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Abstract. In this paper we establish some new Tauberian theorems for the statistical weighted mean
method of summability via the weighted general control modulo of the oscillatory behavior of nonnegative
integer order of a real sequence. The main results improve the well-known classical Tauberian theorems
which are given for weighted mean method of summability and statistical convergence.

1. Introduction

Let p = (p») be a sequence of nonnegative numbers with py > 0 and
Pn:=Zpk—>oo as n — oo.
k=0

Let u = (u,) be a sequence of real numbers. The weighted means of (u,) are defined by

for all nonnegative integers n. The difference between u,, and af},;,(u) which is called the weighted Kronecker
identity is given by the identity

= 0y (1) = Vi (Aw) (1)
where V(O) (Au = ZPk 1Auy, and Auy, = u, — uy—q with u_y = 0 (see [2]). The weighted Kronecker

identity is crucial and w111 be repeatedly used in proofs.

2010 Mathematics Subject Classification. Primary 40E05; Secondary 40G15, 40A35

Keywords. Weighted means, Weighted general control modulo, Slowly decreasing sequence
Received: 02 May 2014; Revised: 14 July 2014; Accepted: 17 July 2014

Communicated by Eberhard Malkowsky

Email addresses: utotur@ye_\hoo .com, utotur@adu.edu.tr (Umit Totur), ibrahimcanak@yahoo.com,
ibrahim.canak@ege.edu.tr (Ibrahim Canak)



U. Totur, I. Canak / Filomat 30:6 (2016), 1541-1548 1542

For each integer m > 0, we define o' (u) and V(’”)(Au) by

(m=1) :
m)(u) P zpa () iftm=1
ifm=0
and
(m-1) .
B Z V() ifm > 1

V(O) (Au) ifm=0

Vi (Au) =

respectively. The weighted classical control modulo of a sequence (u,) is denoted by w(o) p(u) = %Aun.
Totur and Canak [16, Lemma 1] proved the identity that for a sequence (1,) and any integer m > 1,

Py

n

Aayy () = Vi (Au).

The weighted general control modulo of the oscillatory behavior of integer order m > 1 of a sequence (11,,)

is defined by w(m)(u) = w,(g,_l)(u) — Gf}/;,(a)(m’l)(u)). The weighted general control modulo of order m of (i)

has been used recently as Tauberian conditions for various summability methods in [1-3, 16].
For a sequence (1,) and any positive integer m, we define

) () (o) sz
Pn m Pn m-1 Pn Pn Pn m—1

P,_ P,_ P,_
where( ! 1A) unzun,and( ! 1A) u, = —=1
0 1

Auy,.
n Pn n

The different writing of the weighted general control modulo of integer order m > 1 of (u,) is obtained
in [16, Lemma 4] by

Wiy (0) = (DA) viy @,
p" m

2. Development of Tauberian Theory for Weighted Mean Method of Summability

A sequence (u,) is said to be summable to a finite number s by the weighted mean method determined
by the sequence p, in short, (KI, p) summable to s, if
lim o', (u) = s. @)

n—oo np
Notice that since p, = 1 for all nonnegative integers 1, then (N, 1) summability method equivalent to (C, 1)

summability method.
If the limit

lim u, =s 3)
n—oo
exists, then (2) also exists. The converse is false, in general. However, the conditional converse of this
statement holds if we add some certain conditions on the sequence (u,). Such conditions are called
Tauberian conditions and the resulting theorem is called a Tauberian theorem.

Hardy [8] showed that if (u,) is (N, p) summable to s and

w\(u) = O(1) (4)
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then (u,) converges to s.
Canak and Totur [1] replaced the Hardy’s Tauberian condition by

W) >-H (n=0,1,2,..) (5)

for some H > 0, and showed that if (1,,) is (N, p) summable to s and the condition (5) is satisfied, then (u,,)
converges to s with some certain conditions on (p,). Canak and Totur [16, Theorem 2] used the condition

@) =0(1) (n=0,1,2,..) (6)

for some nonnegative integer m as a general Tauberian condition for (N, p) summability method.
The condition (6) generalizes the Hardy’s condition (4) for any integer m > 0.

