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Abstract.In this paper, we consider the various sets of comultiplications of a wedge of spheres and
provide some methods to calculate many kinds of comultiplications with different properties. In particular,
we concentrate on studying to compute the number of comultiplications, associative comultiplications,
commutative comultiplications, and comultiplications which are both associative and commutative of
a wedge of spheres. The more spheres that appear in a wedge, the more complicate the proofs and
computations become. Our methods involve the basic Whitehead products in a wedge of spheres and the
Hopf-Hilton invariants.

1. Introduction

In this paper we assume that all spaces are based and have the based homotopy type of based and
connected CW-complexes. All maps and homotopies preserve the base point. Unless otherwise stated,
we do not distinguish notationally between a map and its homotopy class. Thus equality of maps means
equality of homotopy classes of maps; that is, we use ‘=" for the homotopy ‘=~’.

A pair (Y, @) consisting of a space Y and a function ¢ : Y — Y V Y is called a co-H-space if g1¢p = 1 and
g2¢ = 1, where g1 and ¢, are the projections Y VY — Y onto the first and second summands of the wedge
product and 1 is the identity map of Y. In this case the map ¢ : Y — Y V Y is called a comultiplication.
Equivalently, (Y, ¢) is a co-H-spaceif jo = A : Y — Y XY, where A is the diagonal mapand j: YVY — YXY
is the inclusion. A comultiplication ¢ is called associative if (p V1) =(1V@)p: Y - YVY VY, and ¢ is
called commutative if T = @, where T : Y VY — Y V Y is the switching map. A left inverse for ¢ is a map
L:Y — Y such that V(L vV 1)¢ = 0 and a right inverse is a map R : Y — Y such that V(1 vV R)g = 0, where
V:Y VY — Yis the folding map and 0 is the constant map.

Co-H-spaces, dual of H-spaces, play a fundamental role in homotopy theory. If the comultiplication
@ : Y — YVYishomotopy associative and has a right and left inverse, then for every space Z the set [, Z] of
homotopy classes from Y to Z becomes a group with the group operation depending on the comultiplication
of a space. The important examples of co-H-spaces are all n-spheres, n > 1 and suspensions of a based
space. It is easily seen that the wedge of two co-H-spaces is a co-H-space, and therefore it is natural to
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ask about the comultiplications on a wedge of spheres. It turns out that this set of comultiplications is
complicated - there are usually many comultiplications (sometimes infinitely many) with many different
properties. For example, $?V S° has infinitely many homotopy classes of comultiplications and commutative
comultiplications. However, it has only 2 homotopy associative comultiplications [5]. Some indication of
this complexity appeared in an early paper of Ganea [10, pp. 194-196] who gave an intricate argument
to show that S® v S5 has at least 72 associative comultiplications and at most 56 homotopy classes of
suspension comultiplications.

The study of comultiplications of a co-H-space has been carried out by several authors (see [6], [7], [3],
[14], [4] and [15]). One can find interesting examples of a co-H-space which is not homotopically equivalent
to a suspension [9] and of a co-H-space X = 5% Uy e**! which does not admit an associative comultiplication
[8], where f € nzp(S3) and p is an odd prime. In [11] the set of homotopy classes of comultiplications of
a wedge of two Moore spaces was investigated as a natural extension of the earlier work [2]. It is worth
while examining the comultiplication structures on the wedge of Moore spaces for further studies.

In this paper we study the set of comultiplications on a wedge of k-spheres for k > 2. In particular, we
focus on the study of the properties and cardinalities of comultiplications, associative comultiplications,
commutative comultiplications, and comultiplications which are both associative and commutative of a
wedge of spheres which is much more complicate than a wedge of two spheres. More precisely, let |S| be
the number of elements in a set S, and let A(Y) and CO(Y) be the sets of homotopy classes of associative
comultiplications and commutative comultiplications, respectively, of a wedge of spheres Y = §" v §" v SF
withm <2n—-2and 2 <n <m < p < 4n — 4. Then we can show in Theorem 3.15 and Theorem 4.7 that if m
and n are even, then

WA = Iy (S7 1) X 17 (S2" D] X (8™ P X 17 (S772)] X [, (S™2172));

and
ICO(Y)l = |my(S*" D) X [11,(S* V)| X [71,(SP"2)| X |,(S3"2)]
X|70,(S" 1) X [11,(S2 )P X |11, (SRR,

The main results of this paper also show that the cardinalities of A(Y) and CO(Y) depend on the homotopy
structures of a wedge of spheres and the parity of m or n, or both. For examples, [A(S® v S'2 v §27)| = 32
and [CO(S® v §'? v §%7)| = 16.

The paper is organized as follows: In Section 2, we introduce the Hilton’s theorem and the Hopf-Hilton
invariants. We establish basic facts concerning the various types of comultiplications on a wedge of k-
spheres and give general conditions for comultiplications to be associative or commutative in the case of
a wedge of three spheres. In Section 3, we define certain general comultiplications on a wedge of three
spheres and determine when they are associative. In Section 4.7, we prove the fundamental properties of
the commutative comultiplications which are defined in Section 3. The examples will be listed at the end
of each section.

2. Comultiplication Structures

We first consider a wedge of spheres Y = §" v --- v §™. Let (; : "/ — Y be the inclusion for j = 1,... k.
We define and order the basic Whitehead products as follows: Basic products of weight 1 are (5, ..., (x which
are ordered by (; < --- < ;. Assume that the basic products of weight < n have been defined and ordered
so that if r < s < n, any basic product of weight r is less than all basic products of weight s. We define
inductively a basic product of weight n by a Whitehead product [4, b], where a is a basic product of weight
k and b is a basic product of weight [, k +1 = n,a < b, and if b is a Whitehead product [c, d] of basic products
c and d, then ¢ < a. The basic products of weight n are then ordered arbitrarily among themselves and are
greater than any basic product of weight < n. Suppose (; occurs [; times, [; > 1 in the basic product w;.
Then the height h, of the basic product w; is }' I;(n; — 1) + 1.

There is the Hilton’s theorem [12] concerning the basic Whitehead products as follows:
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Theorem 2.1. Let the basic products of Y = S™ V -+ V §™ be wq, Wy, ..., W, ... (in order) with the height of w,
being h,. Then for every m,

(V) = EP) n(S™).
v=1

The isomorphism 0 : ., tw(S"™) = 1, (Y) is defined by
anm(shv) = Wys - nm(shv) = (Y).

Let ¢ : S" — S" v S" be the standard comultiplication. Then we have the induced homomorphism
@s : 0y(S") = 1,(S" V S") between homotopy groups and by the Hilton’s theorem

(8" V §") = 1,,(S") @ 11,u(S") ® (ST ® (ST - -

Let /1, be the height of the vth basic product w, € 71, (5" v S") and let pr, : 70,,(S" V S") — 1,,(S") be the
projection onto the vth summand forv =1,2,3,....
We define the Hopf-Hilton invariant H; : 11,,(S") — 71,,(S"+) by

Hy=prysoqp., t=0,1,2,...
as in [12]. We rewrite these invariants as follows: Set

L= Hy s u(S") = (87

H
I‘I1 = Hl,Hé =H,: nm(S”) e nm(53n—2)

and so on. Thus we have the Hopf-Hilton invariants

Hy, H),...,H} : 1u(S") > mu(ST"T),

for/=1,2,3,..., where t; is the number of basic products of length I.
We now describe the Hilton’s formulas [12, Theorems 6.7 and 6.9] as follows:
(1) If Z is any space and §,y € ,(Z) and « € 7,,(S"), then

B+ya =pa+ya+[ yH(a)
+B, B, Y1IH (@) + [y, [B, YIIH3 (@) + ...

(2) Leta € ,,(S"), b € ,(Z), and let m be an integer. Then, if r is odd,

hoga= m(b o a) form=4sords+1,
mvoa= m(boa)+[b,b] o Hj(a) form=4s—2or4s—1.

If r is even,

mboa =m(boa)+"2[b,b]oHl(a)
+ =D 1, b, b]] © H2(a).

From now on, welet X = 5" v §"and Y = 5" v §" v 5 with 2 < n < m < p unless otherwise stated, and
we fix the following notations:

® iy, iy : S" — S" v §" are the first and the second inclusions, respectively.

ji,jo 0 S™ — S§™ Vv S™ are the first and the second inclusions, respectively.

ag,ap:S"— "V 5"V SV §"(= XV X) are the first and the third inclusions, respectively.

B1,p2: 8™ = S v SV SV §"(= X V X) are the second and the fourth inclusions, respectively.

e r:5"—>Y,5:5">Y,t:5% > Yand A: 5"V S"™ — Y are the inclusions.
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pri,pra : (S" vV S") Vv (§" v §™) — §" v §" are the first and the second projections, respectively.

11,12 1 Y = Y VY are the first and the second inclusions, respectively.

q1,92 : Y VY = Y are the first and the second projections, respectively.

L,L,I3:Y = Y VY VY are the first, the second and the third inclusions, respectively.

