u+ T |¢(s,y(5),y’(5))ld5)+ T 1) w)du

Tixy)Ol _ = :
1+7(t) < 1+1(t) + 1+1(t) p(s)a(s,x(s),x’(s)) ds
+oo ¢ c1>—1(o1:(a+ +qu),(s)ds)+}mq'),(u)du)
m —0o S
3 [ $uls)ds + H;(t)_ o) ds

< T)@(s)ds + my P! ((I) (a+ Jrfmq),(s)ds) + Tj(p,(u)du) < +o0

and
q>-1(<1>(u+ f|¢<s,y<s>,y'<s>)|ds)+ T 1)y @)du

—00

pOIT1(x, v)) (B)] < g(f,x(t),x/(t))r

<m®7! (@ (a+ Jrfoolq),(s)ds) + T@(s)ds) < +o00,

Hence T1(x, y) € X. Similarly we have To(x,y) € Y. Then T(x, y) € X X Y.

(ii) By the definition of T; and T5, it is easy to show that (x, y) € X X Y is a solution of BVP(1)-(2) if and
only if (x,y) = T(x, y).

(iii) We prove that T is completely continuous. Similarly we can prove that T, is completely continuous.
It follows that T is completely continuous.

When the following four steps are done (Step 1 implies that T; : X X Y — X is continuous and Steps 2-4
imply that Ty maps bounded sets into relatively compact sets), it follows that T; : X X Y — X is completely
continuous. The details are similar to those of the proof of Lemma 3 in [39].

Step 1. We prove that T; : X X Y — X is continuous.

Step 2. we show that T; maps bounded subsets into bounded sets.

Step 3. we prove that both {i(:(?)) t(x,y) € D} and {p(T1(x, y))" : (x, y) € D} are equi-continuous on each

finite subinterval on R.
Step 4. we show that both {
+00 and —oco respectively.
Similarly we can prove that T, is completely continuous. Therefore, the operator T : X XY — X X Y'is
completely continuous. The proof is complete.

Ti(x,y)
1+1(t)

t(xy) € D} and {p(T1(x,v))" : (x,y) € D} are equi-convergent both at

3. Main Theorems

In this section, the main results on the existence of solutions of BVP(1)-(2) are established.

(H). f, ¢, ¢ are o—Caratheodory functions and g, x, i 7—Caratheodory functions and satisfy the following
assumptions:

there exist non-negative functions w; j(i = 1,2, j = 1,2, 3) measurable on R and numbers

Ayj,B1,j,C1,j,Dv,j, Evj, F1; 20, (j=1,2,---,5),
A2, B2, Coj, D2, By j, F2j 20, (j=1,2,---,7),

Us > Hs—1 >+ > U1 >0, 6,r>0,1>--->01>0



such that

hold for all t,u,v € R.

Denote

Y. Liu / Filomat 30:13 (2016), 3547-3564

F(£ A+ o), 7 )| < wi1(f) | Mg + il Ay @ (ul) + il Bl,jCD(|z;|m)},
| j= =

[ S S
& (1, (1 + o), 50)| < @r(t) M + % Culul + & Dl,]-|v|w],
| J= J=

[ S S
(t 1+ a(®)u, 0(,;) )| < w3(t) (M3 + ‘21 Eqjlul"i + ZlPl,j|U|”’] p
I j= j=

g (1, + 2O, 7h50)| < w2 () [M21 + 5 Ay W(up) + ¥, B, (o] 7>],

j=1 j=1

(t 1 +z()u, p(t) )’ < waa(t) {Mz,z + j);l Co,jlul® + ];1 D2,j|U|6f] ,

‘P(t A+ (B, 5o )’ < wp(f) [Ma3 + ZlEz,jluléf + '21 F2,j|U|6/]
j= j=

+00 +00 -1
a;Mip [ ana(s)ds S
MO = U {[ni*(l)lz +ay f a)lrz(S)dS Z (Cl,f + Dl,])] }
e j=1
M [0 wia(s)ds

