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I'-Invariant Operators Associated with Locally Compact Groups

Ali Ghaffari®, Somayeh Amirjan®

?Faculty of Mathematics, Statistics and Computer Science, Semnan University, Semnan, Iran

Abstract. Let G be a locally compact group and let I' be a closed subgroup of G x G. In this paper, the
concept of commutativity with respect to a closed subgroup of a product group, which is a generalization of
multipliers under the usual sense, is introduced. As a consequence, we obtain characterization of operators
on L*(G) which commute with left translation when G is amenable.

1. Introduction

The subject of multipliers for L7(G) has been considered, in various forms, by a great number of authors.
We may refer the reader e.g. to [7], [13] and [18]. It was shown by Wendel in [21] that T is a left multiplier
of L}(G) if and only if for some u € M(G), T = A, here A, is the operator of multiplication by u on left. For
1 < p < oo, the bounded linear operators on L¥(G) which commute with left translations was studied by
Larsen [13].

For a locally compact group G, let Hom(LF(G), LP(G)) denote all bounded linear map T : LP(G) — LP(G)
commuting with the left translation operators L, and let Conv(LP(G), LF(G)) denote all bounded linear maps
T : [P(G) — LF(G) commuting with the left convolution operators Ay, ¢ € L(G), where Ao(f) = @ = f,
f € LP(G). It is known that Conv(L*(G),L*(G)) € Hom(L*(G),L*(G)), [15]. We know that the bounded
linear operators on L*(G) which commute with left convolution and left translations have been studied by
Larsen [13].

Let G be a locally compact group and let T be a closed subgroup of G X G. Let T : LP(G) — L' (G),
1 < p,p’ < oo, be a linear map. We say that T is [-invariant (respectively L!(I')-invariant) whenever
T(:f) = sT(f)e (T(TY f) = TV T(f)) for all f € LP(G), (s,) € T and @ € L1(T), [16].

Our first purpose in this paper is to study the relationship between these linear maps. We study when
these concepts are equivalent. In the case I' = G X {e}, we say that T commutes with the left translation,
following [13]. In the case I' = {(x, x); x € G}, we say that T commutes with conjugation. We want to shift
our attention away from the study of multipliers of group algebras and begin a discussion on linear maps
for group algebras which commute with translations and convolutions with respect to a closed subgroup
of a product group. We shall give some indication of the relationship between these linear maps. Our
second purpose in this paper is to characterize the amenability of a group with respect to the existence of
multipliers maps.

2010 Mathematics Subject Classification. Primary 43A10; Secondary 43A20

Keywords. Amenability, Banach algebra, bounded operator, locally compact group.

Received: 02 July 2014; Accepted: 20 October 2014.

Communicated by Mohammad Sal Moslehian

Email addresses: aghaffari@semnan.ac.ir (Ali Ghaffari), somayehamirjan@yahoo.com (Somayeh Amirjan)



A. Ghaffari, S. Amirjan / Filomat 30:10 (2016), 2721-2730 2722
2. Preliminaries and Notations

Throughout this paper, G denotes a locally compact group with a fixed left Haar measure. Let C,(G)
denote the Banach algebra of bounded continuous complex-valued functions on G with the supremum
norm, and let Cy(G) be the closed subspace of C;(G) consisting of all functions in Cp,(G) which are vanishing
at infinity. The Banach spaces L¥(G), 1 < p < o, are as defined in [12]. The convex subset of L(G) consisting
of all probability measures on G will be denoted by P'(G). If f is a complex-valued function defined locally
almost everywhere on G, and s, t, x € G then

of(x) = f(s‘lx), fi(x) :== f(xt) and ,fi(x) := f(s‘lxt)

where they are defined.

Let G be a locally compact group, and let I be any closed subgroup of the product group G X G, with a
fixed Haar measure denoted by d(y, z) and modular function Ar. We say that G is I'-amenable if there exists
m € L*(G)* such that m > 0, ||m|| = 1 and m(sh;) = m(h) for each h € L*(G) and (s, t) € I'. Li and Pier, [16],
give a good account of the structure of I'-amenability of a locally compact topological group G, see also [6].