Ji2,J23: Y VY = YV Y VY are the maps defined by J12(z) = (z,+) and J»3(z) = (+,z), wherez € Y VY.
e T:YVY — YV Yis the switching map.

Then the following are straightforward:

o (rvr)ip=ur, (rvria=unt, (SVs)ji1=us, (sVs)j = ns.
o (AVA)aj=tr, (AVABj=sforj=1,2.

o Jiptj=1Iiforj=1,2.

* (pV1u =Jnpand (¢ V1) =15

e 11 =1 and [ = Is.

e IV =Iand 1V @)= ]xp.

We now order the basic products of weight 1 as follows:

o <P <ap<PpinS*vS"vStvS

e 17T<US<Dr<isinYVY.

o [([r<his<bhr<bs<r<sinYVYVY.

For the moment, more generally,letY = S v S V...v§% X = SNy 52 V...VS™H1 2 <ny <mp <--+ < 1
and let ¢; : S — Y be the inclusion for eachi = 1,2,...,k and pry, pry : X V X — X the first and the second
projections, respectively. Then every comultiplication ¢ : Y — Y V Y has the following form

@l = 1101 + 12Cy,
Qlsn = 10 + 120y + Py,
Qlsn = 11Ck + 120 + Py,

for some Py, € m,,(Y VY) such that g1 P, = g2P,, = 0 foreachi =2,3,...,k. Conversely,if P,, : S" = YVY
is any map such that q;: P, = q»P,, = 0 foreachi=2,3,...,k, then ¢ defined above is a comultiplication.
Therefore, we can define a comultiplication as follows:

Definition 2.2. Let P, € 7, (Y V Y) be any map such that q;P,, = 0 = q2P,, foreachi =2,3,..., k. We define
a comultiplicationp : Y — Y V Y by

@lsn = 11C1 + Gy,
Qlsn = 1C + 120y + Py,
@lsn = 11Ck + 120 + Py,

The element P, € 1, (Y V Y) is called the ith perturbation of ¢ fori =2,3,...,k. Wecall P = (P,,, Py, ..., Py,)
the perturbation of ¢.
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It can be seen that the comultiplication ¢ in Definition 2.2 is commutative if and only if TP,, = P,, for
eachi=2,3,...,k; and it is associative if and only if
J12Pn; + (@ V )Py, = o3P, + (1 V @)Py,
foreachi=2,3,...,k.

Let A : X — Y be the inclusion. Then we have

Lemma 2.3. If P, € m, (Y VYY) satisfies q1P,, = 0 = 2Py, then there exists a unique W € 1, (X V X) such that
Py, = (AV AW and priWW = 0 = praW.

Proof. We consider the following cofibration sequence:

AVA qvq

XVvX YVY

SV S,

where g : Y — S™ is the projection. Since X V X is (17 — 1)-connected and S™ Vv S™ is (1, — 1)-connected, by
the Blakers-Massey Theorem (see [13] and [17]), the top line in the following commutative diagram is exact

AVA). .
e (XV X) — 8D (vvy) — T (smev S
jﬂ jg* :je*
(AxA) (gxq)«

Ty (X X X) —————— 71, (Y X Y) ————— 71, (§™ X §™),

where f., g. and e. are homomorphisms induced by inclusion maps. We can see that e, is an isomorphism.
If Py, € m, (Y VYY) is such that g1P,, = 0 = q2P,,, then g.(P,,) = 0 and so e.(g V 49).P,, = 0. Therefore
(g V q):Py, = 0 and hence, by exactness, there exists a unique W € m,, (X V X) such that P, = (A VvV A).W since
(A Vv A). is a monomorphism. Finally, since (A x A).f.W = 0 and (A x A). is a monomorphism, it follows
that £.W = 0. Thus we have priW = 0 = pr, W since m,, (X X X) = 7, (X) ® 7, (X). O

We note that there are various types of wedges of spheres and commutative diagrams satisfying the
statements in the proof of Lemma 2.3. Fortunately, all kinds of wedges of spheres and commutative
diagrams are condensed into the above case by using the fact that the inclusion map from a wedge of
spheres to another induces a monomorphism between homotopy groups.

The computation of comultiplications on a wedge of spheres is very complicated. So we restrict our
investigation to a wedge of three spheres which is much more complicate than the wedge of two spheres.
From now on, in the case of a wedge of three spheres, we use the notation Y = S" v §™ vV S7 instead of
Sy SV S, je,n =n,m=ny,p = n3. And we also use the inclusions r : S = Y, s : 5 — Y and
t: S — Y instead of (;, (; and (3, respectively, as previously mentioned.

Let W be the set of all basic Whitehead products of S* v 5™ vV §" vV 5™ generated by {a1, 1, a2, f2}. Let Wy
denote the set of basic Whitehead products generated by {as, 51} or by {az, B2}, and let W, = W — W;. That
is, Wy is the set of basic Whitehead products like

[a1, B1], (a2, Bl (a2, [av2, B2l (a1, Bil, [, [an, a1, -+
and W is the set of basic Whitehead products such as

[al/ 0(2], [0(1/ ﬁZ]/ [0[2, [0(1/ ,81]]1 [[0(1, ﬁl]/ [C(z, [(XZr ,82]]11 .

Indeed, W; is the set of basic Whitehead products containing at least a ‘1’ and at least a 2’ in the subscript
of the basic Whitehead products.

Lemma 2.4. Let pry,,pra, : p(S" V §™ vV §" Vv §™) — 1, (S" V §™) be the homomorphisms induced by the first and
the second projections pr1 and pr,, respectively. Then

Ker(pr1,) 0 Ker(pr2,) = (D) my(5"),

weW,

where hy, is the height of the basic Whitehead products w € W.
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Proof. If x € @y, Tp(S™), then the Hilton’s theorem shows that x can be written as an element of
(S vV SV StV S”’s as follows:

X = [O(Z/ [allﬁl]]w% + [ﬁZr [alfﬁl]hb; + [0{2, [D(Z/ [alr ,81]]]17[}:1:, +...
+[a1,a2]¢§ + [, [allaﬂ]l#; +[Br, [, x5 + ...
+[C¥1,‘82]17[11 + [alr [Cﬁ,ﬁz]]l’bz + [ﬁl/ [al/,BZI]l/)g +...
+[ﬁ1,042]1,0é1 + [B1, [B1, 2l1Y + [Ba, [B1, a1k + ...

+[B1, By + (B, [P, 2113 + [Ba, [B1, Bollys + - ..

+.

for tp{ € 1,(S") and w € W,. Here, i and j are finite for each p since i, — oo, and the summand 7,(5") is
embedded into the sum via composition with w : S" — S§" v §" v §" v §". By applying pr1, and pr,, on
both sides, we have

pri,(x) = 0 = prp,(x)
because all the basic Whitehead products describe above are the elements of W,. Indeed, all the basic
Whitehead products in W, are killed off by pry, and pr»,. For example,

pri([aq, [a1, B21]) = [prien, [priaa, prifol]
= [pria1, [prias,0]]
= O,

and similarly for pr,,. We can also check the reverse inclusion. [

Theorem 2.5. Every comultiplication ¢ : Y = YV YonY = S§*Vv §"V SP can be uniquely written in the following
form

Qlsr = ur+ 1,
Qlsm = 115 + 15+ (r vV ). Wp,
Qlsr =t +pt+(AV A)*WQ.

Here, (1) Wp = Z Wy Yy € Tu(S" Vv S"), wy is the uth basic product in S* vV S" and y,, € nm(Sh")for u=3,4,...,

u=3
and (2) Wq € 1,(§" v §™ v §" v §™) is

WQ = Z Cl)ll)m,
weW,

where w runs over all the basic Whitehead products in W, ¢, € 7'(17(517m ), and h,, is the height of the basic Whitehead
products w € Wh.

Proof. We prove the result for Wg. By Lemma 2.3, ¢ has the form stated in this theorem for some Wg €
mp(S" Vv §" v §" v §™) with priWg = 0 = proWg. Let x € @mem np(Shm) as in the proof of Lemma 2.4 and
ve @, - 7,(S"). Then, by using the Hilton’s theorem, we have

WQ = a1p1 + ﬁlpz + azp3 + ﬁ2p4 + X+ y

for p1, ps € ,(S") and p2, ps € TH(S™). By Lemmas 2.3 and 2.4, and by applying pr1, (and then pr;) on the
above equation, we get

0 =pr..Wg
= pri(a1p1) + pri(Bip2) + pri(aaps) + pri(Bapa) + pro.(x) + pri.(y)
=E&(m)p1 + EM)p2 +0+ 0+ 0+ pri.(y),

where £(n) : " — S" VvV §" and &(m) : S — §" V §™ are the inclusion maps. By the Hilton’s theorem,
Em)p1 = 0 = E(m)pz and pry,(y) = 0. Since the inclusions &(n1) and £(m) induce monomorphisms between
homotopy groups, we have p; = 0 = p,. Similarly, by applying pr,, on Wg, we have p3 = 0 = py.
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We now consider the case of basic Whitehead products in W;, namely,

[all ,81]/ [alr [all ,Bl]]/ [(XZ/ ﬁ2]/ [aZ/ [0(2, 52]]

and so on. By the Hilton’s theorem, and Lemmas 2.3 and 2.4, y € P
pr2.(y), and thus it has to be the following type

[Oél,ﬁllo + [0(1, [al,ﬁl]]O + ...+ [0(2,‘82]0 + [0(2, [(Xz,ﬁz]]o + ...,

np(shw) must satisfy pri.(y) =0 =

weWq

Therefore

WQ = Z wz,bw,

weW,

where ¢, € 11,(S"*), as required. The proof in the case of Wp goes to the same way. []

By [1, p. 1167] we can determine the number of comultiplications of a co-H-space. By using Theorem
2.5, we now get a concrete clue how to calculate the number of comultiplications as follows:

Corollary 2.6. The number of comultiplications of Y = S" v §™ v SP is

ﬁ (S x T T 1mp(8™).
u=3

weW,
By using the above results and the homotpy groups of spheres [16], we now provide an example.

