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Abstract. The harmonic index H(G) of a graph G is the sum of the weights of all edges uv

_z
d(u) + d(v)
of G, where d(u) denotes the degree of a vertex u in G. In this work, a lower bound for the harmonic

index of a graph with minimum degree at least three is obtained and the corresponding extremal graph is
characterized.

1. Introduction

In this article, we study the harmonic index of a graph. Let G be a simple, undirected and connected
graph with vertex set V(G) and edge set E(G). We denote the number of vertices of G by n(G), for simplicity,
we denote n. For a vertex u of G, the degree of u is written by d¢(u), or just for short d(u). We use Ng(u)(or
N(u) for short) to denote the set of the vertices adjacent to u in G. Let 6(G) be the minimum degree of G and
let A(G) be the maximum degree of G . We use G — u to denote the graph obtained from G by deleting the
vertex u and the edges adjacent with u. G — uv is the graph obtained from G by deleting the edge uv € E(G).
G + uv is the graph obtained from G by adding an edge uv between two non-adjacent vertices u and v of

G. For an edge e = uv of G, its weight is defined to be m The harmonic index of G is the sum of
weights over all its edges. It is denoted by H(G) and is defined in [2] as
HO= Y ot )
B d(u) +d(v)’
uveE(G)

The harmonic index is another variant of the Randi¢ index which is defined in [8].

RG) = ). (@wd@)?, 2)

uveE(G)
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The Randi¢ index was first proposed by Randi¢ in 1975. It has been found that the Randi¢ index had
good connected with the chemical and physical properties, such as boiling point, vapour pressure, surface
area, solubility in water and so on, see [8]. The Randi¢ index is one of the most successful molecular
variant in structure-property and structure-activity relationships studies, suitable for measuring the extent
of branching of the carbonatom skeleton of saturated hydrocarbons. When comparing H(G) to R(G), it is
easy to get that H(G) < R(G) with equality if and only if G is a regular graph (6(G)=A(G)). The harmonic
index gives better relations with the chemical and physical properties than the Randi¢ index, see [10].

The harmonic index is one of the most important indices in chemical and mathematical fields. New
results related to the harmonic index of a graph are constantly being obtained. In [3], Favaron et al. got the
relation between the harmonic index and the eigenvalues of graphs. In [5], Liu gave the relationship between
the harmonic index and diameter of graphs. In [1], Deng et al. obtained that the connection between the
harmonic index and the chromatic number of a graph. In [11], Zhong gave the minimum values of the
harmonic index for simple connected graphs and trees, and also characterized the corresponding extremal
graphs. He proved that the trees with maximum and minimum harmonic indices were the path P, and the
star S, respectively. In [4], Hu and Zhou gave the minimum and maximum values of the harmonic index
for unicyclic and bicyclic graphs and described the corresponding extremal graphs. They also showed that
the regular or almost regular graphs had the maximum harmonic in connected graphs with # vertices and
m edges. In [9], Wu et al. gave the minimum value of the harmonic index of a graph (a triangle-free graph,
respectively) with minimum degree at least two and characterized the corresponding extremal graphs. In
[6], Liu obtained the minimum value of the harmonic index for any triangle-free graphs with order n and

minimum degree 6 > k for k < g and the corresponding extremal graph is the complete bipartite graph

Kin-k. In [7], Lv got the minimum values of the harmonic index for the graphs with k vertices of degree
n — 1, and showed the corresponding extremal graph. In this work, we study the minimum value of the
harmonic index among the graphs with minimum degree at least three.

2. Main Results

In this section, we get a lower bound for the harmonic index of a graph with minimum degree at least
three and describe the corresponding extremal graph.

Lemma 2.1. ([9]) If e is an edge with maximal weight in G, then H(G — e) < H(G).

Let K, ; be the complete bipartite graphs with 2 and b vertices in its two partite sets, respectively. For
n>41<kc< ng, let Ki ,_, be the graph obtained from Kj, by joining an edge between any two

non-adjacent vertices of degree n — k.