Throughout this work, the symbol [An1] denotes the integer part of the product An.
A sequence (u,) is said to be slowly decreasing [9] if

lim liminf min (u —u,) > 0. @)
A>l+ n—oeo  p+l<k<[An]

The condition (7) is satisfied if there exists a constant C > 0 such that
p n—1

n

Au, > -C (8)

with % = O(n). Indeed, we can estimate as follows. For any k > n, we have

uk—unziAuj_ Z P CZ—> Clog()

j=n+1 j= n+1 j= n+1

whence we conclude that

li f - > -Cl 1.
lﬁgl n+1r£}(1<rbn (ux —uy) = —ClogA, A >

Letting A — 1+, the inequality (7) follows immediately. Note that we used C to denote a constant, possibly
different at each occurrence.
The following lemma gives a relation between the sequences (u,) and (05,1,;,(1/{)).

Lemma 2.1. Let (p,) satisfy the condition
Py _
Pn

If (uy,) is slowly decreasing, then (of},;(u)) is slowly decreasing.

= 0(n). )

Proof. In [12, page 568], it is shown that if (1) is slowly decreasing and the condition (9) holds, then there
exist numbers a > 0, b > 0 for which

o® ) - o) > D ’”P_mp " [—a (m(i—’") “In c) - b] (10)

for allm > n > 0. In (10), if m and n are replaced by n and n — 1, respectively, we get

Ao () > ’”—” a(ln(Plzl) lnC) b] (11)

Multiplying the both sides of (11) by ’j: and taking (9) into consideration, we have
Vi (Au) > —C
for some C > 0.
It easily follows from the identity Vﬁ,%(Au) P =l Aa(l p(u) that (0 (u)) is slowly decreasing. [J
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Moéricz and Rhoades [13] improved the Tauberian condition (4) replacing it by slow decrease of (u,).

Theorem 2.2. Let

P P
1 <liminf 22 <limsup 22 <0, for A>1 (12)
n—eo n n—co n
and
. . Pn . Pn
1 < liminf < limsup <oo, for 0<A<1. (13)
n—eo - Py nooo Pian

If (uy) is (N, p) summable to s and (u,) is slowly decreasing, then (u,) converges to s.

3. Weighted Statistical Convergence and Tauberian Theorems

The notion of statistical convergence was introduced by Fast [5].
A real sequence (u,) is said to be statistical convergent to s provided that for arbitrary € > 0,

. 1
gl_r&n_kll{ks;a.luk—sIZe}l—O

where the notation |A| indicates the number of the elements of the set A. In this case, we write
st —limu, =s. (14)

Let (v,) be areal sequence and a be a constant. If st—lim u, = sand st-lim v, = ¢, thenst-lim(au,+v,) = as+t.
If the limit (3) exists, then (u,) is statistically convergent to s. The converse is not necessarily true. For

example, the sequence
- { Vi ifk =n?

1 ifk#n?

is statistically convergent to 1, but not convergent in ordinary sense. Also, (14) may imply (3) by adding
some suitable Tauberian conditions on the sequence ().

A sequence (u,) is said to be (N, p, k)-statistically convergent to s for each nonnegative integer k if

st — lim aﬁ,k;(u) =s.

Fork=1, (N, p, k)-statistical convergence reduces to (N, p) statistical convergence. In addition, if p, = 1 for
all n, we have (C, 1)-statistical convergence.
Kolk proved the following lemma.

Lemma 3.1. ([10]) Let (u,) be bounded. If st — limu,, = s, then st — lim of},;,(u) =s.

Remark 3.2. By Lemma 3.1, clear that if (u,) is (N, p,k — 1)-statistically convergent to s, then (uy) is (N, p,k)-
statistically convergent to s for any integer k > 1. However, (N, p, k)-statistical convergence of (u,) does not imply
(N, p, k = 1)-statistical convergence of (u,). For example, if we take

(k_l)(u) _ { 1 ifﬂ is odd

o 2
P 0 ifniseven

it is clear that (u,) is (N, p, k)-statistically convergent to 1 by pu = 1 for all n, but it is not (N, p, k — 1)-statistically
convergent.
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Fridy [6] demonstrated that the condition (4) is a Tauberian condition for statistical convergence. That

is, if (u,) is statistically convergent to s and the condition (4) is satisfied, then (u,) is convergent to s.
Moricz and Orhan [15] proved a Tauberian theorem that if st — lim af},;,(u) = s and either the condition
(8) or the condition (7) is satisfied, then (u,) is statistically convergent to s.

Later, Chen and Chang [4] generalized Méricz and Orhan’s Tauberian theorem in the following theorem.

Theorem 3.3. Let (p,) satisfy the conditions (12) and (13). If (u,) is statistically convergent to s and (u,) is slowly
decreasing, then (u,) converges tos.