+00 s
My = 2G4 [ wi5(s)ds Jg (E1)+ )

+o00

+mivq [M + f 0)11(S)dS(M11 + ZAlj +Z 1B1j) ]

+oo +oo -1
by M, 2(s)d r
No = w, [[% +by [ wa(s)ds Y (Coj+ Dz,j)) ]
o j=1

+oo +00
Mas | was3(s)ds s

Np = % + [ w2a()ds ¥ (Eaj+ Fay)
oo j=1

+1my vy (N + f w21(s)ds [M21 + Z A2] + Z Bz]J ]

j=1

Theorem 3.1. Suppose that (a)-(c) and (H) hold. Then BVP(1.1)-(1.2) has at least one solution if

3554
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(1) u, > 1 with

[ (@0~ DY DM O (Dpsd,)
(b 1M 1 LS15>1
or

psOr—1 1 \@is
([W L)1 (My®-1 (Djasd,) 5T My -1, 1»)
. (5)
(wb-yir M [ 1)1+ ()N (Dpd) T ] <1
psdr=1 L\
([<1> e 2 (N1~ (1)ps0r )*’9 TNy W1 (1)(ps6,-1) f)
or
(ii) us6r =1 with
1
ith M<(1)E N<(1)m (6)
either — | or —
1 N 1 M

or

(iii) ps6, < 1.

Proof. Let the Banach spaces X, Y and X X Y with their norms be defined in Section 2, T(x,y) =
(T1(x,y), Ta(x, y)) defined in Section 2. By Lemma 2.2, we seek solutions of BVP(1)-(2) by getting the
fixed points of T in X X Y, and T is well defined and is completely continuous. Let 1,7, > 0. Denote

Q= y) € X XY |Ix|| < 11, |lyll £ 12}. For (x,y) € ﬁrm, we have ||x]| < 7y and ||y|| < 7. Then

x(t)
L+(t) p(t

<a(t,x(t),x'(t) =alt, (1 + () )p( X' ()| < My, t€R.

Using (H), we find

M@ Loy y o 1 @0 L0650y Ol [y @)
Tr(n = ) T T f POIEAE ) s

t +00 +00
O D(ay [ Ip(s,y(s),y (S))lds)+ [ 1f (u,y(w),y (w)ldu
< [ 0,0, voias + 2 [ T il las

—OO

+00

< [ @) [Mw + L E(He) 4 1 Fl,f<@<s>|y'<s>|>w]ds
L

+o00
m [ S lye) \Hi
+ 1+wmq’ ( (“+ / wl,z(s)(Ml,z+]§1C1,j(_155<s>)

+00

+ z D1,(e(s)ly’ <s>|>w]ds] + f @11(5) [Mu + z A ((L225))

" il Bl,]-@((@(s»y'(s)l)“f'] ds]
£

+00

< f w1,3(s)ds (Mls + ): Eqjllyll* + ): F1]||y||”/]
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o s s
+m1q)*1 [CD (Ll_,. j:; a)llz(S)dS [Ml,Z + Zl CL]’Hy“W + Y Dl,]||y||!‘])]
= =

+00

+ [ wn(s)ds (MU = z A (lyll*) + z Bl,cb(nynw)]]
=Mz f w13(s)ds + f wls(s)dsz (Evj + Fug) iyl

+my @1 [‘D (ﬂ+M12 f w12(s)ds +ay fw1 2(8)ds Z (C1; +D1])Ilyll“]