_2k(n—k)  k(k-1)
'WQ_k+n—1 2(n—1)

Lemma 2.2. ([7]) H(K]

_2k(n—k) 2(k-1+---+2+1) 2k(n-k) k(k-1)

T k+n-1 n—-1+n-1  k+n-1 2m-1)

. _ . . . * — — 3 —_— 30
Particularly, for k = 3, it is obtained that H(K3,”_3) =hn)=6+ il

Theorem 2.3. Let G be a graph with n > 6 vertices and 5(G) > 3. Then H(G) > H(K;,n_3) = hy(n) with equality if

and only if G = K}

Proof.H(K} )

n—3"

Proof. It is easy to check that the conclusion is true for n = 6. Assume it holds for 6 < k < n. Next we
prove that it holds for k = n.

Let G be a graph with n > 6 vertices. If 6(G) > 4, then by Lemma 2.1, the deletion of an edge with
maximal weight yields a graph G” of minimal degree at least three such that H(G’) < H(G). So, we only
need to prove the result is true for G with 6(G) = 3. Next we discuss the following four cases.



M.H. Cheng, L. Wang / Filomat 30:8 (2016), 2249-2260 2251

Case 1. There is no pair of adjacent vertices of degree three.
Let u be a vertex of degree three of G and let 11, 1, u3 be the neighbors of u, we have d(u1), d(uy), d(uz) > 4.
Subcase 1.1. If edges ujuy, uqus, usuz € E(G), let G1 = G — {u}, then H(G1) > hi(n — 1) by the induction
hypothesis.
Note that
2 N 2 N 2 4 B 4
+x 3+y 3+z @E+yx+y-2) E+z)(x+z-2)
4 2(x - 3) 2(y-23) 2(z—-3)
CW+2)(y+z-2) @+3)x+2) (Y+3)y+2) (z+3)(z+2)

fl(x/ ]//Z) = 3

where4 <x,y,z<n-1.

i 2 . 8x+y-1) Bx+z-1)  2x2-12x-42
dx  (x+3)?2  (x+y2+y-22 (x+z)2(x+z-2)2 (x+3)2(x+2)?
—20x - 50 8(x+y-1) N 8(x+z—-1)

T G2 Pty -27 2Ptz 22

Pfi Blx+y-2)x+y) —4x+y—-17°] 8lx+y—-Dx+y)—4x+y-1)]
dxdy B (x+y-283x+y)? < (x+y-283x+y)?
8(x+y-1)(-3x-3y+4)
(x+y-2P3(x+y)?

<0.

P ? P
Similarly, we get Wgz < 0. Since 8x§1y <0, 8x§z < 0, we have
oh B dfi(x,4,4)  (—20x — 50)(x +4)> + 16(x + 3)°
ox —  ox (x + 2)2(x + 3)2(x + 4)2
. ofi ofi
r Y 1A Y, 4) =y 7 Ty . 1\A Yy =
From the symmetry on x,y,z of fi(x,y,z), it follows that oy <0 5 < 0. Then we get fi(x,y,z) >
_ 6 3 _ 6(n-4)
A=Ln=ln=1)= s ~ D n=2) i+’
2 2 2 2 2
HO) = HC) + 30 ¥ 35 dm) T 35 dam) A 2 dn) A + d(n) =2
. 2 ~ 2 .\ 2 ~ 2
d(ur) +d(us)  dun) +d(us) =2 d(uz) +d(uz)  d(uz) +d(uz) -2
2 2
LD D - )
N 5Ty ) +d() () =1 +d(0)
2 2
LD D - )
NGy A02) +d(0)  d(u2) =1 +d(0)
2 2
LI D - )
N sy A3) + (@) duz) =1+ d(0)
2 2 2 -4
= HO) 5 qy T 55 dw) T 3 dGn) T @n) + dw) ) + dw) — 2)
4 4

(d() + d(us) (@) + d(uz) = 2) () + d(us))(d(u2) + d(uz) - 2)
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L 26 -3)  26)=3)  2(d(u)=3)
(d(n) +3)(d(u1) +2)  (d(uz) +3)(d(uz) +2)  (d(us) +3)(d(us) +2)
6 3 6( — 4)
> hl(i’l -1+

n+2 m-Dn-2) m+2)mn+1)
(with equality if and only if d(u1) = d(up) = d(uz) =n—-1)
= Iy (n).