Following Li and Pier, [16], we define

S0 = [ =ty 2

where p € M(I') (M(T') is the Banach algebra of all bounded Borel measures on I') and / € L*(G). For
1 < p < o0, LP(G) is a Banach left L!(I')-module with module multiplication defined by

T f(x) = fr Fy x2)®(y, DA d(y, 2)

where f € [/(G) and @ € LY(T)). For f € LP(G) and @ € L}(T'), we have ||Tg)f||p < Ifll,IIPll; (see [16]).

We mainly follow [16] in our notation and refer to [19] for basic functional analysis and to [12] for basic
harmonic analysis results. The duality action between Banach spaces is denoted by (, ), thus for h € L*(G)
and f € LY(G), we have (h, f) = [ f(x)h(x)dx.

3. I'-invariant Operators

We know that an affine continuous mapping T from L?(G) into L(G) commutes with left translation if
and only if T(¢p = f) = ¢ * T(f) for each ¢ € L1(G) and f € LF(G), [14]. Recently, convolution operators of
hypergroup algebras have been studied by Pavel in [18]. The following theorem shows that a bounded
linear operator T from LP(G) to itself is [-invariant if and only if T is L!(T')-invariant.

Theorem 3.1. Let G be a locally compact group, let p > 1 be a real number, and let T : LF(G) — LF(G) be a
continuous linear operator. Then the following properties are equivalent:

(i) TisTI-invariant,ie. T(;f;) = sT(f): for every (s,t) €' and f € L7(G);
(ii) T is L'(D)-invariant, i.e. T(TYf) = TY'T(f) for every f € [7(G) and ® € L\(T).

Proof. (i) = (ii). Suppose T(sf)) = sT(f): for every (s,t) € T and f € LF(G). Let ® € L}(I). Write ® =
OF — @7 +i(D — @3), where @, O are respectively the real and imaginary parts of @, and fori = 1,2,
and @7 are respectively the positive and negative variations of ®@;. It suffices to show that T(Tg ) = Tg 'T( )

for every f € LP(G) and ® € P}(T). Lete > 0 and 6 = m. By Theorem 19.18 in [12], there exists a

compact subset Kin I' such that fr\ « P, )(x, y) < 6. Using the continuity of the mappings (v, z) - 4 fZA(z)%
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and (y,z) = ,T( f)ZA(z)% from I to LP(G), by Theorem 20.4 in [12], we can find an open, relatively compact
neighbourhood U, X V; of (y,z) € I such that

Iy £AG)" — b Nl <6, Iy T(HAR) = T(FAR) I, < 5

n
for every (s, t) € U, X V.. Let (y1,21), ..., (Yn, 20) in I be such that (y1,z1) = (¢,e) and K C Ully,. x V. We put
i=2
i-1

Ey =T\ K and define inductively E; = (U, X V;,) (" \ UE]') fori=2,...,n. Sowe have
j=1

Iy £AG =y e NE) <6, Iy T(HAR) — o T(FaAE) I, < 6

n

whenever (y,z) € E; fori = 2,...,,n. Write ¢; = fE D(y,z)d(y,z), wherei = 1,..,n. SinceI' = UEi is a finite
i=1

union of pairwise disjoint subsets of I', we have

_ fr‘q)(x’ DA, y) = ; f;i D(x, y)d(x,y) = ;Ci

Let g be the Holder conjugate of p. For every h € C.(G) (the space of complex valued continuous functions
on G with compact support), we have

| [109 [ (008027 - o)ty 2t 2| < 210 < i

and also

Sl

€ < 1 1
Tl gyl + Z; fE P, MM = D@yl 2

2 ifE®(y/Z)L'ny(x)A(Z);_y[fzi( z)
i=1 i
> | [y (4 LM@Y — 4, £ (DA )y, 2)d(y, 2)dx
G i-1 VEi

(T F = Y e et

i=1
Since this holds for all i € C.(G), by Theorem 12.13 in [12], we conclude that

& - ZczyzleA(z) |, < 777

Tt follows that HT(TE{? =X cin T

< 5. Similarly, one can show that

€
||T§{,’)T(f) cz,,ﬂf)z,A(zl <%
Therefore || T( T(’[J - T(l7 T()ll, < €. Ase > 0is chosen arbitrary, we have T(T(p ) = ( f). Thus (i) implies

(i).