+00 +00 s
+Mi1 [ wii(s)ds + fwl,l(s)ds(zlAl,j"‘Zj'_l Bl,qu)(H]/H“f)}
—00 —00 J=

Since the supporting function of @ is w;, we get

+00

B < My f wa(6)ds + [ wns(e)s z  (Evj+ Fug) Iyl
a;Miy [ wro(s)ds +oo s
Hm @ [‘D([q{—m” +ay [ na(@)ds X (G + Du)] max(@~'(1), [lyl}*))
—00 ]:
+00 +00 s
My [ w@ds+ [ w1,1<s>dS[ZlA1,f + L Bu] ‘D(Ilyll“f)]
—00 —00 ]=
+00 +00 s
<M [ wi36)ds + [ wia)ds ¥ (Evj+ Fuj) Iyl
oo oo j=1

®(max{®~1(1), Ilyll*s))

-1
axMq o [*2 w1 5()ds oo s
w{[%ﬂu L2 na(e)ds X(C1j+D)
f=

+TH1(D_1

+o0 +o0 s s
+Mi, f w1,1(s)ds + f w1,1(s)ds [Zl Ayj+ Zl Bl,j] @(”y”“])]
—0o —co J= =

Ml% (1)135115
< [% + f w1,3(s)ds Z (Elj +F1 ])] max{®~1(1), [lyll*}

+m1(1) 1 (M 1 + f w1, 1(S)dS (Ml 1+ Z A1] + Zl B1 ]) max{l (D(”y”“b)}) .
J=

Since the supporting function of @' is v1, we get

, M | w15(5) _
iy < [ ! f RO CY +Fu)] max(®~1(1), llyi*)
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+00 s s
+mvq [Mol + f a)m(s)ds (Ml,l + 'ZlAl'j + '21 BL]’J) max{(I)*l(l), ||y||Hs}
—00 J= 7=

=My [@71 (1) + Ilyll*] £ € R.
It follows that

IT1.(x, y)(2)| . )
T SMe7 O+l te R "
On the other hand, we have

DN (D(ar [ 1p(s,y(5), ' )lds)+ [ 1f ),y ()ldu
PO (3, ) (1) < e L WO ON)- )

< mwn (Mal +Zow1,1(s)ds (MM + Jg A+ Jg Bl/j]] max {q)—l(l), ||y||#s} .
It follows that
IT2 (e, Il < My [@71 (1) + Iyl < My [0 (1) + 7] ®
Similarly we can show that
T2 IF< Na[™ (1) + [lel™] < Na[W™H (1) + 7], ©)
Consider the following inequality system
My [@71 (1) + ] <71, Na[WH (D) + ] < 7o

It is transformed in to the following form:

My [t () + ] < < (F -w' )7, (10)
or
1
Ni[WH (1) + 7] < < (= 7)™ (11)
Case (i1). ps6, > 1,0, > 1.
Choose

1 1
_ @ (M ®7 (1)usdy) T
r= T .
(psOp=1) 0

Then we get from
or

1
1 Bs -1 _ -1 -1 51
(i) M Nl[\y ()(psd=1)+ W1 (1) (My DL (1) 15, ]

thsdr=1 1 1 I\ =1
(0911 01 (36 T T -M1 071 (1) a8, -1) )
that :
Ni[WH (1) +#7] < (g — 071 (D) ™.
Choose r, such that
1
Ni[W (1) + 2] < < (2 — @71 (D)™ (12)
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Then, for (x, y) € ﬁrm, using (8), (9) and (12), we have
T2, )l < Mi[@71A) + 757 < 71, (1T, )l < Ny [WTLQ) + 77 ] < 7

Then T(x, y) = (T1(x, v), T2(x, y)) € Q4 1, .

Then, Schauder fixed point theorem implies that T has a fixed point (x, y) € €, ,,, which is a solution of
BVP (1)-(2).

Case (i2). ps6, > 1, us > 1.