Then equality H(G) = hj(n) holds if and only if G = K3, s
Subcase 1.2. If edges u11, uiuz € E(G), edge upusz ¢ E(G), let Gy = G — {u} + {upus}, then H(G,) > hi(n—1)
by the induction hypothesis. Note that

PO S S 2 ) 2
22 =3 y+3 z+3 (x+y-Dx+y) (@x+z-1)(x+2)
2(x —3) 2

(@ +2)(x+3) y+z
where4d <x<n-1,4<y,z<n-2.

df, _ —20x-50 dx + 4y -2 N dx +4z -2
ox  (x+22(x+3)?2  (x+y—-1D2x+y? (x+z-12(x+z)?

Phh 12+ yP+12(x+y) -4

oxdy (x+y—-1Px+y)3 <0
f  -12(x+2z)*+12(x+z)—4 <0
dxdz  (x+z—1)B3(x+2)3 ’
)
of dpx44) 20x-50  8x+28
ox ~ ox (x+2)2(x+3)2  (x+3)2(x+4)?
8f2_ -2 N 22x+2y—1) N 2
dy  (y+3PF  (+y-1x+y?  (y+2?*
*f _ —12(x + y)? + 12(x + y) — 12 § ’f o -0
dyox (x+y-13x+y)? " dyoz (y+z? 7
)
f B 2f(4,y,4) _ =2 N 14 + 4y .\ 2 _
dy = dy (y+3)7 (W+3)y+4?* (y+47

d
From the symmetry on y, z of f>(x, y,z), we get that 8_22 < 0. Then we have f2(x,y,z) > f(n—-1,n-2,n-2) =
2+4_ 2 _ 2m-4 1
n+2 n+l1 @n-3)n-2) @m+2)n+3) n-2

2 2 2 2 2

HG) = HG) + 3250 s * 35700 T 3+ dwn)  dun) +di) ~ dan) =1+ da)
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T Ay + dQus) i) — 1+ (i) d() + d()
2 2
)

+ Z (

VEN(ur) \ut, 12,13} d(ur) + d(v) - d(up) —1+d(v)
2 H(G2) + 57 ) T 34 d) | 3+d(n) (@A) + dGi) — () + d(m))
- 2 R _ 2(d(uy) - 3)
(d(ul) + d(u?)) - 1)(d(u]) + d(uB)) d(uz) + d(u3) (d(ul) + 2)(d(u1) n 3)
> (=1 + — + 2 1 2149 ).

n+2+n+1_(2n—3)(n—2)_n—2_(n+1)(n+2)

Subcase 1.3. If edge u1u; € E(G), edges uius, upus ¢ E(G), let Gs = G — {u} + {uqus, upus)}, then H(G3) >
hi(n — 1) by the induction hypothesis. Note that

2 .2 .2 2 2 2(z - 1)

+x 3+y 3+z x+z+1 y+z+1 @+n-1D(Ez+n-2)

s -2 2 s -2 2

o Gr T wazre Yoy Ty T aare Y

fS(x/ y/Z) = 3

where4 <x,y<n-2,4<z<n-3.