A. Ghaffari, S. Amirjan / Filomat 30:10 (2016), 2721-2730 2724

(il) = (i). Let f € LP(G), (s,t) € I'and € > 0 be given. There exists an neighbourhood U X V of (¢,e) in T
such that

||y(sft)zA(Z)’l7 - sft”p < ”y(sT(f)t)zA(Z)% - sT(f)t”p < g

_©
271’

whenever (y,z) € U X V, see Theorem 20.4 in [12]. Choose @ € P}(T) with supp® C U x V. For every
h € C/(G), we have

sl 2 ﬁmmmﬁwwnmmmﬁmnmm)

> | [l s} - e|ew 2,2
> |8 fi- o),
By Theorem 12.13 in [12],

T(P) _ ‘ < € . 1
75" ~4], = 37 W

Interchanging the roles of ; f; and ;T(f);, we see at once that

€

W@Hm—Tmt = 2)

On the other hand, Téf)sft = A ARG, t‘l)Tg) _fandalso
LD

TT( = AV AT DT T(f).
Now (1) gives
HA(t‘l)%Ar(s‘l,t‘l)Tg’:qu( =T f*)”p <€
and so
T8 T = Tl < .

Hence using (2) and (3), wehave || T(s ) —sT(f):ll, < €. Ase > Oischosen arbitrary, wehave T(;f;) = s T(f);. O

In the Theorem 3.1, we discussed linear operators for the pair (L(G), L¥ (G)) when p = p’. We cannot
verify if the claim in Theorem 3.1 remains true if T : LP(G) — L (G) for p # p’. For a compact abelian group,
the bounded linear maps from LP(G) to L’ (G) which commutes with translations have been studied by
Larsen, see Theorem 5.2.4 in [13]. In the following proposition, we study the case that p is not necessarily
equal to p’ for unimodular groups.

Proposition 3.2. Let G be a unimodular locally compact group and 1 < p,p’ < co. Suppose that T : L/ (G) —
L7 (G) is a continuous linear map. Then the following properties are equivalent:

(i) T is I'-invariant;
(i) T(TYf) = TYT(f) for every f € LP(G) and @ € L\(T).

Proof. To prove this proposition, one may rewrite the proof of Theorem 3.1 where A=1. [
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Let G be a locally compact group and 1 < p < oo. The collection of all continuous linear maps T : LP(G) —
LP(G) which is I'-invariant, will be denoted by Mr(L*(G)). If 1 < p < o0 and % + % =1,then T —» T*is an
isometric algebra isomorphism of Mr(L?(G)) onto Mr(L7(G)). By Theorem 3.1, the correspondence between
T and T* defines an isometric algebra isomorphism from M) (LP(G)) onto My (LY(G)) (M) (LP(G))
where here denotes the space of continuous linear operator T : LF(G) — LP(G) such that T(T((If ) = T((I’:)T( )
for every f € LP(G) and @ € L(T)). Clearly M) (LP(G)) is a unital Banach subalgebra of B(LP(G)). Itis also
the case that M) (LP(G)) is complete in the strong operator topology.