Example 2.7. The cardinality of the set of comultiplications of S8 v 12 v §%7 is 512. Indeed, we let |C(Y)| be
the number of comultiplications of Y. Then |C(S® V §12 v §%7)| = |1127(5%)| X [1127(S°)| X |727(S¥) [ X [7127(S%)| X
[Tt27(5%2)[> X |m27(S?0)> X |moy(SZO)P x I X1 X ... =2X1x16X1X1x4x4x1x1x1x...=512.

3. Associativity on a wedge of three spheres

In this section, we concentrate our attention on the associative comultiplications on a wedge of three
spheres.

Definition 3.1. Let Y = 5" v §" v 5. We then define a comultiplication ¢ = ¢pg: Y = Y VY by

(PPrlen = 117 + bot,
(pRlem =S+ 1S+ R

Qpolsr = ut + 0t +Q,
where P = (r vV r)[i1, 2]y, y € mn(S* 1), and Q : S — Y V Y is a map such that g:Q = 0 = .Q.

We are especially interested in studying the homotopy classes Q € m,(Y V Y) in order to get some
information for the given comultiplication ¢ : Y — Y VY. We first consider the perturbations Q;,j =
1,2,...,5 of comultiplications ¢ = ¢r,j=1,2,...,5 constructed below, and then define a perturbation
Q € (Y VYY) of a comultiplication ¢ : Y — Y V Y by

in order to get some information about comultiplications, associative comultiplications, commutative co-
multiplications, and comultiplications which are both associative and commutative.

Notation In Sections 3 and 4, we will make use of the symbols a1, a, : " = YVY, &1,4,,43 : 5" = YVY VY,
B1,B2 : S™ = Y VY, and B1,B2,f3 : S" — YV Y VY to denote ui7, ior, I, o7, Is1, 115, 128, and I1s, Irs, Izs,
respectively.
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Definition 3.2. Forany homotopy classesa; € 1,(S*"™1), a2, a3 € 1,(S*"2), by € 7,(S*"1), by, b3 € 7,(S*"72),¢1 €
T,(S™ ), €0, 03 € T, (S™?172) and ¢y, 5 € 7,(5*""72), we define Q; € 7,(Y V Y) by

O = [51,52]111 + [51, [51,32]]112 + [52, [51,52]]113

+ay, azlby + [, [, @216z + (a2, [@1, A2]1b3
+[an, Boler + [an, [an, Ballea + [, [@1, B2]]cs

+[B1, [a1, Balles + [B2, [, Ballcs.
We then define a comultiplication ¢ = @pg, : Y = Y V Y by substituting Q; for Q in Definition 3.1.

Proposition 3.3. Let m < 2n—2and n < m < p < 8n —8. If the Hopf-Hilton invariants H}(x) = 0 = H2(y), where
x=ajbycifori=1,2,3,j=1,2,...,5and y = ay, by, c1, then ¢ = @p, is associative if and only if (1) m and n are
even,anda, = a3 =by =bs=cy=c3=c4=c5=0,0or Q) misevenandnisodd,a, =az3 =c, =c3 =c4 =¢c5 =0,
by = —bsand 3b, =0, or (3) mis odd and n is even, b, = bz =c; =c3 =c4 =c5 =0,a, = —azand 3a, =0, or (4) m
andnareodd,co =c3 =c4 =c5 =0,a, = —az, bp = —bz and 3a, = 0 = 3b,.

Proof. We recall that a necessary and sufficient condition for the comultiplication ¢ = @pg, to be associative
is that
J1oP + ((p V1)P = ]3P+ 1V (p)P

and

J1201 + (@ V 1)Q1 = J2301 + (1 V 9)Qs1.

It suffices to prove the second equation because P = [117, 7]y = 0. We compute [1,0Q;:

J12Q1 = Jio([Bu Balar + [B, [Br, Pollaz + [Ba, [, Pallas
+a, axlby + [y, [a, @2]1b2 + [, [(1, @2]]1b3
+a1, p2ler + [an, [a1, Ballca + [A, [@1, P2llcs
+[By, [a1, Bo]les + [Ba, [, Balles)

= [B1, Balar + [B1, [B1, Ballaz + [B2, [Br, Bllas
+[a, G]br + [y, [@1, Qo] b2 + [, [, A2]1bs
+[aq, Boler + [an, [dq, B2llea + [z, [d1, B2]lcs

+[B1, [&1, Balles + [Ba2, [aa, Ballcs.

We now compute (¢ Vv 1)Qx:

(pVv1DQ1 X R A

= [J129s, pslar + [J12gs, [J12ps, p3llaz + [B3, [J12¢ps, p3]1as
+[ 1291, O:CS]bl + Un2er, [J12@r, ééa]]bz + a3, []12@7’,?3]1173
+J12p1, Bsler + Unagr, Urgr, pallez + [@s, [J12p7, p3lles
";[flz(PAS, [J12§07, /33J]C4 + [ﬁ31 Ule(P?’,AﬁB]]%

= [p1 + P2, palar + [B1 + fo, [B1 + P2, fallaz
+[B3, [p1 + B2, B3llaz + [@1 + &2, 43101
+[a1 + Az, [ + Ao, &3]b2 + [43, [&1 + 2, A3]1D3
+[& + dz,ﬁs]clj' [d1 + &g, [d1 + 072,ﬁ3]]C2A
+[6:¥3, [a1 + 072,[3’3]]C3 +[B1 + P2, [d1 + &2, B3]y
+[p3, [a1 + &2, B3]]cs

= ([ﬁl,ﬁﬂ + [ﬁz,ﬁﬂ)ﬂl + ([ﬁlr [B1, Bsll + [B1, B2, B
+1Ba, [Bu, BTl + 12, 1B2, fall)az + (1B, [P, Bl
+[Bs, [32,33]])013 + ([1541,073] + [072,563])171

(I, (a1, as]] + [a, [an, @s]] + [A2, [, a5]]
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+[n, [z, 5]1)b2 + ([073, [a1, a3]] + [a3, [42, 43]])bs
([@1,ﬁ3] + [072,,33])61 + ([071, [a1, B3]] + [&1, [A2, Bs]]
+an, [, Bl + [, [, fall)ea + (185, [an, Bl
+[as, [072,53]])03 + ([ﬁll [@1, 1] + [B1, [, ]l
+[Ba, [, Bsll + [Ba, [z, all)ea + (Is, [an, Bl
+[Bs, [z, a]l)cs.

Since the Whitehead products such as [ﬁl, [ﬁz,ﬁg]], [&1, [0, A3]], [&1, [072,[33]] and [ﬁl, [072,/§3]] in the above
equations are not basic products, we need to change them into the basic products by using the Jacobi

identity [17, p. 478] as follows:

0 = (=1y" DIy, [fa, fsll + (=1)" 0 (B, [y, fis]]
HE1M DB, 1By, foll,

and
0 = (—1)”("1_1)[541: [A2, B3]] + (=1)"=D+m [y, [Ay, Bs]]
+(_1)m(n_1)[ﬁ3/ [dll &2]]

Similarly, for [&1, [&2, &3]] and [ﬁl, [Go, ﬁg]]. More precisely,

o oo [ B[Ry Bsll ~ [Bs, [fu fal]l formodd,
W“MM“{ [Ba, (1, Bl — [, [f1, f2]]  form even,

3]l = [d3,[@1,42]] fornodd,
1-1[as,[d1,42]] forneven,

—[as, [a1, ﬁs]] - [ﬁs [d1,42]] form,neven,
s A o ) Tlao[an, ﬁs]] + [ﬁ3 [&1,&;]] formeven, nodd,
(41,142, sl = —[dn, [41, ﬁg,]] + [ﬁ3 [@1,42]] formodd, neven,
+[aa, [41, B3]] — [B3, [G1,&2]]  form,nodd,
and o o
[42, [p1, Psl] = [B3, [f1, G211 form, neven,
5 ta 11— ) tlaz, [B1,Bsll = [Bs, [P1,42]] formeven, nodd,
BoldaBall =91, (b1, B311 + [B3,[pr, @211 formodd, neven,
+[&2, [p1, B3]] = [B3, [f1,A2]] form,nodd.