Choose 1 !
_ [0 )] (N W ()us6,) T

14 T
(Hsd,~1) 5

Then we get from

1 Hs
or _ _ — S \Hs—1
(wo—nmr M M‘[q’1(1>(#s6—1)+<1>1<1>(N1‘P1<1>usbr>‘ 1]

ts6,=1 1 1 L\ =1

([q)_l(l)]m(Nl\y_l(lﬂlsbr)m_NT\P_l(l)(Hsbr_l)m)

that
_ . RPINY -

My [0 (1) + 7] < (- W)™

Choose r; such that
» 5
M [0t (1) + ] < < (-9l )" (13)

Then, for (x, y) € ﬁh ., using (8), (9) and (13), we have
ITs G, )l < My[@71(1) + ] < 11, (1T, y)ll < Na[®2(1) + 7] < 1.

Then T(x, y) = (T1(x, y), Ta(x, v)) € Qy, ,,. .

Then, Schauder fixed point theorem implies that T has a fixed point (x, y) € Q,, ,,, which is a solution of
BVP (1)-(2).

Case (ii). ps0, =1.

Case (iil). M; < (Nil)b'.

Since

lim M[07L(1)+r5°] _ M

T
rp—+00 [ _ o
(ol (o)

we can choose r, > 0 sufficiently large such that

<1,

E

»

My [0t (1) + 7] < (& - \y—l(1))% .

Then we can choose r; such that
My [0t (1) + ] <71 < (- \11-1(1))$ . (14)
Then, for (x,y) € ﬁrm, using (8), (9) and (14), we have
IT1(x, )l < My [@71A) + 5] < 7y, 1T, )l < N [WLQ) + 7] < 7
Then T(x, ) = (T1(x, 1), T2(x, ) € Oy, 1.

Then, Schauder fixed point theorem implies that T has a fixed point (x, y) € ﬁrm, which is a solution of
BVP (1)-(2).
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Case (ii2). N; < (Mil)%

Since o
1 (1\%1_‘1)71(1))“ (M%)H
we can choose r1 > 0 sufficiently large such that
1
NI W (1) + 7] < (4 — @7 ()™ .
Then we can choose 7, such that
1
Ni[W (@) + ] < 7 < (3 = @71 (D)™ (15)

Then, for (x, y) € ﬁrm, using (8), (9) and (15), we have
IT1(e, Il < Mi[@7HA) + 7571 < 71, (1T, Il < N [WTLQ) + 73] < 7

Then T(x, y) = (T1(x, v), T2(x, y)) € Qy, 4, .

Then, Schauder fixed point theorem implies that T has a fixed point (x, y) € Q,, ,,, which is a solution of
BVP (1)-(2).

Case (iii). us6, < 1.

It follows that there exists 1 > 0 sufficiently large such that

NI W (1) + 7] < (4 — @7 ()™ .
This allows us to choose r, such that
i 1
Ni[WH (1) + 7] <7 < (= 7)™ (16)

Then, for (x, y) € 5,1,,2 using (8), (9) and (16), we have
IT1(x, )l < Ma[@71A) +75°] < 71, (T, Il < N [WH(A) + 7] < .

Then T(x, y) = (T1(x, v), T2(x, y)) € Q4 1, .

Then, Schauder fixed point theorem implies that T has a fixed point (x, y) € €, ,,, which is a solution of
BVP (1)-(2).

The proof is complete.

Theorem 3.2. Suppose that (a)-(e) hold and a, > 0, by > 0, f,¢,9, x,1,g are nonnegative with
¢(t,u,v), x(t,u,v) # 0 on R and (H) holds. Then BVP(1)-(2) has at least one unbounded positive solu-
tion if

() ps6, > 1 with

or

1
M N [W(1)(#;5—1>+W*1<1><M1®*(1);@,)w

] <16,>1,

T
fis

1
(Hs O,—1)#s or
uso,—1

(091 17 (M0 (118 T My 071 (1), -1 )

or (17)

L Hs
1 or —1 _ —1 -1 15—1
(1150,—1) 7 Ny My [q’ (D(psO=1)+™ (NP (1ps6r) ¢ ]

UsOr—1

<1lus>1

8

([drl(l)w%(lefl(l)uséy)ﬁ —Nﬂfl(l)(ysé,—l)ﬂ
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or

