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Abstract. In this paper, we present some fixed point results in the setting of a complete metric spaces by
defining a new contractive condition via admissible mapping imbedded in simulation function. Our results
generalize and unify several fixed point theorems in the literature.

Very recently, in [10], Khojasteh et al. proposed the notion of simulation function to unify the several
existing fixed point results in the literature. In this paper, we investigate the existence and uniqueness
of fixed points of certain mappings via simulation functions in the context of complete partially ordered
metric spaces. We shall also indicate that several results in the literature can be derived from our main
results.

Definition 0.1. (See [10]) A simulation function is a mapping ζ : [0,∞) × [0,∞) → R satisfying the following
conditions:

(ζ1) ζ(0, 0) = 0;

(ζ2) ζ(t, s) < s − t for all t, s > 0;

(ζ3) if {tn}, {sn} are sequences in (0,∞) such that lim
n→∞

tn = lim
n→∞

sn > 0, then

lim sup
n→∞

ζ(tn, sn) < 0. (1)

LetZ denote the family of all simulation functions ζ : [0,∞) × [0,∞)→ R. Due to the axiom (ζ2), we have

ζ(t, t) < 0 for all t > 0. (2)

Example 0.2. (See e.g.[10, 11, 18]) Let φi : [0,∞) → [0,∞) be continuous functions with φi(t) = 0 if, and only if,
t = 0. For i = 1, 2, 3, 4, 5, 6, we define the mappings ζi : [0,∞) × [0,∞)→ R, as follows

(i) ζ1(t, s) = φ1(s) − φ2(t) for all t, s ∈ [0,∞), where φ1(t) < t ≤ φ2(t) for all t > 0.

(ii) ζ2(t, s) = s −
f (t, s)
1(t, s)

t for all t, s ∈ [0,∞), where f , 1 : [0,∞)2
→ (0,∞) are two continuous functions with

respect to each variable such that f (t, s) > 1(t, s) for all t, s > 0.
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(iii) ζ3(t, s) = s − φ3(s) − t for all t, s ∈ [0,∞).

(iv) If ϕ : [0,∞)→ [0, 1) is a function such that lim supt→r+ ϕ(t) < 1 for all r > 0, and we define

ζ4(t, s) = sϕ(s) − t for all s, t ∈ [0,∞).

(v) If η : [0,∞)→ [0,∞) is an upper semi-continuous mapping such that η(t) < t for all t > 0 and η(0) = 0, and we
define

ζ5(t, s) = η(s) − t for all s, t ∈ [0,∞).

(vi) If φ : [0,∞)→ [0,∞) is a function such that
∫ ε

0 φ(u)du exists and
∫ ε

0 φ(u)du > ε, for each ε > 0, and we define

ζ6(t, s) = s −
∫ t

0
φ(u)du for all s, t ∈ [0,∞).

It is clear that each function ζi (i = 1, 2, 3, 4, 5, 6) forms a simulation function.

One can find more interesting examples of simulation functions in [10, 11, 18].
Suppose (X, d) is a metric space, T is a self-mapping on X and ζ ∈ Z. We say that T is a Z-contraction

with respect to ζ [10], if

ζ(d(Tx,Ty), d(x, y)) ≥ 0 for all x, y ∈ X. (3)

Again (ζ2), we have the following inequality

q(Tx,Ty) , q(x, y) for all distinct x, y ∈ X. (4)

Thus, we conclude that T cannot be an isometry whenever T is a Z-contraction. In other words, if a
Z-contraction T in a metric space has a fixed point, then it is necessarily unique.

Theorem 0.3. Every Z-contraction on a complete metric space has a unique fixed point. In fact, every Picard
sequence converges to its unique fixed point.

Let Ψ be the family of functions ψ : [0,∞)→ [0,∞) satisfying the following conditions:

i) ψ is nondecreasing;

ii) there exist k0 ∈N and a ∈ (0, 1) and a convergent series of nonnegative terms
∑
∞

k=1 vk such that

ψk+1 (t) ≤ aψk (t) + vk,

for k ≥ k0 and any t ∈ R+.

In the literature such functions are called as either Bianchini-Grandolfi gauge functions (see e.g.[20–22]) or
(c)-comparison functions (see e.g. [19])

Lemma 0.4. (See e.g. [19]) If ψ ∈ Ψ, then the following hold:

(i)
(
ψn (t)

)
n∈N converges to 0 as n→∞ for all t ∈ R+;

(ii) ψ (t) < t, for any t ∈ R+;
(iii) ψ is continuous at 0;
(iv) the series

∑
∞

k=1 ψ
k (t) converges for any t ∈ R+.