Theorem 3.3. Let G be a locally compact group, and suppose T : L*(G) — L*(G) is a weak*-weak”
continuous linear operator. Then the following properties are equivalent:

(i) TisI-invariant, i.e. T(sh) = ;T(h); for every (s,t) € I'and h € L*(G);
(ii) T(Soh) = SoT(h) for every h € L*(G) and ® € L(T).
Proof. (i) = (ii). Suppose T(:h;) = sT(h); for every (s,t) € I and h € L*(G). Then for F € L*(G)*, h € L*(G)
the pairing (T*(F),h) = (F, T(h)) defines the adjoint of T as a linear operator T* from L*(G)* to L*(G)".
Moreover, suppose {h,} € L*(G) converges in the weak" sense to i € L*(G), that is, lim,(h,, f) = (h, f) for
each f € LY(G). Then T(h,) — T(h) in the weak" topology. For f € L(G),
(T(f), ha) = (T(ha), f) = (T(h), f) =<T"(f), h).

This shows that T*(f) is weak® continuous. By Theorem 3.10 in [19], T*(f) € L}(G). Since T is I'-invariant,
we see for each f € L(G), h € L*(G) and each (s, t) € T that

(TG fo), 1)

S, T(h)) = fG f T (x)dx = A T, f)
= AWK TGk, ) = AT (), sy = T (i ).

Hence T"|;1(g) is T-invariant. Moreover T%|;1(g) is continuous on LY(G). Indeed, let f,, f, fo € L}(G) be such
that lim, ||f, — flh = 0 and lim, [|T*(f,) — foll = 0. Then for each i € L*(G) we have

KT°(f) = fo Wl < KT(f) = T"(fu), W + KT (fu) = fo, 1)
< fe = ARNTEN+IT(fa) = SollllAll.

Consequently (T*(f) — fo,h) = 0 for each h € L*(G), and hence T*(f) = fy. Thus T" is a closed operator and
so, by the Closed Graph Theorem, it is continuous. It follows from the preceding result, Theorem 3.1, that
(TS f) = TT*(f) for all @ € LY(T) and f € LY(G). Now let h € L=(G), ® € L'(T') and f € L'(G) be given.
Elementary calculations again reveal that

(SoT(h), f) = (T(h), TR f) = b, T[T f)) = (b, TOT ()
(Soh, T*(f)) = (T(Soh), f).

We conclude that T(Soh) = SoT(h).

(if) = (i). Let U X V be a compact neighbourhood of (e, e) and fixed. Let (U, X V,) be a net of compact
neighbourhoods of (e, ¢) contained in U X V, ordered by set inclusion (U, X V, < Ug X Vj if and only if
Up X Vg C Uy X V), with (M Uy X V= {(e, e)}, which forms a directed set. Let {®,} be a choice of measures
in P1(T) such that ®,(T \ U, X V,,) = 0 for all a.

Now assume / is in L®(G) and (s, t) is in I. Let f € L}(G) and € > 0. There exists a neighbourhood
Uy, X Vy, of (e, ) such that ||, ,A(z) — fll1 < € whenever (y,z) € Uy, X V4, see Theorem 20.4 in [12]. For every
a > ap, we have

KSa,sht = shi, I

IN

f f O, (AR - F)IPa(y, 2)dxd(y, 2)
I JG

IN

frllshtllllysz(Z) = [l ®a(y, 2)d(y, 2) < ellhll.
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We conclude that S¢,_ s/ converges to sh; in the weak” topology. Similarly, one can show that S, ¢, T(h) —
sT(h); in the weak” topology. By Proposition 2.2 in [16] and its proof, S¢,sh; = S ,0,h for every a. Thus

T, f)

Km(S, o, T(R), ) = Ko(T(S ,0,1), f)
(T (S, she), £) = (T(he), )

for every f € L(G). This proves that T is [-invariant. [J

In the following example, we define an operator T which satisfies the equivalent conditions given in
Theorem 3.3, but it is not continuous with respect to weak" topology.

Example 3.4. Consider G = Z, the additive group of the integers, and let

X ={h € @) lim hn) € R).