(ii) ps0, =1 with

1 1
1 \o 1 \ws
either M; < (E) or Nj < (Ml )! (18)

or

(iii) ps6, < 1.
Proof. From Theorem 3.1, we know that BVP(1)-(2) has at least one solution (x,y) € X X Y. We need to
prove that both x and y are unbounded and positive.
Since
+00 ( (a+ f O(s,y(5),y (s))ds) f flu,y(u),y’ (1) )du)
x(t) = f @(5/ }/(S)f }/'(S))ds + f P()aGx(E),X( 5) ds

and oo
two 1( (b+ fl(s x(s), x’(s))ds) fg(u x(u)x(u))du)
y(t) = f U(s, x(s), X' (s))ds + f E—C T BT ds

and f, ¢, ¢, x, 1, g are nonnegative with ¢(t, u, v), x(t, u,v) # 0 on R, we know that both x and y are nonneg-
ative on R.
Furthermore, we have for t > 0 that

[ ( (m I ¢sy<s>y<s»ds)) t

> of SCTOTE) ds > M g(s o f O(s,y(s), y'(s))ds — +oo as t — +oo.

So x is unbounded and positive on R. Similarly, we can show that y is unbounded and positive on R. The
proof is completed.

4. An Example

There have been many papers such as [13, 34] concerned with some special cases of BVP(1)-(2), but our
results (Theorem 3.1 and Theorem 3.2) are different from known ones since the following example can not
be solved by known theorems obtained in mentioned papers. The conditions assumed on the data of the
problem are technical that it is not difficult to understand.

Now, we present a concrete example to illustrate the applicability of the main theorems.

Example 4.1. Consider the following problem

_ 2(1+e)? 3\ _
(" (1+ ey ) ¥ O) ) + £ y@, ¥ ) =0, teR,

)2
((e-f(z T ) Y () ) +g(t,x(1), X' () =0, teR (19)

Jim p(O)x'(t) = v, lim x() =0, lim o(t)y'(t) = vr, lim y(t) =0,

where X
1 _ v
ftu,0) = Mg+ X5 Ay (£5) " + X5y Brje it oPH |,
] 7\ 1+¢ j ]

(f u, U) =e [M21 + Z] 1A2] (1+e’) % + Z;:l B21j6_561’t|0|56/:|
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with
Al,j/ Bl,erl,l > O(] = 1/2/ e ,S), AZ,j/ BZ,j/MZ,l > O(] = 1/2/‘ o /r)/

Ws > fo—1 >+ > U1 >0, 0p> 0,1 >-+->061>0.

Corresponding to BVP(1)-(2), we can choose
@ otuv) = x(t,uv) = e‘tz, o(t,u,v) = P, u,v) = 0, we have that ¢, ¢ defined on R3 are
o—Caratheodory functions, x, ¢’ defined on R® T—Caratheodory functions.

t t

(b) p(t) = o(t) = e*. One sees that 7(t) = f o s)ds =o(t) = f Q(S)ds =¢fand

0 +00 0 +00
1 1 1
_£ p(S)als < +00, Of p(s)ds = +o00, _{o Q(S)ds < +00, Of Q(S)ds = +o0.
(c)
a(t,u,v) =1+ 2+e’)? b(t,u,v) =2 + 2A1+e’)’

(2+12)(1+eh)2+u2+e~2 (1+ef)?0? 7 (2+£2)(1+et2+ut+e~2 (1+et)20* *

It is easy to verify that the following items are satisfied:
e 0,b: RXRXR — (0,+00) is continuous and satisfies that

tlim alt, 1+ t(t)u,v/pt)) =a. =1>0, tlim b(t,(1 +ot)u,v/ot)=by =2>0
—+00 —+00
uniformly for u, v € R, and there exist constants m; > 0, M; > 0 such that

T=m <a(t,(1+ 1), 55) <My =2, 2=my <b(t,(1+0(t)u, M, =3

P(t)) @(t))

holds forallt € R,u € R,v € R.