Recently, Samet et al. [14] suggested a new contraction type self-mapping to unify several existing
results in the literature by auxiliary functions.
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Definition 0.5. Let α : X × X→ [0,∞). A self-mapping T : X→ X is called α−admissible if the condition

α(x, y) ≥ 1 =⇒ α(Tx,Ty) ≥ 1,

is satisfied for all x, y ∈ X.

Definition 0.6. Let T be a self-mapping defined on a metric space (X, d). Then, T is called an α − ψ contractive
mapping if there exist two auxiliary mappings α : X × X→ [0,∞) and ψ ∈ Ψ such that

α(x, y)d(Tx,Ty) ≤ ψ(d(x, y)), for all x, y ∈ X.

Clearly, any contractive mapping, that is, a mapping satisfying Banach contraction, is an α − ψ contrac-
tive mapping with α(x, y) = 1 for all x, y ∈ X and ψ(t) = kt, k ∈ (0, 1). A number of examples of such type
mappings are considered in [14].

The main results in [14] are the following fixed point theorems.

Theorem 0.7. Let T : X→ X be an α−ψ contractive mapping where (X, d) is a complete metric space. Suppose that
(i) T is α−admissible;

(ii) there exists x0 ∈ X such that α(x0,Tx0) ≥ 1;
(iii) either, T is continuous, or

(iii)′ if {xn} is a sequence in X such that α(xn, xn+1) ≥ 1 for all n and xn → x ∈ X as n → ∞, then α(xn, x) ≥ 1 for
all n.

Then, there exists u ∈ X such that Tu = u.

Theorem 0.8. Adding to the hypotheses of Theorem 0.7 the condition: For all x, y ∈ X, there exists z ∈ X such that
α(x, z) ≥ 1 and α(y, z) ≥ 1, we obtain uniqueness of the fixed point.

In this paper, we introduce a new type contractive mapping by using the simulation function together
with the admissible mappings in the context of complete metric spaces. We shall also discuss the existing
and uniqueness of this new contractive mapping. Moreover, we will list some famous fixed point theorems
as consequences of our main result.

1. Main Results

We start with the following definition.

Definition 1.1. Let T be a self-mapping defined on a metric space (X, d). If there exist ζ ∈ Z and α : X×X→ [0,∞)
such that

ζ(α(x, y)d(Tx,Ty), d(x, y)) ≥ 0 for all x, y ∈ X, (5)

then we say that T is an α-admissibleZ-contraction with respect to ζ.

If α(x, y) = 1, then T turns into aZ-contraction with respect to ζ.

Remark 1.2. If T is an α-admissibleZ-contraction with respect to ζ, then

α(x, y)d(Tx,Ty) < d(x, y) for all x, y ∈ X. (6)

To prove the assertion, we assume that x , y. Then d(x, y) > 0. If Tx = Ty, then α(x, y)d(Tx,Ty) = 0 < d(x, y).
Otherwise, Tx , Ty, then d(Tx,Ty) > 0. If α(x, y) = 0, then the inequality is satisfied trivially. So assume that
α(x, y) > 0 and applying (ζ2) with (5), we derive that

0 ≤ ζ(α(x, y)d(Tx,Ty), d(x, y)) < d(x, y) − α(x, y)d(Tx,Ty),

so (6) holds.
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Popescu [16] proposed the concept of triangular α-orbital admissible as a refinement of the triangular
alpha-admissible notion, defined in [15].

Definition 1.3. [16] Let T : X → X be a mapping and α : X × X → [0,∞) be a function. We say that T is an
α-orbital admissible if

α(x,Tx) ≥ 1⇒ α(Tx,T2x) ≥ 1.

Furthermore, T is called a triangular α-orbital admissible if T is α-orbital admissible and

α(x, y) ≥ 1 and α(y,Ty) ≥ 1⇒ α(x,Ty) ≥ 1.

It is clear that each α-admissible (respectively, triangular α-admissible) mapping is an α-orbital admissible
(respectively, triangular α-orbital admissible ) mapping. For more details and distinctive examples, see e.g.
[16, 17].

We can now state the main result of this paper.

Theorem 1.4. Let (X, d) be a complete metric space and let T : X → X be an α-admissible Z-contraction with
respect to ζ. Suppose that

(i) T is triangular α-orbital admissible;
(ii) there exists x0 ∈ X such that α(x0,Tx0) ≥ 1;

(iii) T is continuous.

Then there exists u ∈ X such that Tu = u.