We now compute J>3Q; and (1 V ¢)Q;:

J23Q1 = B, Bslar + [Ba, [Ba, Bsllaz + [Bs, [Ba, Bsllas

+[aa, d3]by + [a2, [A2, 431102 + [d3, [42, 43]]b3

2, 53101 + [az, [a2, ﬁ3]]C2 + a3, [, B3]lcs
@2, Bllea + [Bs, [a2, Balles

‘u» Q)

+

and
1 \/A(P)Ql o A
= [B1, Jaspslar + [B1, [B1, Jspsllaz + [J2z@s, [51, Japs]las
+[ay, Ja@rlby + [a1, [&, J3r]lbz + [J2spr, [d1, J23¢r]]bs
+au, Jaapsler + [an, [&a, Jaspsllea + [Jazgpr, [, Jaaps]les
+[B1, [&1, J3psllcs + [J23¢s, [A1, J23@s]]cs
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= /§ ﬁAz +Al§3]l}1 4: [,31,A[,g1, [[;’2 + 53]]112

Bo + B3, [Br, P2 + Ballas + [a1, G + A3]by

ay, [&n, 8y + &3]]0y + [z + 3, [, G2 + G3] 103
ay, o + ,33]C1A+ [07}, [&1, B2 + ,33]]CZA X

A + &3, [&, B2 + Palles + [B1, [d1, p2 + B3llca

[B2 + B3, [d1, B2 + P5llcs
A1, ﬁzl + [P, Bal)ar + (IB1, [Bu, Bl + [Br, [, BallJaz

+

+[
+[a
[
[

++

Il
—

+([2, [Br, Pl + [Ba, [Br, Ball + [Bs, [Bv, Bl + 1B, [Bu, BallJas
+(1an, & 2l + i 1)1 + ([, [, o1 + [, [a, 4511 )b
+([az, I azn+[az [a, G511 + [, [an, Go]] + [, [an, G5]])bs
+<[ 0f1/,33])C1 + ([0(1, [a1, B21] + [&a, [&1, Ba]])c )

(S [al, Ball + [z, [, Ball + [, [an, fal] + (a3, [4a, Bal)cs
+([ﬁ1,[061,,32 1+ [B1, 41, B3] )

([ﬁz, [a1, B211 + [Ba, [, Bal] + [Bs, [d1, Boll + [Bs, [071,,33]])05

We now prove the following two cases since the other two cases are similar to the first two cases. We note
that (—1)x = —x + [1,1]H](x) = —x by the Hilton’s formula, where 1 is the identity map of a sphere. We also
observe that the following Whitehead products in (1) and (2) are all the basic products.

(1) If m and #n are even, then the equality [12Q1 + (@ V 1)Q1 = J23Q1 + (1 V ¢)Q; holds if and only if

0 =(-Ifs, [,311[?21])‘12 + (—[?13, [1541,?2]])172 + (= [ﬁs [d1, a2]])c2
+(=[az, [B1, f3]D)ca + [z, [A1, fallea + (= [B5, [B1, a2l)cs
=([B2, [B1, P31l + [B3, [P1, P21])az
—([a2, [, a3l + [&s, [41, G2]])Ds
—([a2, [&1, 1] + [as3, [@1, p2]])es
—([p2, [a1, B3]l + [Bs, [, P2]D)cs

= B3, [p1, P2]l(—a2 — a3) + [p2, [p1, B311(—a3)
+[as, [d1, A2]1(=b2 — b3) + [&2, [&1, A3]](=b3) .
+[Bs, [Oélraz]( c2) + A2, [011,,53 1(=c3) + [as, [a1, B2]1(—c3)
+[ao, [, ,33 1(=c4) + B, [ﬁl aa]1(=ca)
+[Ba, [, B311(ca — cs) + [Bs, [a1, Bal(—cs).

Thus ¢ is associative if and only ifa, =a3 =by =bs =y =c3 =c4 =¢5 = 0.
(2) If m is even and #n is odd, then the associativity of ¢ = ¢pg, holds if and only if

0 = (=[Bs [B1, Bz + 2[ar, [, G3]1b2 + (—[a3, (&1, &2]1)D2
+2[ay, [ﬁllﬁa]]cz + [ﬁ3:[(541,5¢2]]cz + [, [B1, Ballca
+(_A[,B3/A[,Bl,/\ &2]])&%\ + [/,\821/[@1/ ﬁ3]]C4
=([B2, [B1, B311 + [B3, [B1, P21Das
—([@2, [&n, A3]] + [&s, [d1, G2]])bs
—([a2, [&1, B3]] + [a3, [a1, p2]])es
—([B2, [@1, B3]l + [, 41, p2]l)es

= [Ba, [B1, pall(=a2 — a3) + [2, [f1, f3]1(—as3)
+[as, [&1, A2]1(=b2 = b3) + [&2, [41, &3]1(2D2 — bs3)

+[ay, [a, ﬁa]](zcz —c3) + ,33 a1, &a]cr
+as, [, B211(—c3) + [, [B1, ﬁ3]]C4
+[@ ﬁl ax11(—cs) + [B2, [a1, Bsll(cs — c5)
+[Bs, [a1, Bo1(—cs).

Thus ¢ is associative if and only ifa) =a3 =y =3 =c4 =c5=0,bp = =bzand 3b, = 0. O
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Remark 3.4. We note that if p < 4n — 4, then the conclusion of Proposition 3.3 holds because x and y are
suspensions by the Freudenthal suspension theorem [17] and thus the Hopf-Hilton invariants are trivial.

Definition 3.5. Let Q, be the sum of the maps

S o gm+2n-2 [az,[a1,B1]] XV X AVA

YVY

and

5 cr Gam+n-2 [B2/1a1,811] XV X AVA

YVY

for some ¢ and c7; that is,

Qz = [, [, Prllcs + [Ba, [, Prllcr,
and define ¢ = @pg, : Y — Y V Y by Definition 3.1.

Proposition 3.6. Let m < 2n—2and n < m < p < 8n — 8. If the Hopf-Hilton invariants H}(c6) and H}(67) are
trivial, then the comultiplication @ = @pq, is associative if and only if ce = ¢; = 0.

Proof. We compute J12Q> and [23Q»:
J12Q2 = Jia([@2, [31,[31]]% +[B2, [0(1,51 Ie7)

= &z, [&1, B1llcs + [Ba, [1, falles
and X X X
J23Q2 = [a3, [d2, B2]]cs + [B3, [d2, B2]]cs.
We now compute (¢ V 1)Qy:
(Vv 1)Q =Ias, [Ji2gr, Jopsllcs + [Bs, L1207, Ji2sller
= [a3, [J2(an + @2), J12(B1 + B2)1lcs
+[Bs, [12(@1 + @), ]12(ﬁ1 +ﬁ2) c7

= [as, [ + Oéz,ﬁl + Balles + [Bs, [@1 + @a, p1 + falles
= (143, [, a1 + [as, [an, fall + (=)™ (a3, [f, o]
+[as, [az,ﬁzn)c6 + (IBs, L1, Bl + [Bs, [aa, fo]]
+(=1)""B3, [B1, &211 + [Bs, Oéz,ﬁz]])c%
Similarly, A o .
AV @)Q =[d+ as,[a1,p1]llcs + [B2 + B3, [d1, f1]lcr
= (182, [, 111 + [, [an, Ball)cs
(IB2, [, Br1l + [Bs, [, prll)es
Thus g is associative if and only if

0 = [as,[a1,Bollcs + (—1)"™[as, [B1, d2llcs

+[Bs, [a1, Bollc7 + (=1)™[Bs, [B1, d2]lcs.

We note that the above Whitehead products are all basic products. From the Hilton’s theorem, we conclude
that the associativity of ¢pg, holds if and only if cs = cy; =0. I

Definition 3.7. Let Q3 be the sum of the maps

cs [B1,la1,a2]] AVA

P ——————— gmran=2 XvX YVY
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and

Co [B2,[a1,2]] AVA

S ———— gmrm=2 XvX YVY

for some cg and cy; that is, . .
Qs = [B1, [a1, @z]lcs + [B2, [a1, @2]]co,

and define ¢ = ppp, : Y — Y V Y by Definition 3.1.

Proposition 3.8. Let m < 2n—2and n < m < p < 8n — 8. If the Hopf-Hilton invariants H}(cs) and Hj(co) are
trivial, then the comultiplication @ = @pq, is associative if and only if cg = cg = 0.