(d) ®(x) = x® and W(x) = x° that are quasi-Laplacian operators, the inverse operators of ®, W are
O l(x) = x5 and Wl(x) = x5 respectively, the supporting functions of ®, W are w;(x) = x> and wy(x) = x°,
the supporting functions of @1, W1 v (x) = x5 and 1(x) = X5,

Choose
w11() = w12() = w21(H) = wa(H) = e, w15(t) = wa3(t) = 0,
Mig =My =1,Crj=Dy;=Ej=F;=0(G=12-,5),
M3 =My3=0,Cpj=D;j=Eyj=F,;=0(j=1,2,---,7).
Then

£ (11 + o), 250)| < wia(®) [ Mg + By Avj@Qul) + iy Br@(ol)],

o (t, (1 +a(t)u, t)v)’ <wiat), |p(t A +o®)u, 257 )’ =0,

(
(

9(t, (1 + 7)1, 250)| < @210 [Mag + Ty An W (ul) + Loy B W),

(t, (1 + c®)u, ﬁv)| =0

X (£ + ), 250)| < att),

hold for allt € R,u,v € R. So f, ¢, ¢ are c—Caratheodory functions and g, x, i t—Caratheodory functions.
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Moreover, we have

+oo +00 -1
+ d 5
My =wn [[c%aa;u(s)s +a, f Cl)l,2(s)ds Z (Cl/]‘ + Dl,j)] ] =1,
—00 j=1

+o0 +00
M |, @13(s)ds :
M = % + f wllg(S)dS Z (El,j + Pl,j)
oo j=1

+o0 s
+mivq (Mal + f a)lll(s)ds (M111 + 'Z1A1'j + Zj‘:] Bl,j] )
oo j=

’ 3
= (1 + V(Mg + Z1A1,j +Xin BL]‘] /
]:

and

—+00 +00 -1
biMap [ waa(s)d -
No = w, ((—qfﬂ) 2 4 by [ woa(9)ds X (Co + Dz,j)] ] =2,
oo j=1

+o0 +00
Mo [ wnp(9s r
Ny = Mol ) (s)ds 5 (Eay + Fay)
o i=1

+00

.
+movy (Ngl + f a)z,l(s)ds (Mz,l + 'Z1A2'j + Z;:l BZ,j) ]
oo j=

1

’ 5
=2 [32 + ﬁ(MZ,l + ZlAz,j + Z;:l BZ,]'] .
j=

Hence by Theorem 3.1 and Theorem 3.2, BVP(19) has at least one unbounded positive solution if one of
(1), (ii) or (iii) in Theorem 3.1 holds.

Remark 4.2. In Example 4.1, choose
3
ft,uv)=e" [Mm + A1 (%) i Bl,1€73“t|v|3”] ,

56 -
g(t,u,v) = e* [Mz,l + Az (ﬂ) + Bz,1€_56t|0|50]

1+e!

with A11,B11,Mi1 20, Ap1,Bo1,Mz1 = 0,u > 0,6 > 0. It follows from Example 4.1 that BVP(19) has at
least one unbounded positive solution if

(1) péd>1with
(w5-1) M{l‘ Nl[yéflJr(Mlyé)%] o) Nl%M1[(ya—1)+(Nmo)le ]
Hyéfl <lfor6>1, or pyéil r <lforu>1
T - 1
((Nwé)ﬁ Ny (yé—l)*l‘) ’

1
(M10)77 M (u-1)8 )

or

=

(i) pd=1with either M; < (N%) or Ny < (]\%1)ﬁ or
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(iii) po <1.
Here

-

Wi
o

Mo=1, No=35, M = (1 + V(Mg + Apg + Bl,l) , Ni= 2(32 + V(Mo + Ay + Bz,l)‘ .
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