Proof. Due to the condition (ii) there exists x0 ∈ X such that α(x0,Tx0) ≥ 1. Let x0 ∈ X such that α(x0,Tx0) ≥ 1.
Define an iterative sequence {xn} in X by letting xn+1 = Txn for all n ≥ 0. If there exists an n0 such that
xn0 = xn0+1, then u = xn0 becomes a fixed point of T. Consequently, we shall assume that xn , xn+1 for all n.
So we have

d(xn, xn+1) > 0, for all n = 0, 1, . . . . (7)

Regarding that T is α−admissible, we derive

α(x0, x1) = α(x0,Tx0) ≥ 1⇒ α(Tx0,Tx1) = α(x1, x2) ≥ 1.

Recursively, we obtain that

α(xn, xn+1) ≥ 1, for all n = 0, 1, . . . . (8)

From (5) and (8), it follows that for all n ≥ 1, we have

0 ≤ ζ(α(xn, xn−1)d(Txn,Txn−1), d(xn, xn−1))
= ζ(α(xn, xn−1)d(xn+1, xn), d(xn, xn−1))
< d(xn, xn−1) − α(xn, xn−1)d(xn+1, xn).

(9)

Consequently, we derive that

d(xn, xn+1) ≤ α(xn, xn−1)d(xn, xn+1) < d(xn, xn−1) for all n = 1, 2, . . . . (10)

Hence, we conclude that the sequence {d(xn, xn−1)} is non-decreasing and bounded from below by zero.
Consequently, there exists L ≥ 0 such that lim

n→∞
d(xn, xn−1) = L ≥ 0. We shall prove that

lim
n→∞

d(xn, xn−1) = 0. (11)
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Suppose, on the contrary that L > 0. Note that from the inequality (10), we derive that

lim
n→∞

α(xn, xn−1)d(xn, xn+1) = L. (12)

Letting sn = α(xn, xn−1)d(xn, xn+1) and tn = d(xn, xn−1) and taking (ζ3) into account, we get that

0 ≤ lim sup
n→∞

ζ(α(xn, xn−1)d(xn+1, xn), d(xn, xn−1)) < 0 (13)

which is a contradiction. Thus, we have L = 0.
Now, we shall prove that the iterative sequence {xn} is Cauchy. Again we use the method of Reductio

ad absurdum. Suppose, on the contrary that, {xn} is not a Cauchy sequence. Thus, there exists ε > 0, for all
N ∈ N, there exist n,m ∈ N with n > m > N and d(xm, xn) > ε. On the other hand, from (11), there exists
n0 ∈N such that

d(xn, xn+1) < ε for all n > n0. (14)

Consider two partial subsequences xnk and xmk of xn such that

n0 ≤ nk < mk < mk+1 and d(xmk , xnk ) > ε for all k. (15)

Notice that

d(xmk−1 , xnk ) ≤ ε for all k, (16)

where mk is chosen as a least number m ∈ {nk,nk+1,nk+2, . . .} such that (15) is satisfied. We also mention that
nk + 1 ≤ mk for all k.. In fact, the case nk + 1 ≤ mk is impossible due to (14),(15). Thus, nk + 2 ≤ mk for all k. It
yields that

nk + 1 < mk < mk + 1 for all k.

On account of (15),(16) and the triangle inequality, we derive that

ε < d(xmk , xnk ) ≤ d(xmk , xmk−1) + d(xmk−1, xnk )
≤ d(xmk , xmk−1) + ε for all k. (17)

Due to (11), we deduce that

lim
k→∞

d(xmk , xnk ) = ε. (18)

Again by the triangle inequality, together with (17) and ), we also derive that

d(xmk , xnk ) ≤ d(xmk , xmk+1) + d(xmk+1, xnk+1) + d(xnk+1, xnk ) for all k.

Analogously, we have

d(xmk+1, xnk+1) ≤ d(xmk+1, xmk ) + d(xmk , xnk ) + d(xnk , xnk+1) for all k.

Combining two inequalities above together with (11), we find that

lim
k→∞

d(xmk+1, xnk+1) = ε. (19)

Particularly, there exists n1 ∈N such that for all k ≥ n1 we have

d(xmk , xnk ) >
ε
2
> 0 and d(xmk+1, xnk+1) >

ε
2
> 0. (20)
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Moreover, since T is triangular α-orbital admissible, we have

α(xmk , xnk ) ≥ 1. (21)

Regarding the fact T is an α-admissible Z-contraction with respect to ζ, together with (20) and (21) we
get that

0 ≤ ζ(α(xmk , xnk )d(Txmk ,Txnk ), d(xmk , xnk ))
= ζ(α(xmk , xnk )d(xmk+1, xnk+1), d(xmk , xnk ))
< d(xmk , xnk ) − α(xmk , xnk )d(xmk+1, xnk+1),