Proof. We compute [1,Q3:
J2Qs = (B, [a1, @2lcs + [Ba, [, da]]eo)
= [B1, [a1, &2]lcs + [B2, [&1, A2]]co.
Similarly,
J23Q3 = [B2, [2, 43]lcs + [B3, [z, A3]]co.
We now compute (¢ Vv 1)Qs:

(Vv 1Qs = 1[Jigs, [Jigr, asllcs + [Bs, [J121, d]lco
= Ulz(ﬁl +B2), [Ji2(@1 + @), @s]lcs
AﬁSr ]12(“1 + a2), &3]]co X
= [B1 + P2, [@1 + &2, As]]cs + [Bs, [d1 + a2, A3]]cy

= ([By, [an, as]1 + [P, [z, as]] + (B2, [, G511
+[B2, [2, 5&3]])C8 + ([,33, [a1, a3]] + [Bs, [072,563]])@-

Similarly,
AV Q)Qs =B, [d1, a2 + aslles + [B2 + B3, [a1, &2 + d3]]co
= (11, [an, @]l + [y, [, asll)es + (IBa, [4a, o]

+[Ba, [, as]] + [Bs, [a1, @211 + [Bs, [, as]] co.

Since [ﬁl, [@2, &3]] is not a basic product, by using the Jacobi identity, we write it as a sum of basic products

as follows:
form, neven,

]
] formeven, nodd,
]
|

+

[B1, [z, 43]] =

formodd, neven,
form,nodd.

+

Rn) T
<
>
N

& [,31,063]] + [a3,
+[ao, [Br, as]] - [4s,

(1) If m and #n are even, then @p, is associative if and only if

—[aa, [p [
[&2 [ﬁ1/a3]] —[as, [
[ [B1
[a [

0 =(~laz, [B1, asl] - [as, [Py, @21l + [Ba, a1, as]1)cs
(B2, [ar, @311 + [Bs, [, a2l o
= [ay, [B1, a3]](=cs) + [a3, [B1, @2l1(—cs) + [B2, [&1, d3]]1(cs — co)

+[Bslar, aa]1(—co).

(2) If m is even and n is odd, then the associativity holds if and only if

0 = ([a2, [B1, as]l - [, [B1, do1l + [B2, [a1, dall)cs
~(1B2, [, as]1 + [Bs, [an, aall)co
= [z, [B1, a3l1(cs) + [a, [B1, d211(—cs) + [B2, [, d3]1(cs — o)

+[Bs[a1, da]](~co).

Since the above Whitehead products in (1) and (2) are all basic products, ¢ is associative if and only if
cg = cg = 0. Similarly, the other cases could be treated by using the same method. O
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Definition 3.9. Let Q4 be the map of compositions

‘10 G2m+n=2 [a2,[B1,B1] AvA

e XvX YVY

for some cyp; that is, o
Q4 = [az, [B1, B2]]c10,
and define ¢ = @pg, : Y — Y V Y by Definition 3.1.

Proposition 3.10. Let m < 2n—2andn < m < p < 8n — 8. If the Hopf-Hilton invariant Hi (c10) is trivial, then the
comultiplication ¢ = @pg, is associative if and only if ¢19 = 0.

Proof. We compute [1,Q4 and (¢ V 1)Qq:

J12Qu = Jiol@z, [B1, B2llc1o = [&2, [B1, B21lc10

and
(vDQs =(pVDia, [,31_, ,321]610 = [as, [Jags, ﬁg]]{lo
= [@3, [J12(B1 + f2), Pallcro = [@3, [f1 + P2, fallcro
= [as, [p1, 3llcro + [@s, [B2, f3llcio-
Similarly, we have
J23Qu = Jslaa, [B1, Ballcio = [&3, [B2, Bsllcio
and .
AVve)Qs =Q1Voela, [ﬁ_lfﬁz]]cm = [xor, [B1, J23ps]Icio
= [Jas(@1 + a2), [P1, J23(B1 + B2)lero
= [& +A5¥3,A[,31,ﬁ2 + ﬁ3]]C}0 X
= [z, [B1, p2]lcro + [a2, [B1, P3]lcro
+[as, [B1, B2llcio + [as, [B1, f3llcio.

Thus the associativity holds if and only if

0 = [az, [B1, B311(=c10) + [d3, [B1, B211(—cr0).

We note that the above Whitehead products are basic products. Therefore, ¢ is associative if and only if
ci0=0. O

Definition 3.11. Let Q5 be the sum of the maps

Sp 4 gm+n=1 P12l XV X _AvA YVY,

gp dp gamen-2 [B1.[p1,a2]] XV X AVA YvVY,

5 d3 gm+2n-2 [az,[B1,a2]] XV X AVA YVY
and

I dy Gamn—2 [B2,[B1,a2]] XV X AVA YVY

for some dq,d>»,d; and dy; that is,

Qs = [p1, aldr +[B1,[B1, a2]1d2
+[@o, [B1, a2llds + [B2, [B1, A2llda,

and define ¢ = ppg, : Y — Y V Y by Definition 3.1.
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Proposition 3.12. Letm < 2n-2andn < m < p < 8n—8. If the Hopf-Hilton invariants H} (d1), H2(d1), H; (d2), H} (d3)
and H}(dy) are trivial, then the comultiplication ¢ = @p, is associative if and only if dy = d3 = d4 = 0.

Proof. We compute [1,Qs:

J12Q5 = ]12([51,672]111 + [B1, [B1, a211d2
+[a, [Br, @ 1lds + [Ba, B, d21lds)

= [ﬁ]i@z]fh +[B1, [B1, a2llda + A2, [B1, G2]1d5
+[B2, [p1, d2]1ds.

Similarly,

JQs = [[321073]971 + (B2, [B2, a311da + [@3, [B2, 43]1d5
+[B3, [p2, A3]1ds.

We now compute (¢ V 1)Qs:

(Vv 1)Qs =[]Ji2ps,azldi + [J12¢s, [112@51 &3]]d>

+[as, [J2s, asllds + [Bs, [J12¢0s, A3]1ds

= [Ji2(B1 + B2), dsldr
+[J12(B1 + B2), 12(B1 + B2), as]ld2
+[as, []12(51 + Ba), asl] ds + [Bs, []12(51 + B2), As]lds
=[B1 + ﬁz 013]d1 +[B1 + B, [B1 + B2, a3]1d2
+[as, [B1 + B2, a3)lds + [Bs, [B1 + B2, d3]1ds

= ([,31,073] + B2, 073])011 + ([ﬁlf [B1, a5]]
+[B1, 1B, 311 + (B2, [B1, 4]l + [Ba, [B2, a1l
+(1as, 11, as]] + [a3, [B, a3]1)da

+(1Bs, 11, asll + [Bs, B, as1l)da.

We need to change the non-basic product [f1, [2, 3] into basic products by using the Jacobi identity as
follows:

(1" D[Ry, [Bo, a3]] = —(—1)m("l_1)+m"[ﬁg, [@1,&3]]
—(=1)""=D[as, [B1, B11.
We note that the Whitehead products on the right-hand side in the above equation are both basic products.
Similarly,
1V @)Qs [[31,]23(pr]d1 +[B1, [B1, Jspr]lda
+ 231, [B1, Jsprllds + 23 s, [B1, Jospr]lds
= [B1, Jos(@1 + @)ld1 + [B1, [B1, Jos(@1 + a2)]ld>
+Hos(@ + @), [El Jaz(@1 + az)]lds
+AUz3(ﬁ1 + B2), [ﬁl;]23(f71 + ay)]ldy
= [p1, G2 + &sldy + [1, [P1, A2 + &3]]d2
+[6:Y2 +ds, [El,&z + as]lds
+[p2 + p3, 1, G2 + d3]]ds
= ([ﬁAl,OAéz] + [ﬁlﬂ%])dl
([ﬁl [Br, a1l + [B1, [B1, 543])
([042 [B1, d2]] + [, [B1, @)1 + [@3, [Br, A2]]
[a3
(B3

+

+

[Br asll)ds + ([Bz, [Br, a2l + [Bo, [P, a5l
[B1, o]l + [Bs, [P, a1 )da.

+
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We now find the conditions for the equation

J12Q5 + (@ V 1)Qs = J23Q05 + (1 V 9)Qs

to be satisfied. We also note that the following Whitehead products in (1) and (2) are all basic products.
(1) If m is odd and # is even, then @p, is associative if and only if

0 = [B,[f1, asllda + [a3, [B1, p2llda + [Ba2, [B1, &3]1d2
(102, 11, sl + [as, B, aa1)ds
~(1B2, IBr, asl] + [Bs, B, dall)ds
= [as, [@1,321]5& + [d2, [ﬁAL&As]](A—%) +[a, [B1, d211(—da)
[52, [B1, &3]1(2d2 — da) + [B3, [B1, A211(—d4)

(2) If m and n are odd, then the associativity holds if and only if

0 =I[B,[f1, asllda + (=[as, [B1, B21)da + [Ba, [B1, d3]1da
(182, 11, as]] + [a3, [By, aall)da
( (B2, [B1, 4311 + [Bs, [31,@2]])014

= [as, ﬁl,ﬁz 1= d2)+[a2,[51,a3]]( ds) + [a3, [B1, a2]1(—ds3)
(B2, [B1, as112da — dy) + [Bs, [B1, Gl(—da).