J —2z—-4n+6 )
((z+n—2))(z+n—1) _ (2z+4n-6)2z+2n-3)-2(z+n—-2)(z+n-1)
dz B z+n—-22(z+n-1)>2
2z+4n-6)2z+2n-4)-2(z+n-2)(z+n-1) 3)
~ (z+n—-22(z+n-1)>2
2z+n-2)(z+3n-5) 0
(z+n-22(z+n-1)? -
4 2 4n +2
Then we have f3(x, y, z) > ] + o T Z)z-n T3
2 2 2 2
HO) = H(G) + 5ty Y 55 dwy) T 3+ ds)  dam) + d@m) -1
I B U -
d(up) + d(usz) + 1 v} d(us) +d(w) d(uz)+1+d(v)
2 2 2 2
2 HG) + 3y T 37 dan) T 3w dwy)  dGn) + dy) ¥ 1
2 20d(1) = 1)
dlu) +dwz)+1  (duz) +n—2)(d(uz) +n—1)
> (n—1)+ 4 2 —2d(u3) —4n+6

n+1 3+ dm) | @) +n-2)dm) +n-1)
(with equality if and only if d(uy) = d(up) =n —2)

4 2 _4n -2
i1 35dm) T mromey WO

>h(n_1)+i+z+£
! n+l n m+2)(n+3)

Subcase 1.4. If edges uquy, uiuz, upuz ¢ E(G), let G4 = G — {u} + {uq1ua, upus}, then H(G4) > hi(n — 1) by the
induction hypothesis. Note that

2 .2 .2 2 2 2(y - 1)
3+x 3+y 3+z x+y+1 y+z+1 (y+n-2)(y+n-1)

Zhl(n—1)+

> hn(n).

f4(xr yrz) =
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where4 < x,y,z<n-3.
dfs -2 2

x @R wryre Y
o -2 2
9z (z+3)2 * (y+z+1)? <0
p —2y—4n+2
Grn-2un-1 _2- 10+ 6 —dy+8ny+ 27 @)
dy T An -2y - 1P '
Then we get fu(x,y,z) > g + %
2 2 2
MO =HO)* 336 * 55 o) T3+ a0~ dn + ) + 1
.z ( 2 - = )
d(uz) + d(uz) + 1 veN (uz)\{u} d(uz) +d(v)  d(uz) +1+d(v)
2 2 2 2
= H(Ga) + 3 +d(uy) T3 d(uz) B d(us) — d(uy) +d(uy) + 1
B 2 2(d(u2) — 1)
d(uo) +d(us) + 1 (d(u2) + 1 — 2)(d(uz) +n — 1)
4 2(d(up) = 1)

>hn-1)+ 4 + — +
- n 3+dup) dup)+n-2  (dup)+n-2)du)+n-1)

(with equality if and only if d(u1) = d(uz) = n —3)
B 3 4 —2d(up) —4n + 2
=M= ) T ) v - 2@ + 1= D)
—4n -6
3vdin) i Y@
6 —4n -6

>h1(1’l—1)+ ; + m >l’l1(1’l).

4
>hn-1)+ -
> hi(n )+n+

Case 2. There is a pair of adjacent vertices of degree three without common neighbors.

Let u and v be a pair of adjacent vertices with degree three in G which has no common neighbor. Let
11, Uy be the neighbors of u different from v, and let v, v, be the neighbors of v different from u. We know
that vuy, vu, are not the edges in G and 3 < d(u1), d(uz), d(v1), d(v2) < n—2. Let Gs = G — {u} + {vuy, vuy}, then
H(Gs) = hi(n — 1) by the induction hypothesis.

2 2 2 2 2 2
HO) = HG) + 323+ 35 T 35 dan) T 3+d@y) T 3+dw) L+ dm)
2 2 2
C4+dup) A+do) 4+do)
= H(Gs) + E + 2 + 2
Y3 T BHdu))@ +dn)) | B+ d(u))(@ + d(u))
2 2
T B A@)@E+d@) T B+ )@ +d(0r)
>hin—1)+ 1 + 8 > hi(n).