LetI' = Zx {0} and let T : X — X be given by T(h) = limy,—c h(n)1. Then , T(h)g = T(nho) for allm € Z
and h € X. An extension of the Hahn-Banach theorem assures the existence of a continuous linear mapping
on all of £*(Z) to itself which is I'-invariant and coincides with T on X. We again denote this extension
by T. Suppose that T is a weak*-weak® continuous operator on {*(Z). A similar argument to the The-
orem 3.3 can be used to show that T*(¢}(Z)) C ¢1(Z) and T* is I'-invariant. So T* restricted to {'(Z) is a
multiplier from ¢!(Z) into £!(Z). Consequently, by Wendel’s theorem [21], there exists y € M(Z) such that
T*(f) = u+ f for every f € €1(Z). It is not hard to see that u = 0, which is a contradiction. We conclude that
T : £°(Z) — ¢*(Z) is I'-invariant and cannot be weak*-weak* continuous.

The following example shows that the hypothesis of weak’-weak” continuity in Theorem 3.3 is essential.

Example 3.5. Let G be a nondiscrete, compact abelian group. By Proposition 22.3 in [17], there exists
m € L®(G)" such that (m, ;) = (m, h) for every element (e, t) of the closed subgroup I' = {e} x G and
h € L™(G), and also (m, Se,ho) # {(m, hy) for some hy € L®(G) but @y € P(T'). Define T : L*(G) — L*(G) by
T(h) = (m,h)1. It is evident that this operator is I'-invariant and S¢,T(h) # T(Sa,ho).

Proposition 3.6. Let G be a unimodular locally compact group, and let p > 1 be a real number. Suppose
that T : LP(G) — L*(G) is a linear map. Then the following properties are equivalent:

(i) T is I'-invariant;

(i) T(TYf) = SET(f) for every f € L7(G) and ® € L\(T), where for ® € LY(T), ® is defined by ®(y,2) =
Oy, zH)Ar(y L, z7h) (see [16)).

Proof. (i) = (ii). Let T be a linear map from L*(G) into L*(G) which is I'-invariant. Let T* : L*(G)* — L(G)
denote the adjoint of T, where g is the Holder conjugate of p. Since T is -invariant, it is easy to see that
T*(sf1) = sT*(f): for every f € LY(G) and (s,t) € T. An application of the Closed Graph Theorem shows

that T|;1(c) is a continuous linear map. By Proposition 3.2, T*(Tg) f) = ng)T*( f) whenever f € L1(G) and
® € LY(T). An argument similar to the proof of Theorem 3.3 shows that T(ng) f) = SzT(f) forevery f € LF(G)
and ® € L}(I).

(ii) = (). Let T(TY)f) = S3T(f) for every f € LP(G) and ® € L(T). Then for each f € L'(G), ® € LY(T)
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and g € C.(G), we have

TAVp = (T T() = fc fr F )by, DT @Ay, 2)ix

fc fr F@(y, D)z )y, 2dx = (SoT(0), F)
(T(TY9), ) = (TP, T'())

[ [Tt b, 2,z
G JTI
[ [Tt 2900, 20
GJT

[ [roo e ey, 20
GJT

(TIT(f), 9)

Hence T*(Tg) f) = Tg)T*( f) for every f € L'(G) and ® € L(T'). By Proposition 3.2, T"|11(g) is -invariant.
Clearly T is I'-invariant and this completes our proof. [

It is a standard device to embed L*(G) into B(L(G), L*(G)) by transformation T, so that T(h)(f) = f * h.
So T allows us to consider the strong operator topology on L*(G) that we shall denote by t.. It is known
that the norm topology on L*(G) is stronger than the 7.-topology, see Proposition 4 in [3].

Proposition 3.7. Let G be a compact group, and let p > 1 be a real number. Suppose that T : L*(G) — L(G)
is a 7.-continuous linear map. Then the following properties are equivalent:

(i) T is I'-invariant;
(i) T(Szh) = TP'T(h) for every h € L(G) and ® € L(T).