Thus ¢ is associative if and only if d, = d3 = d4 = 0. Similarly, the other cases could be proved by the same
way. O

We now consider the sum of the perturbations Q;,j = 1,2,...,5 defined above in order to investigate all
the comultiplications on a wedge of three spheres completely in a certain range as follows:

Definition 3.13. Let Q be the sum of the perturbations Q1, Q», ..., Qs; that is,

Q=Y2,Q =I[Bi, B2l + B, [Br, Bllaz + [Ba, [Br, Bollas
+ay, azlby + [, [071,972]]172 + a2, [5¥1,_C_V2]]b3
+an, Boler + [, [, Bollea + (@2, [a1, Bo]lcs
+[ﬁl,[0é1,ﬁ2]]c4 + [B2, [a1, Bolles + [, [a, Pallcs
[32, [a1, Biller + [Br, [, @2lles + [Ba, [, Az]lco
+az, [B1, f2llcro + [B1, @zldr + [B1, [Br, d2]ld>
+a, [B1, @2]lds + [B2, [B1, &2]1ds,

and define ¢ = ppgo : Y — Y V Y by Definition 3.1.
The following is one of the technical results in this paper.
Theorem 3.14. Let m < 2n—2,n < m < p < 8n — 8 and let the Hopf-Hilton invariants Hy(x) and H2(y)

be trivial, where x = a; b, c;,dy fori = 1,2,3, j = 1,2,...,10, k = 1,2,3,4 and y = ay,by,c1,dy. Then the
comultiplication @ = @pg is associative if and only if (1) m and n are even, ay = a3 = by = bz =c3 = ¢ =dy =0,

C4 =C =¢C = —Cyg = dp and —c; = ¢cg = ¢c9 = —dz, or (2) m is even and n is odd, a, = a3 = dy = 0,
C4 =C5=Cy=cCy=4dy by =—-b3,30, =0, c3 =cg =2d3 and c; = cg = cg9 = ds, or (3) m is odd and n is even,
by=bs=c3=c=0,a,=—a3,3a0=0,c0 =cg =¢c9g =d3,c4 =¢5 =y =c190=dyand dy = 2c4, or (4) mand n
are Odd, a; = —das, bz = —b3, 302 =0= 3[92, C)p = —Cg = —C9g = —d3, 2C2 =C3 =C¢,C4 =C5 =Cy =C10 = —dz and
2dy = dy.

Proof. To prove this theorem, we will make use of the previous results from Propositions 3.3, 3.6, 3.8, 3.10
and 3.12. We also note that following Whitehead products in (1), (2), (3) and (4) are all the basic products.
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(1) If m and n are even, then the equality [12Q + (@ V 1)Q = J23Q + (1 V ¢)Q holds if and only if
0 =1[Bs [B1, P2ll(—a2 — a3) + [B2, [B1, B311(—a3)

+[as, [&1, &2])(=b2 = b3) + [z, [41, 43]1(=D3)

+[ps, [an, &2]l(=c2 = c9) + [z, [, p3]1(=c3)

+[ffé3, [lfq,ﬁz]](—% +c6) + [, [ﬁ},ﬁSH(jQ —C10)
+[Ps, [P1, Aall(=ca + ¢7 — da) + [f2, [, f3]1(cs — c5)
+[Bs, [&1, Pa]l(=cs5 + ¢7) + [as, [B1, Aall(c — cs — da)
+[az, [B1, &3]1(—cs — d3) + [B2, [@1, &3]](cs — c9)

+[as, [B1, fa]l(=d2 — c10) + [B2, [B1, d3]1(~da).

Thus ¢ is associative if and only if ap = a3 = b, = b3 =c3 =c6 =dy =0,¢c4 = 5 = ¢y = —c19 = dp and
—Cy) =(Cg =C9g = —d3.
(2) If m is even and n is odd, then the associativity of the comultiplication ¢ = ¢pgo : Y — Y V Y holds if
and only if
0 =1[Bs [B1, p2)l(=a2 — as) + [Ba2, [B1, B311(—as3)

+az, [&1, G2]1(=b2 = b3) + [&2, [41, &3]1(2D2 — b3)

+[ay, [071,@3]](202 —c3) + [B3, [OA@,OAQ](CZ —C9)

+az, [&1, p2](=c3 + ¢6) + [2, [p1, f3ll(ca = cr0)

+[B3, [p1, d2]l(=ca + ¢7 = da) + [2, [41, P3ll(ca = ¢5)

+[Ps, [an, pall(=cs + ¢7) + [@3, [f1, Aa]l(ce — s — da)

+[az, [B1, d3]l(cs — d3) + [p2, [&1, A3]1(cs — co)

+[as, [B1, Ba]l(d2 — c10) + [Ba, [B1, ds]1(—da).

Thus (2 is associative if and only if ay = a3 = d4 = 0, Cyg =C=Cy=C0= dz, bz = —bg, 352 = 0, C3 = Ce = 2d3
and ¢; = cg = ¢9 = d3.
(3) If m is odd and # is even, then the comultiplication ¢ = @pg is associative if and only if

0 = 1[Bs,[f1, fall(=az — a3) + [Ba2, [p1, Ba11(2a2 — a3)
+[a, [&n, Aa]1(=b2 = bs) + [&2, [, A3]1(=D3)
+aa, [a1, P3]l(=c3) + [P, [d1, &2]](c2 = co)
+[0:43, [éll,ﬁz]](—% +c6) + [d2, [,31,,33]1(04 —¢10)
+[Ps, [P1, Aall(ca + c7 = da) + [p2, [&1, P3]l(ca = ¢5)
+[B3, [(%1,,32]](—% +c7) + [073, [p1, &2]1(ce + cs — d3)
+aa, [pr, as]l(cs — ds) + [z, [@1, &3]](cs — co)
+[B2, [p1, 43]1(2d> — dy) + [&3, [B1, p211(d2 — c10)-

Thus ¢ is associative if and only if bp = b3 =c3 =c6 =0,a0 = 3,30, =0, cr =cg =c9g =d3, c4 =¢5 =7 =
Cl0 = dz and d4 = 2C4.
(4) If m and n are odd, then the given comultiplication is associative if and only if

0 =[5 [p1, foll(—a2 — a3) + [B2, [B1, B511(2a2 — a3)
+[as, [1561,6}2]](—172 - b3) + Lﬁlz, [a1, 43]1(2b2 — b3)
+ag, [&1, p3]1(2c2 = c3) + [, [41, Aa]l(=c2 = c9)
+[f}3, [tfq,ﬁz]](—% +c6) + [, [ﬁ},ﬁs]](cg —c10)
+[B3, [B1, Q2ll(=ca = c7 = dy) + [f2, [, B3]](ca — cs5)
+[B3, (a1, fall(=c5 + ¢7) + [&s, [B1, Qall(=C6 — s — d3)
+a, [p1, &sll(cs — d3) + [Pa, [A1, &s]](cs — o)
+[p2, [B1, a3]1(2d2 — dy) + [&3, [p1, f2]1(=d2 — c10).

Thus ¢ is associative if and only if a, = —a3,3a;, = 0,0, = =b3,3b, = 0, c; = —cg = —c9 = —d3, 22 = c3 = cg,
Cg =C =C7=C0= —d2 and 2d2 = d4. O
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Let A(Y) be the set of homotopy classes of associative comultiplications on a co-H-space Y and let |S| be
the number of elements in a set S. Then we have the one of the main theorems in this paper as follows:

Theorem 3.15. Let m <2n—-2,n<m<p<4n—4andletY = S5" v S Vv SF. (1) If m and n are even, then

AW = 17,(S7 )] X [ (S X (8™ 1P X [, (S22
Xlnp(sm+2n72)|'

(2) If m is even and n is odd, then

AN = (S X |7,(S* )| X | {b € 1,(S*2)] 3b2 = 0}
X|np(sm+n—1)|2 X Inp(sm+2n—2)| X Inp(52m+n—2)|.

(3) If m is odd and n is even, then

MM = (S DI X [y (S~ X [ {az € 7,(S2)| 3a, = 0}
X|7Tp(5m+"_1)|2 X |np(5m+2n—2)| X |np(52m+n—2)|'

(4) If m and n are odd, then

|‘?{(Y)| = |np(52m_1)| X |7-[p(52n_1)| X | {uz c np(s3m—2)| 3a2 — O}l
Xl {bz [S ﬂp(S3n—2)| 3b2 = 0} | X |np(sm+n—1)|2
Xlnp(sm+2n—2)| X |np(52m+n—2)|'

Proof. Since every comultiplication has the form in Definition 3.13, by Theorem 3.14, the result follows. [

Example 3.16. The set A(S* v S° v S'2) is infinite, and |A(S® v S'% v §¥)| = 32. Indeed, |A(S® v S'2 v §%)| =
[7127(5%3)| X |1127(S')| X |1127(S™)> X |1127(S%0)| X |m27(5%0)| = 1 X 1 x 16 X 1 X 2 = 32, and similarly for the other
case.