3 (m+1)(n+2)

Case 3. There is a pair of adjacent vertices of degree three which has one common neighbor.
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Let u and v be a pair of adjacent vertices with degree three in G which has one common neighbor w. Let
1 be the neighbor of # in G different from v, w, and let v; be the neighbor of v different from u, w.

Subcase 3.1. d(w) = 3.

Subcase 3.1.1. Edge ujw € E(G).

Let G¢ = G — {u} + {vuy, viw}, then H(Gg) > hi(n — 1) by the induction hypothesis and 3 < d(u;) <

4 2x - 1)
— < < — 3. = — _
n—2,3 <d(v1) £ n—3. Suppose that g;(x) Trx 4+x+(x+n—4)(x+n—3)’WherE3stn 3,
dg 262 +8x+4  2(5-5n+n+2x—x?) 5 4
—_ = . > = T35 .
ix - GrotGrxr | rn—dRan—ap O henwehaveqi(0) =) =77+ mg
2.2 2 2 2 2 2
HO) =HG) + 323+ 3530 ~ 35dan)  3+den+1  3+d@)  3+do)+l
. 2 2 )
e (o) d(v) +d(z) d(v)+1+d(z)
2 4 2d(or) - 1)

2
=HGO) * 3+ 3o " Twdlon) T @on) 11— A)d(oy) + 1= 3)

3
Zhl(n—1)+§+ p > hi(n).

(n-1)

Subcase 3.1.2. Edge ujw ¢ E(G).
Let Gy = G — {u} + {vuy, uyw}, then H(Gy) > hi(n — 1) by the induction hypothesis and 3 < d(u;) < n - 3.
4 2(x = 1)
3+x 4+x (x+n-3)(x+n-2)

Similarly, suppose that g»(x) =

dgo  2x2+8x+4  2(1-3n+n*+2x—x?)

dx T BraP@+raR | tn-3Px+n-2p w0
5 4
We have g,(x) > 92(3) = T nn+1)
- ) 2.2 2 2

H(G) = H(G7) + ( )

ceNay A) +d(z)  d(u) +1+d(z)

2 B 4 N 2(d(uq) — 1)
3+du) 4+du)  (duw)+n-3)du)+n-—2)

343 3+du) 3+dum)+1

> H(Gy) + % +

3 4
> I’ll(ﬂ - 1) + ? + m > hl(i’l).
Subcase 3.2. d(w) > 4.
Subcase 3.2.1. Edge ujw € E(G).
Let Gg = G — {u} + {vuy}, then H(Gg) > hi(n — 1) by the induction hypothesis and 3 < d(u;) <n -2.

2 2 2 2 2 2

HO) =HG) + 323+ 35 5am) T 35d@)  3+dan) | 3+d@)  3+dw) -1

2 2 2 2
T A v d@) Ay +d@) -1 )3 G740 ~ A -1+4@)

zeN(w)\{u,v,u1}

1 2 + 2d(w) 2 2(d(w) — 3)
2 HG)+ 3+ )G + d@) ~ @) + dw) — D) + dw)  [@@w) + 2)da) + 3)
6

1
2=+ 3+ )

(with equality if and only if d@w) =n—1,d(u1) = 3)
> hy(n).
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Subcase 3.2.2. Edge uyw ¢ E(G).
Let Gg = G — {u} + {vuy}, then H(Gg) > hy(n — 1) by the induction hypothesis.

2 2 2 2 2 2
HO) = HG) + 323+ 30 Gam T 35 d@)  3+dan) T 3+d@)  3+dw) -1
N Z ( 2 3 2 )
NG ol dw)+d(z) dw)-1+d(z)
1 2 + 2d(w) 2d(w) - 2)
2 HG)+ 3+ a6 +d@) ~ @@) +2)d@) *3)
>hn-1)+ E + 6
=M 37 2 +dw)3+dw))
Zhl(n—1)+%+ n(n6+1)
(with equality if and only if d(w) = n —2)

>y (I’l)

Case 4. There is a pair of adjacent vertices of degree three which has two common neighbors.