Proof. (i) = (ii). Let q be the Holder conjugate of p. We first show that for each f € L1(G), T*(f) € L'(G).
Indeed, if {h,} is a net in L*(G) and h, — h in the 7.-topology, then

(T (f), ha) = (f, T(ha)) = <f, T(h)) = T"(f), h),

since T is T.-continuous. Since L'(G) is the dual of (L*(G), 7.) (see Corollary 2 in [3]), so T*(f) € L}(G). Now,
suppose that T is I-invariant. It is easy to see that T* is continuous. Moreover, T*(s ;) = ;T*(f); for every
(s,t) eT'and f € LI(G), since as usual we have for each f € LY(G), (s,t) € I' and h € L*(G) that

(T (s /1), 1y S, T(h) = (f, s2 T())

i TG hm)) = T (f)e 1)

By Proposition 3.2, T*(Tg) f) = Tg)T"( f) for every f € LI(G) and ® € LY(T). It is not hard to see that
T(Sgh) = TY'T(h) for every h € L(G) and ® € L'(T).

(if) = (i). Since T(Szh) = TP'T(h) for every h € L*(G) and @ € L'(T), we have T*(Tf) = TWT*(f) for
every f € L(G) and @ € LY(T'). By Proposition 3.2, T* is I'-invariant and so T is [-invariant. [J
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4. Amenability and Translation Operators

For T € Mr(L*(G)), we are able to speak of the translate ;T;, which is that continuous linear operator
which associates the element ;T (h) = T(;h;) € L*(G) to each h € L*(G). Recall that the weak operator topology
on B(L*(G)) is the locally convex topology defined by the family of seminorms

0 = png; Prep(T) = KT(h), )|, h € L(G) and ¢ € L'(G)}.

T is said to be weakly almost periodic if the set {;T;; (s,t) € I'} of translates of T is relatively compact with
respect to weak operator topology on the set B(L*(G)) of bounded linear operators from L*(G) to L*(G),

[8].

Theorem 4.1. Let G be a locally compact group, and let I' = G X {e}. Then the following properties are
equivalent:

(i) Gisamenable;
(ii) There is a non-zero weakly almost periodic linear operator T in Mr(L*(G)).

Proof. (i) = (ii). Amenability of G is equivalent to the I'-amenability; hence, for an invariant mean m, the
mapping T : h + (m,h)1, is a rank one operator and hence weakly compact. The set {;T; s € G} is just a
singleton {T} and so is compact in any topologies. Clearly T is invariant.

(i)) = (i). Let T € Mr(L*(G)) be a non-zero weakly almost periodic operator of L*(G) to itself. Itis known
that |T| € Mr(L®(G)), [10]. For h € L*(G), the map T + T(h) from Mr(L*(G)) into L*(G) is continuous
when L*(G) is equipped with the weak topology. Thus {T(;h); s € G} is relatively weakly compact. Hence
{ITI(sh); s € G} is relatively weakly compact, see Theorem 5.35 in [1]. Since this holds for all 1 € L®(G), we
conclude that |T| is a weakly almost periodic operator on L*(G) (see Exercise VI 9.2 in [5]). Since T # 0,
IT| # 0. If h > 0, then |T(h)| < ||A/||T|(1), and it follows that |T|(1) > 0. We conclude that, % is a weakly
almost periodic operator on L*(G). Without loss of generality we may assume that T is a positive operator
and T(1) = 1. Let WAP(L*(G)) denote the space of weakly almost periodic functions on G i.e. the set of
all f € L*(G) such that {,f; y € G} is relatively compact in the weak topology of L*(G). Recall that an
application of the Ryll-Nardzewski fixed point Theorem, see Theorem 6.20 in [2], shows that WAP(L*(G))
has a unique invariant mean m. If f € L*(G), then {;T(f);s € G} = {T(;f); s € G} is relatively weakly compact.
Hence T(f) € WAP(L*(G)). It follows that m o T is a invariant mean on L*(G), and so G is [-amenable. [

For alocally compact group G, L}(G)* will always denote the second conjugate algebra of L'(G) equipped
with the first Arens multiplication. Let also L;’(G) be the subspace of L*(G) consisting of all functions
f € L*(G) that vanish at infinity. It is known that L}’(G) is a closed ideal of L¥(G) invariant under
conjugation and translation, containing C(G) as a closed subspace, see Proposition 2.7 in [15]. Furthermore
Ly (G)" is a closed subalgebra of L*(G)* with respect to first Arens product, see Corollary 2.10 in [15].
Information about the first Arens product can be found in [4].