4. Commutativity

We recall that ¢ = @po : Y — Y V Y in Definition 3.1 is commutative if and only if TP = P and TQ = Q.
We also note that Tiy = 1 and Tip = 11, where T: Y VY — Y V Y is the switching map.

Proposition 4.1. Let ¢ = @pg, : Y — Y VY be the comultiplication in Definition 3.2. Then, under the same
hypotheses of Proposition 3.3, ¢ is commutative if and only if (1) m and n are even, a; = a3, b, = bz and ¢; = 0
fori=1,2,...,5 or (2) m is even and n is odd, a; = a3, by = —b3,2by = 0and ¢; = 0 fori = 1,2,...,5, or
(8) m is odd and n is even, a = —az, by = b3,2a0 = 0and ¢; = 0 fori = 1,2,...,5, or (4) m and n are odd,
ay = —a3, by = =b3,201 =0=2byand ¢; =0fori=1,2,...,5.

Proof. Since
Q1 = [B1, f2lar + [B1, [B1, B2llaz + [B2, [B1, B21las
+ay, arlby + [, [, @216z + (a2, [@4, A2]1bs
+la, Baler + [, [, Bllez + (@2, [, B2les
+[B1, [a1, B2llca + [Ba, @1, Ballcs,
we have o L L
TQ1 =B, pilar + [B2, [B2, B1llaz + [B1, [B2, B1llas
+az, a1 1by + [@z, [z, aa]1b2 + [@, [@2, 211103
+@, Prler + [@, [@2, Prllez + [, [@2, Billes
+[B2, [z, B1llca + [B1, [@2, B1llcs
= (=1)"[By, Balar + (1) [Ba, [B1, Ballaa
+(=1)"[B1, [B1, Ballas + (=1)" [a1, @2]b1
+(=1)" [, [@, @]lby + (1) [ay, [@, @]]bs
+(=1)"™[B1, @2ler + (=1)""[@z, [B1, @2]le2
+(=D™ @, [Br, dnlles + (=1)"[B2, [B1, @2]les
+(=1)""[B1, [B1, @2]]cs.
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We note that the Whitehead product [a1, [B1, @] in the above equations is still not a basic product. We need
to change it into the basic product by using the Jacobi identity as follows:

(-1y"V[ay, [B1, @] = —(=1)"=Dr Gy, (a1, ]
—(=1)""D[ay, [, f1]]-

By using the basic products on the right-hand side of the above equation, we see that the following
Whitehead products in (1) and (2) are all basic products. We recall that

(=[B1, B2l)a1 = [B1, Bol(-Dar = [, Bo)(—an + [1, 1]H](a1))

by the Hilton’s formula.
(1) If m is even and n is odd, then

Q1 =TQ1 = [p1,[B1, f2]l(a2 — a3) + [B2, [B1, B211(a3 — a2)
+[a1, @2](2b1 — [1, 1]H] (b))
+a, (@, a2]1(02 + bs) + [@2, a1, @2]1(bs + b2)
+a, Boler + [, [y, Bollez + [@2, [, Bolles
+[B1, [, Bolles + [B2, [, Ballcs
+[B1, d2](=c1) + [z, [B1, A2]1(—c2)
+[p1, [, @21l(=c3) + [z, [@1, B1]1(=c3)
+[B2, [B1, @2]1(—ca) + [B1, [B1, @2]1(—c5)-

Since the Hopf-Hilton invariant H%(b1) is trivial, ¢ is commutative if and only if a, = a3, b, = —b3,2b; = 0
andc;=0fori=1,2,...,5.
(2) If m and n are odd, then

Qi -TQ1 =[h Lﬁz]gzﬁ = [1,1]H}(a1)) + [@1, @2](2b1 — [1, 11H; (b1))
+[B1, [B1, B21l(az + az) + [B2, [B1, P21l(az + a2)

ay, a1, a2]](ba + b3) + [@, [@1, @2]](b3 + b2)

a1, Boler + [aa, [@1, Bollez + [an, [, B2lcs

[
[
[B1, [, B2]] C4 + [B2, [a1, B2llcs
[
[
[

+ + + + +

B1, daler + (a2, [B1, daller
+[B1, [a1, @xlles + [z, [, B1]l(—c3)

B2, [B1, @2llca + [B1, [B1, dzlles.

+

Since the Hopf-Hilton invariants H} (a1) and H%(b1) are trivial, ¢ is commutative if and only if a, = —a3,b, =
—=b3,2a1 = 0,2by =0and ¢; = 0 fori = 1,2,...,5. Similarly, the other cases could be proved by the same
method. O

Proposition 4.2. Let ¢ = @pg, : Y — Y VY be the comultiplication in Definition 3.5. Then, under the same
hypotheses of Proposition 3.6, ¢ is commutative if and only if cs = c; = 0.

Proof. From Q, = [@, [a@1, B1llce + [B2, [@1, B1llc7, we have
TQ, = [y, [d2, B2llcs + [B1, [z, B21lcy.

Since TQ, consists of two non-basic Whitehead products, we need to change them into the basic product
by using the Jacobi identity as follows:

(-1)"en=Dlay, [@, f2]] = —(—1)"("_1)”'?1[542, [a1, Ba]]
—(=1)"=D[By, [, 2]

and . . , o
(1" V[By, [@z, foll = —(=1)"" "V [ay, [B, o]
_(_1)’n(n_1) [ﬁZI [ﬁl/ 5[2]]
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We recall that (-1)c; = —c; + [1,1]H}(c;) = —c;j, for j = 6,7.
(1) If m and n are even, then

Q-TQy, =lay, [071,31]]% + [ﬁ_zi[@h,gl]]@
+[ao, [, B2llce + [B2, [@1, A2]lcs

+[ay, [B1, Baller + [B2, [B1, @2lley.
(2) If m is odd and # is even, then
QD -TQ, =lay, [071,ﬁ_1]]C6 + B2, [, Billes

+[ay, [@1, B2llce + [B2, a1, az]1(—c6)

+[az, [B1, B211(=c7) + [B2, [B1, @211(—cy).

Since the above Whitehead products in (1) and (2) are all the basic products, ¢ is commutative if and only
if ¢ = cy = 0 in any case. Similarly, we obtain the same result for the other cases. [J

Proposition 4.3. Let ¢ = @po, : Y — Y V'Y be the comultiplication in Definition 3.7. Then, under the same
hypotheses of Proposition 3.8, ¢ is commutative if and only if (1) n is even and cg = c9, or (2) n is odd and cg = —cq.

Proof. Since Qs = [B1, [@1, @2]lcs + [B2, [@1, @2]lco, we have
TQs =IB, [lzlz,_@l]]Cs + [B1, [da, 071]109_
= (=D [Ba, [a1, az]les + (=1)" [B1, [@1, a2]]co.

If n is even, then ) )

Q3 = TQs = [B1, [@1, @2]](cs — c9) + [B2, [@1, @2]1(co — cg).
In case that 7 is odd, we obtain

Qs — TQs = [B1, [@1, @1l(cs + o) + [B2, [@1, @2]1(co + cs).
Since the right-hand side of the above equations are basic products, we complete the proof. [

Proposition 4.4. Let ¢ = @pg, : Y — Y VY be the comultiplication in Definition 3.9. Then, under the same
hypotheses of Proposition 3.10, ¢ is commutative if and only if c1o = 0.

Proof. We note that Q4 = [az, [B1, B2]]c10 and
TQs = [, [B2, 1llcro = 1" [a, [B1, B211c10-

Since the last term is not a basic Whitehead product, we change it into the basic products as follows:
(=1 Dlay, [Br, foll - = —(=1)y" =D [By, [y, o]
—(=1)™m=D[B,, [a1, B1]]-
Therefore, by considering the equation Q4 — TQ4 = 0, we complete the proof. [

Proposition 4.5. Let ¢ = @po, 1 Y — Y V Y be the comultiplication in Definition 3.11. Then, under the same
hypotheses of Proposition 3.12, ¢ is commutative if and only if dy = dy = d3 = ds = 0.

Proof. We compute Qs and TQs as follows:
Qs = [B1, axldy + [B1, [Br, 2llda + [@2, [B1, @211d5 + [Ba, [B1, A2]lds

and
TQs =[P, ldr + (B2, [Bo, aallda + [, [B2, 1 ]1d3
+[B1, [B2, A1]lda ) )
= (=1)"™[aq, Boldr + (=1)""[B2, [a1, B211d>
+(=1)""[a, [, B211d3 + (=1)""[B1, [@1, Bo]1ds.

By considering the equation Qs — TQs = 0 again whose terms consist of basic Whitehead products, we
complete the proof. [
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The following is the technical result in this section.