Let u; and u; be a pair of adjacent vertices with degree three in G which has two common neighbors
Uz, Uy.

Subcase 4.1. d(u3) = 3.
Subcase 4.1.1. Edge u3uy € E(G).
(1) If d(uy) = 3, let Gig = G — {11, up, us, ug}, then H(Gyp) = h1(n — 4) by the induction hypothesis.

H(G) = H(Gyo) + % > h(n—4)+2> hi(n).

(2) If d(us) > 4, let us be the neighbor of u4 different from {uq, 1y, us}. Let Gi1 = G — {uq} + {upus, uzus},
8 2

then H(G11) 2 hi(n—1) by the induction hypothesis. Note that ¢1(x, y) = TR + CTSCTTES) -

4, Ay-1)
5+y (y+n—-4)(y+n-2)

where4 <x<n-1,3<y<n-4 Weget

9P 8 2

x T G 3R Grypreryair Y

dp1 4 22x+2y+1) 4 -4y -1)Qy +2n-6)
Uy G+ Gy IR yrn-Dy+n-2)  (y+n-2P(y+n-27
4 22x +2y +2) 4 -4(y-1)Qy+2n-4)
TBryR Gty Paty 1R Grn-Dyrn-2)  (yrn—Dxy+n-2)7
4 4 4n -4y -8
TGy GryPGry+D -y rn-2)
4 4

TG GrplaayrD
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8 .\ 2 1, 8
n+1)n+2) m+2)m+3) 2 m-1n+1)
2 2 2 2 2 N
3+3 343 3+4+d(uy) 3+duy) 3+duy) -1 3+d(uy
2 2 2 2
T3 d(un) =1 d(ua) +dus)  dua) -1+ dus) +2  3+dus) +2
2 2 2
T 3tdu) 2 }(d(u4) T dw)-1+d@’

Then we get 1(x,y) > p1(n—1,3) =

H(G) = H(Gn1) +

2€N (ug)\{u1,1z,u3,us

2 2

" ZeN(HS)\[u4}(d(u5) TdE) A 2+ d@)
2 2d(ug) 2
2 HC 3+ a6 + deua) T @ua) + A ds) + ds) + 1)
4 ) -4 4d(us) — 1)
5+d(us) (2+d(ug)B+d(uy)  (d(us) +n—4)(d(us) +n-2)
=H(Gn) + 2 + 8 + 2
3 (2+dus))B+d(ug))  (d(ug) + d(us))(d(ug) + d(us) + 1)
4 4(d(us) — 1)
T 5t d(us) | (d(us) + 11— A)(d(us) + 11— 2)
8 2 1 8

>h1(n—1)+g+ + —_——t
- 3 m+1)(n+2) n+2)n+3) 2 @m-1n+1)

(with equality if and only if d(uy) =n —1,d(us) = 3)
> hi(n).

Subcase 4.1.2. If edge uzus ¢ E(G), let us be the neighbor of us different from uy, uy. Let Gip = G —
4

{ur} + {upus, usuy}, then H(Gyp) = hi(n — 1) by the induction hypothesis. Note that @,(x) = T33 14

2(x—1) dpy  22+4x+x%)  2(5—5n+n*+2x —x?)
Grn—Barn—g)y e S S S AR T e n— A e g O Thenwe
h () = @2(3) = - é + 4

WePAY =2 = 33 T 7 T -
2 2 2 2 2 2
HO) =HC) * 373+ 353 " 35wy 3+dwn) =1 3+dan) T 3+dm)
I B 2 2 )
3 +1 At (s +dG)  d(us) +1+d()
2 2 4 2d(us) - 1)
2 HG+ 3% 30~ Trdws) | @) 1 - 4 dun) 11 =3)

2 2 4 4

2 3 3 T 7 e
(with equality if and only if d(us) = 3)
> hl(n).