(22)

for all k ≥ n1. Consequently, we have

0 < d(xmk+1, xnk+1) < α(xmk , xnk )d(xmk+1, xnk+1) < d(xmk , xnk ),

for all k ≥ n1. From above inequality, together with (18) and (19), we conclude that sn = α(xmk , xnk )d(xmk+1, xnk+1)→
ε as tn = d(xmk , xnk )→ ε. On account of the above observations and regarding the condition (ζ3), we deduce
that

0 ≤ lim sup
k→∞

ζ(α(xmk , xnk )d(xmk+1, xnk+1), d(xmk , xnk )) < 0,

which is a contradiction. Hence, {xn} is a Cauchy sequence. Owing to the fact that (X, d) is a complete metric
space, there exists u ∈ X such that

lim
n→∞

d(xn,u) = 0. (23)

Since T is continuous, we derive (23) that

lim
n→∞

d(xn+1,Tu) = lim
n→∞

d(Txn,Tu) = 0. (24)

From (23), (24) and the uniqueness of the limit, we conclude that u is a fixed point of T, that is, Tu = u.

Theorem 1.5. Let (X, d) be a complete metric space and let T : X → X be an α-admissible Z-contraction with
respect to ζ. Suppose that

(i) T is triangular α-orbital admissible;
(ii) there exists x0 ∈ X such that α(x0,Tx0) ≥ 1;

(iii) if {xn} is a sequence in X such that α(xn, xn+1) ≥ 1 for all n and xn → x ∈ X as n → ∞, then there exists a
subsequence {xn(k)} of {xn} such that α(xn(k), x) ≥ 1 for all k.

Then there exists u ∈ X such that Tu = u.

Proof. Following the proof of Theorem 1.4, we know that the sequence {xn} defined by xn+1 = Txn for all
n ≥ 0, converges for some u ∈ X. From (8) and condition (iii), there exists a subsequence {xn(k)} of {xn} such
that α(xn(k),u) ≥ 1 for all k. Applying (5), for all k, we get that

0 ≤ ζ(α(xn(k),u)d(Txn(k),Tu), d(xn(k),u))
= ζ(α(xn(k),u)d(xn(k)+1,Tu), d(xn(k),u))
< d(xn(k),u) − α(xn(k),u)d(xn(k)+1,Tu),

(25)

which is equivalent to

d(xn(k)+1,Tu) = d(Txn(k),Tu) ≤ α(xn(k),u)d(Txn(k),Tu) ≤ d(xn(k),u). (26)

Letting k→∞ in the above equality, we have d(u,Tu) = 0, that is, u = Tu.
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For the uniqueness of a fixed point of a α-admissible Z-contraction with respect to ζ, we shall suggest the
following hypothesis.

(U) For all x, y ∈ Fix(T), we have α(x, y) ≥ 1.

Here, Fix(T) denotes the set of fixed points of T.

Theorem 1.6. Adding condition (U) to the hypotheses of Theorem 1.4 (resp. Theorem 1.5), we obtain that u is the
unique fixed point of T.

2. Consequences

In this section, we shall illustrate that several existing fixed point results in the literature can be derived
from our main results by regarding Example 0.2.

If ψ ∈ Ψ and we define

ζE(t, s) = ψ(s) − t for all s, t ∈ [0,∞),

then ζBW is a simulation function (cf. Example 0.2 (v)).
We conclude that the main result of Samet et al. [14] can be expressed as a corollary of our main result.

Theorem 2.1. Theorem 0.7 is a consequence of Theorem 1.6.

Proof. Taking ζE(t, s) = ψ(s) − t for all s, t ∈ [0,∞) in Theorem 1.6, we get that

α(x, y)d(Tx,Ty) ≤ ψ(d(x, y)), for all x, y ∈ X.

We skip the details.

Hence, all consequences, including the famous fixed point theorem of Banach, can be expressed easily from
the above theorem as in [14].

We derive that the main result of Khojasteh et al. [10] can be expressed as a corollary of our main result.

Theorem 2.2. Theorem 0.3 is a consequence of Theorem 1.6.

Proof. It is enough to take α(x, y) = 1 for all x, y ∈ X.

Definitely, all interesting results in [10] can be considered as consequences of our main result.

Conclusion

It is clear that we can list several consequences of our main results by defining the mapping ζ in a proper
way like in the Example 0.2. In particular, we are able to get several existing fixed point theorems in the
various settings (in the context of partially ordered set endowed with a metric, in the setting of cyclic contraction
etc.) regarding Theorem ( and hence Theorem 0.7 ). We omit the details since they are obvious.
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