Theorem 4.6. Let ¢ = @po : Y — Y VY be the comultiplication in Definition 3.13 and let m,n and p have
the range as in Theorem 3.14 with the same hypotheses on Hopf-Hilton invariants. Then the comultiplication
@ = @pq is commutative if and only if (1) m and n are even, ay = az, by = bz, c3 = c6 =0, c1 = dy,c0 =

ds,c5 = do,c; = —C10,C8 = Cg and dy = c4 — ¢7, or (2) m is even and n is odd, a; = as, by = —b3,2b; = 0,
3 =¢ =0,c10 =dy,c0 =ds,c5 = dy,c; = cr9,68 = —Cg and dy = c4 — ¢7, or (3) m is odd and n is even,
ay = —a3,b2 = b3,2ﬂl = 0, C3 = C = 0, 1 = dl,Cz = d3,C5 = dz,Cg = C9,Cy = C10 and Cy+Cy = d4, or (4) m and
n are Odd, ap = —113,b2 = —b3,2(11 =0= 21?1, C3 = Cg = 0, 1 = —d1,C2 = —d3,C5 = —dz,Cg = —C9,C7 = C10 and
—C4 —C7 = d4.

Proof. By using the results of Propositions 4.1, 4.2, 4.3, 4.4 and 4.5, especially concentrating on the basic
products, we prove the theorem. We can see that the following Whitehead products in (1), (2), (3) and (4)
are all the basic products.

(1) If m and n are even, then @pg is commutative if and only if

0 = I[B1,[Br, B21l(az — a3) + [B2, [B1, P2]1(a3 — a2)
+a, [, @2]1(b2 — b3) + [@2, a1, @2]1(bs — b2) _
+a, Bol(cr — dv) + [, [, B2]l(c2 — da) + [z, [, B211(c3 + co)
+[B1, [an, Ba1l(ca — da + c10) + [B2, [@1, B2]l(c5 — d2)
+[p1, @2](=c1 + d1) + [z, [B1, A2]I(=c2 + d3)
+[pr, [, @2]l(cs + s — c9) + [z, [, B1]1(c3 + co)
+[p2, [B1, A2)l(=ca + dy + ¢7) + [B1, [B1, @2]l(=C5 + d2)
+[B2, [, Pll(c7 + c10) + [B2, [, Aa]]ce
+[az, [B1, p211(c7 + c10) + [B2, [@1, @2]1(co — cs).

Thus ¢ is commutative if and only if a, = a3, b, = b3, c3 =c6 =0, 1 =di,¢2 = ds, c5 = da, ¢7 = —C10,68 = Co,
and d4 = C4 — C7.
(2) If m is even and #n is odd, then the equality Q = TQ holds if and only if

0 =1 [B1, B2ll(a2 — a3) + [B2, [B1, B211(a5 — a2)
+[a1, @2](2b1 - [1, 1]H] (b))
+[ay, [@, @2]1(02 + ) + [, [, @2]](bs + b2) .
+a, Bol(cr — dv) + [an, [an, Ball(c2 — d3) + [@2, [, B2]1(c3 — co)
+[B1, [an, B21l(ca — da — c190) + [B2, [@1, B2]l(c5 — d2)
+[B1, @2](—c1 + d1) + [z, [P, @2]l(—c2 + d3)
+[p1, [, @21l(—c3 + cs + co) + [z, [@1, P1]1(—c3 + C6)
+[B2, [B1, A2]l(=ca + dy + ¢7) + [B1, [B1, @2]l(—C5 + d2)
+[B2, [&1, B111(c7 — c10) + [B2, [@1, @2]1(—c6)

+[az, [B1, B211(=c7 + c10) + [B2, [@1, @2]1(cs + co).

Thus ¢ is commutative if and only if a, = a3,b, = =b3,2b1 = 0,c3 =c6 =0, ¢c1 = dy, 00 = dz, 05 = do, 07 =
C10,C8 = —C9, and d4 =C4 —Cy.
(3) If m is odd and # is even, then the commutativity of ¢pg holds if and only if

0 =B, plar ~[1,1]H (@)
+[B1, [B1, 211(az + a3) + [B2, [B1, f2]1(a3 + a2)
+[a, [a1, @2]1(02 = b3) + [A2, [d1, @2]1(bs — b2) _
+a, Bol(cr — dv) + [an, [an, Ball(c2 — d3) + [@2, [, B2]1(c3 + co)
+[B1, [an, B21l(ca — da + c10) + [B2, [@1, B2]l(c5 — d2)
+[B1, @2](=c1 + d1) + [z, [P, @2]I(—c2 + d3)
+[p1, [, @2]l(—c3 + s — o) + [z, [@1, B1]1(c5 + co)
+[B2, [B1, @2ll(—cs + da — c7) + [B1, [B1, 2]l(—C5 + da)
+[B2, [, B1ll(e7 — cr0) + [B2, [, @2]1(—co)

+[an, [B1, B2ll(—c7 + c10) + [B2, [a1, d2]l(co — cg).
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Thus ¢ is commutative if and only if a, = —a3,b, = b3,2a1 = 0,c3 =c6 =0, ¢1 = d1,c, =dz,¢5 = da,c3 =
C9,C7 = C10, and Cqy+C7 = d4.
(4) If m and n are odd, then the given comultiplication ¢pg is commutative if and only if

0 =[B1,fol@m — [1,11H](a1)) + [a1, G21(2by — [1, 11H] (b))
+[p1, [B1, P2ll(az + as) + [B2, [B1, f211(a3 + a2)
+[ay, (@, @2]1(b2 + b3) + [z, [a1, @2]](bs + b2) B
+ay, Bol(cr +dv) + [a, [an, Bo]l(c2 + da) + [z, [, B211(c3 — co)
+[pr, [, B2ll(ca + da + c10) + [B2, [, B211(cs + dz2)
+[p1, @2](cr + dv) + [A2, [B1, A2])(c2 + da)
+[pr, [, @2]l(es + cs + co) + [z, [a1, fr]l(=c3 + co)
+[B2, [B1, a2ll(cs + da + c7) + [B1, [Pr, A2l(cs + da)
+[B2, [, Pll(c7 — c10) + [B2, [, Aa]]ce
+[ay, [B1, B211(=c7 + c10) + [B2, [@1, @2]1(co + c3).

Thus ¢ is commutative if and only if a, = —a3,b, = —=b3,2a1 =0 =2by,c3 = ¢ =0,c1 = —dy, 02 = —d3, ¢5 =
—dz,Cg = —C9,C7 = C10, and —C4 — Cy7 = d4. O

Let CO(Y) be the set of homotopy classes of commutative comultiplications on a co-H-space Y =
§"v §™ v SF. Then we have the following main theorem in this section.

Theorem 4.7. Let m <2n—2andn <m < p < 4n —4. (1) If m and n are even, then

ICOMY)| = Imp(S*" I X |1, (SP1)] X 71, (S3™2)| X |72,(S*"2)]
Xlnp(sm+n—1)| X |np(52m+n—2)|3 X |7_Cp(Sm+2n—2)|2‘

(2) If m is even and n is odd, then

|COY)| = |np(521n—1)| x| by € np(SZn—l)l 2b; = 0} | x |np(53m—2)l
Xln,,(53”_2)| X |np(5m+”—1)| X |7-(p(52m+n—2)|3
X|T(p(sm+2"_2)|2.

(3) If m is odd and n is even, then

ICOM)| =[{m € T(p(Szm_l)| 2a; = 0}| X |7Zp(52”_1)| % |np(53m—2)|
XI70,(S3"2)] X [71,(S™ )| X |7, (S22 2
X|ﬂp(sm+2”_2)|2.

(4) If m and n are odd, then

ICOM)I = a1 € y(S*" M) 2a1 = O} | X | {by € 71,(S*" )| 26y = 0} |
X|11p(S7"2)| X |11,(S%"2)] X |71,(S™ 1)
X|T[p(52m+”_2)|3 X |7.(p(sm+2n—2)|2‘

Proof. Since every comultiplication has the form in Definition 3.13 in this range, by Theorem 4.6, we have
the result. O

Example 4.8. CO(S*V S° v §'2) is an infinite set, and [CO(S® v §!2 v §%7)| = 16. Indeed, |CO(S® v §12 v §%)| =
|7027(S7)| X [7127(S™) X [m127(S*)] X [7127(S%)| X 7127 (S™)] X 11127 (S*)? X [m27 (SP)P = 1 x Ix I x I x4 x4 x 1 = 16,
and similarly for the other case.

Example 4.9. The set ACO(S® v S'? v §?7) of associative and commutative comultiplications of the wedge of
spheres S8 v S12 v §%7 consists of 8-homotopy classes. Indeed, [ACO(S® v $2 v §%)| = |1127(S%)| X |1127(S1%)| X
ITt27(S)| X |7127(S%0)| X |1127(S%0) | =1 x 1 x4 x2X 1 =8.
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Remark 4.10. It is possible for us to weaken the inequality in this paper; that is, we can give a larger
upper bound for n and require more Hopf-Hilton invariants to be zero. We still conclude that the above
comultiplications ¢ : Y — Y V Yin this paper have the desirable properties. On the other hand, we are able
to restrict our range to m < 2n — 2 and p < 4n — 4 so that we can handle the corresponding results more
easily.
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