It is known that if G is a noncompact locally compact group, then L*(G)* cannot have any non-zero
weakly compact left multipliers T with (T(n), 1) # 0, for some n € L*(G)", see Theorem 4.1 in [10]. On the
other hand G is amenable if and only if there is a non-zero weakly compact right multiplier on L*(G)", see
Theorem 2.1 in [11].

Theorem 4.2. (i) A locally compact group G is compact if and only if there is a non-zero weakly compact
linear operator T from L (G) to itself such that T(f = h) = f = T(h) for every f € L'(G)and h € Ly (G).

(i) A locally compact group G is amenable if and only if there is a non-zero weakly compact linear
operator T from L*(G) to itself such that T(f * h) = f * T(h) for every f € L}(G) and h € L*(G).

Proof. (i) If G is compact, Proposition 4.6 in [17] implies that existence of a mean m on L*(G) = L’ (G) such
that (m, f * h) = (m,h) for all h € L*(G) and f € PY(G). Define T : L3(G) — Ly (G) by T(h) = (m, 1. Itis
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routine to verify that T is a weakly compact linear operator. Further T(f « h) = f + T(h) for all h € L7’ (G) and
f e LYG).

To prove the converse, let T be a non-zero weakly compact operator on L;’(G) which commutes with
left convolution operators. Let 7t : L*(G)* — LUC(G)" be the canonical projection. Recall that LUC(G)" is a
Banach algebra by an Arens-type product and that L}(G) € LUC(G)*. Information about the Arens product
and about LUC(G)" can be found in [15]. Forevery n € L;(G)" and g € L;’(G), we denote by ng the function in
L>(G) defined by (ng, ) = (n, p=g) forall ¢ € L'(G), where @(x) = ¢(x"")A(x™") forall x € G. The space Ly’ (G)
is left introverted in L*(G); thatis, for eachn € L3’(G)* and g € L;’(G), ng € L7 (G). This lets us endow L7 (G)*
with the first Arens product defined by (mn, g) = (m,ng) for all m,n € L7(G)" and g € L7 (G). Then Ly (G)*
with this product is a Banach algebra. This Banach algebra was introduced and studied by Lau and Pym,
[15]. By Theorem 2.8 in [15], (Ly(G)*) = M(G). This shows that L'(G)LY(G)* = LY(G)n(Ly (G)*) € LY(G). We
show that for each f € L'(G), T*(f) € L'(G). Let {F,} be a net in Ly(G)* and F, — F in the weak" topology
of LY(G). If f € LX(G), then f = fi * f5, for some fi and f, in L'(G), by Cohen’s factorization theorem. It is

known that (f2, fi * h) = (f,hf1) for all h € L¥(G), see [15]. Consequently if 1 € L7 (G),
(T"(f)Fa, 1) (T(f), Eah) = {f, T(Eah)) = {1 * fo, T(Foh))
= (o, T(Fah) f1) = {fo, fr » T(Foh)) = {f2, T(f1 * Fah))
= {fo, fi* FaT(h)) = {fo, FaT(h) f1) = {f1 * f2, FaT(h))
= (f,FaT(h)) = (Fa, TN f) = (ET(h) f) = (T"(f)E h).