Subcase 4.2. d(u3) > 4.
Subcase 4.2.1. If edge usuy € E(G), let us be a neighbor of u3 different from uy, uy, uy.
(1) If ugus € E(G), let Gi3 = G — {uq} + {upus}, then H(Gy3) > hi(n — 1) by the induction hypothesis. Note
that
10 N 10 3 4 2 N 2(z - 2)
(x+2)(x+3) (W+2)(y+3) (x+y-2)x+y) 4+z (z+n-3)(z+n-2)

P3(x,y,2) =
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where4 <x,y<n-1,3<z<n-3.

dps  —10Q2x +5) 4Q2x +2y - 2) ~10(2x + 5) 4(2x +2y)
ox (x+22(x+3)?*  (x+y—2)2%(x+y)? < (x+22(x+3)?  (x+y—2)2(x+y)?
__-lo@x+5) 8 oo+ 8 -0
a (+22(x+32% x+y—-22(x+y) (x+2)2(x+3)2 (x+2)2%(x+4) )
d d 2 22 —n—4 +4z — 22
By the symmetry on x,y of p3(x, y,z), we get ai; < 0. % =T + (Z(Z . _”3)2(;‘+ ; - ;)z > 0. Then
20 4 2 2
we have @3(x,y,2) > p3(n—1,n-1,3) = T D2 - i@ =2 -5 + m
2 2 2 2 2
HO) =HCw *+ 3735 350w T 37dwy  3+dun+1 " 3+dum)
L2 2 B 2 B 2 B 2
3+ d(us) | d(us) +d(us) B3+dus)—1 3+daug) -1 d(uz) —1+d(u) -1
N Z ( 2 3 2 )
vt ) (@) ()~ 1+ d()
2 2
* ZeN(m)\{;uz,ualus}(d(uél) T dw)-1+d@)’
2 2
* G +d@ ~ dun +1+d@)
z€N(us)\{u3,ug}
1 2 + 2d(u3) 2 + 2 (1) 2
2HC)+ 3% GG+ d) T @A) G+ dGi) T dGws) + d)
22w -9
A(uz) +d(usg) =2 4+d(us)  (d(uz) + 2)(d(uz) + 3)
—2(d(uy) — 4) N 2(d(us) — 2)
(d(ug) +2)(d(ug) +3)  (d(us) +n —3)(d(us) +n —2)
= H(G13) + ! + 10 + 10
3T @(us) + 2)(d(uz) +3) T (d(ug) +2)(d(u) + 3)
B 4 2 2(d(us) - 2)
(d(uz) + d(ug) — 2)(d(uz) + d(ug)) 4+d(us) (d(us) +n—3)(d(us) +n—2)
20 4 2 2

>h1(n—1)+1+ - -—+
- 3 m+1)(n+2) @En-4)2n-2) 7 nn+1)

(with equality if and only if d(us) =n—1,d(uy) =n—1,d(us) = 3)
> hi(n).
(Q)If ugus ¢ E(G), let G1a = G — {u1} + {upus}, then H(Gy4) = hi(n — 1) by the induction hypothesis.
Note that
10 N 8 3 4 2 N 2(z—-1)
(x+2)(x+3) (W+2)(y+3) (x+y-2)x+y) 4+z (z+n-3)(z+n-2)

@4(x,y,2) =

where4d <x<n-1,4<y<n-23<z<n-4

Ips 10 8(x+y—1)

ox  (x+2)2%(x +3)2 - (x+y—2)2(x + y)? <0

dpa B 8 8x+y-1)

T WAy A3R  ary-22aryr
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dpg 2 +2(1—3n+n2+22—zz)>0
9z (4+z2 (z+n-32(z+n-2)2 '
10 8 4 2 4
Then we get that @4(x, v, 2)ps(n — 1,1 - 2,3) = TSN + nnsl) @ioBen-3) 7 + P
2 2 2 2 2 2
HO) =HCW* 373 * 3570w T 37 dwn  3+dun +1  3+dws) 3+ dwy
2 2 2 2