Hence T*(f)F, — T*(f)F, showing that T*(f) is in the topological center of L;’(G)*. By Theorem 2.11 in
[15], T*(f) € LY(G). Clearly T*|11(G) is a left multiplier on LY(G). On the other hand, T is weakly compact. It
follows that T* : Ly’(G)" — L7 (G)" is weakly compact, see Theorem 17.2 in [1]. So T" restricted to LY(G) is
weakly compact. Since for a noncompact group G, there are no weakly compact multiplier from L'(G) to
LY(G), we conclude that G is compact (see Theorem in [9] and Theorem 1 in [20]).

(if) Since Conv(L®(G), L*(G)) € Hom(L*(G), L*(G)), by [15]. An argument similar to the one in the proof

of Theorem 4.1, shows that G is amenable if and only if there is a non-zero weakly compact linear operator
T from L*(G) to itself such that T(f * h) = f + T(h) for every f € LY(G) and h € L*(G). O

Theorem 4.3. Let G be a locally compact group, and let I' = G X {e}. Then the following properties are
equivalent:

(i) Gisamenable;

(ii) There exist a continuous linear mapping P of B(L*(G)) onto Mr(L*(G)) such that the following hold:

1) IPl=1,P>0and P(I) =L

(2) P(LsTLs1) = LsP(T)Ls+ = P(T) for every T € B(L*(G)) and s € G, here L; is the left translation operator
in B(L*(G)) defined by Ly(¢) = ;1.

Proof. (i) = (ii). Let G be amenable, or equivalently I'-amenable (see [16]). By Theorem 4.19 in [17], there
exists a mean m on L*(G) such that (m,h) = (m, hs) = (m,h) for every h € L*(G) and s € G. Now if
¢, ¥ € L*G) and h;lp : G — C is given by the formula hq{lw(x) = (Ly1TLy$ly), then ||h£,1/,|| < 1Tl
This shows that h,g, y €L7(G). Letg € L*(G). Obviously the linear map v +— (m, h/g, ,) from L*(G) into C
is continuous. Thus by the Riesz Representation Theorem, there exists a unique P(T)¢ € L?(G) such that
(P(T)ply) = (m, h£,¢>' For all ¢, € L*(G), s € Gand every x € G,

(Lx*] TLstqblLsz) = (Lsfl Ly TLXL5¢)|17D)
= (L(xs)*1 TLxs¢|l,b) = th),lp(XS).

hz oL (x)
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Thus (m, h!

= T .
sqb,le/) =(m, h‘P'l//)’ that is,

(Lo P(D)Lsply) = (P(T)LsPlLsp) = (P(T)PIY).

Since this holds for all ¢,1 € L%(G), we conclude that L1 P(T)L; = P(T), that is, P(T) € Mr(L*(G)). The
mapping T +— P(T) from B(L*(G)) onto Mr(L*(G)) is clearly linear and ||P|| = 1. It is not hard to see
P(LsTLs) = LyP(T)Ls = P(T) for every T € B(L*(G)) and s € G.

(i) = (i). Let us assume that there exists a linear mapping P of B(L*(G)) onto Mr(L*(G)) satisfying
the conditions of Theorem. For i € L*(G) define m;, € B(L*(G)) by my(¢p) = h¢. Consider a fixed positive
¢o € L2(G) with |lgolla = 1. If h € L*(G), let (m,h) = (P(my)olpo). Clearly m is a mean on L*(G). For all
h € L*(G), s € G, and ¢ € L*(G), we have sh¢p = LymyL,1¢. Tt follows that m, = LymyL,. By assumption,
P(m ) = P(LympLs1) = P(my) and so (m, shy = (P(m_)poldo) = (P(mp)polpo) = (m, h). Therefore m is a left
invariant mean on L*(G), and so G is I'-amenable. [

Corollary 4.4. Let G be an amenable locally compact group, and letI' = Gx{e}. Then Mr(L*(G)) is invariantly
complemented in B(L*(G)), that is, Mr(L*(G)) is the range of a continuous projection on B(L*(G)) commuting
with translations.

Proof. The statement follows from Theorem 4.3 and its proof. [
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