T dp) ¥ dus)  3+dz) =1 3+dua) =1 ) —1+dus) -1

2 2
" ZEN(us)\{IA;uz,M4,u5}(d(u3) + d(Z) B d(u3) -1+ d(Z))
2 2
* Y Gurdm  fw - 1eaE

z€N (ug)\ {11 ,uz,u3}

2 2
* ZeNgl\{us}(d(ug,) Ti@) A r1td@)’
1 2 + 2d(u3) 2 + 24 (1)
2 HCW+ 3% GG+ dw) T @+ dw)G + i)
i 4 L2 ) -
(@(ua) + d(iz) — 2)(dA(1ez) + d(ug) A+ d(us) | (@) + 2)(d(utz) +3)
2dw) -3 2(d(us) - 1)
(@(us) + 2)(d(uz) + 3) (@) + 1 — 3)(d(utz) + 11— 2)
= H(Gu4) + E + 10 + 8
W T d(us) + 2)(d(u3) +3) T (d(u) + 2)(d(ug) + 3)
B 4 2 2(d(us) - 1)
(@(ua) + d(1tz) — 2)(d(iz) + d(uz) &+ d(us) * (@(us) + 11— 3)(d(uus) + 11— 2)
1 10 8 4 2 4

2HCW + 3+ o7 T i) @ies@i=3) 7 nm+1)
(with equality if and only if d(uz) =n —1,d(us) = n —2,d(us) = 3)
zhl(n—1)+l+ 10 - 4 + 12
21 (n+1)(n+2) (@n-52n-3) nn+1)

> I’ll (i’l)

Subcase 4.2.2. If edge uzuy ¢ E(G), let us be the neighbor of uz different from {ui, u2}. Let Gi5 =
G — {u1} + {upus, uzuy}, then H(Gys) = hi(n — 1) by the induction hypothesis. Note that

2 2 2 2 2 2 2(z-1)

r Y = + - + - - + 7
5, ¥,2) x+3 y+3 x+y x+z x+z+1 4+z (@Z+n-3)(z+n-2)

where4 <x,y<n-2,3<z<n-3 Weget

%—— 2 + 2___2 + 2 <0
ox  (x+3)?  (x+y? (x+2? (x+z+12
Ips 2 2
oy~ e e
oPs 2 21 =3n+n?+2z-2%) 2 2

2 @ ar T Grn-dpern-2r G+ Grzeip Y
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2 2 2 .2 2 2 4
n+l n+l1l 2n-4 n+1 n+2 7 nn+1)

Then we have @s(x, y,2) > ps5(n —2,n—2,3) =

2 2 2 2
343 3+dam) 3+dm) (i) +dus) A + ds)
2 2 2 2

T ) +dn) +1 B+dum) 1 ZeN(us)\w(d(uS) +d(z)  d(us)+1+d(z)

H(G) = H(G1s) +

)

> H(Gy5) + ! + 2 + 2 - 2 + 2
= 3 T S d(us) | 3+ d(us)  d(us) + d(us) | d(uz) + d(us)
2 2 2(d(us) — 1)
T A + d(m) + 1 A+ d(us) | (@) + 11— 3)(d(us) + 11 —2)
2 2 2 2 2 2 4

1
§ 1 ~ _ 2
ZHG) 3 T T T T m—a Tl n+2 7 amed)

(with equality if and only if d(us) =n —2,d(uy) =n—2,d(us) = 3)
6 1 2 N 4
n+l n-2 n+2 nn+1)

1
Zhl(n—1)+ﬁ+ > hy(n).

The proof of our theorem is completed.
We have the following conjecture.

Conjecture 2.4. Let G be a graph with n > 4 vertices and 6(G) > k, where 1 < k < ng +1. Then H(G) > H(K , _,)

with equality if and only if G = K}

n—k*
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