Also, Chen and Chang [4] proved the following Tauberian theorem.

Theorem 3.4. Let (p,) satisfy the conditions (12) and (13). If (u,) is (N, p)-statistically convergent to s and (u,) is
slowly decreasing, then (u,) converges to s.

There are also some studies associated with Tauberian theorems in which statistical convergence is used
(see [7, 11, 14]).
In this paper, we extend and generalize Theorem 3.4. We establish converge of (u,) in ordinary sense

from (N, p, k)-statistical convergence of (i,) for some nonnegative integer k by adding some conditions upon
which of the general control modulo of the oscillatory behavior of integer order m > 0 of (). Our results

generalize classical type Tauberian theorems for (N, p)-statistical convergence of (i,).

4. Main Results
The following theorem generalizes Theorem 3.4 given by Chen and Chang][4].

Theorem 4.1. Let (p,) satisfy the conditions (9), (12) and (13). If (u,) is (N, p, k)-statistically convergent to s for
some integer k > 0 and (u,) is slowly decreasing, then (u,) converges to s.

Proof. Since (u,) is slowly decreasing, then by Lemma 2.1

")

(Gn,p

(1)) is slowly decreasing, (15)
(k)
np

that (ai,lf;,(u)) converges to s. This means that (0,(1’(,;,1)(u)) is (N, p) summable to s. After taking r = k—1in (15),

for each integer r > 1. By assumption, st — lim, 0,,,(u) = s. Taking r = k in (15), by Theorem 3.3, we obtain

by Theorem 2.2, (agf; 1)(u)) converges to s. Continuing in this vein, it follows that (a,(},;,(u)) converges to s.

Finally, (u,) is (N, p) summable to s. By hypothesis, the proof is completed by Theorem 2.2. O
Theorem 4.2 extends Theorem 3.4.

Theorem 4.2. Let (p,) satisfy the conditions (9), (12) and (13). If (u,) is bounded and statistically convergent to s,
and (aﬁi,(a)(’)(u))) is slowly decreasing for some nonnegative integer r, then (u,) converges to s.

Proof. Since st —lim, u, = s and (u,) is bounded, then using the weighted Kronecker identity (1), we have,
by Lemma 3.1,

st = lim o) (@ () = 0 (16)
n

for each nonnegative integer r. Suppose that (oﬁ,(w(r)(u))) is slowly decreasing. We see by applying

Theorem 3.3 to the sequence (ofqll;),(a)(’)(u))) that U;%;(a)(’)(u)) = 0(1). From the identity
oﬁ,{z(w(r)(u)) = nAo,(f;(a)(r_l)(u))

we have

nAo) (" V() > -H (17)
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for some H > 0. Hence, we get the sequence (Gﬁi,(m“‘l)(u))) is slowly decreasing. It follows by applying
the Kronecker identity (1) to the sequence (a,(},;(a)("l)(u))) that we have an)(a)(r)( u)) = a,(}/;,(a)("l)(u)) -
(2) (a)(r D(u)). Therefore, we obtain that (0(1) (0 V(u))) is slowly decreasing.
Continuing in this vein, we obtain (an,p(w(o)(u))) is slowly decreasing. Taking r = 0 in (16), we have
st — lim,, aﬁ,lfl),(w(o)(u)) = 0. By Theorem 3.3, we get

oup(@ ) = Vi) (Au) = o(1).

From the identity V(O) p(Au) = Py 1Ao(l (1), we have that (a (u)) is slowly decreasing. On the other hand,

st—lim, u, = simplies st —lim,, fql,;,(u) = s from Lemma 2.1. Finally, we obtain lim, ¢ n,p(u) = s from Theorem
3.3, and the proof is completed by weighted Kronecker identity.00

Corollary 4.3. Let (p,,) satisfy the conditions (9), (12) and (13). If (u,) be bounded and statistically convergent to s,
and
(r+1)(u) >_H

for some H > 0 and nonnegative integer r, then (u,) converges to s.
Proof. From the identity

o) = 2= = Bap(@w)
we obtain that (a(l) (0" (u))) is slowly decreasing. O

Convergence of a sequence can be obtained by using Corollary 4.3.

Example 4.4. The sequence u = (u,) defined by

2 ifk # n?

is statistically convergent to 2 and bounded. On the other hand, if we choose p, = 1 for each nonnegative integer
n in Corollary 4.3, then the conditions (9), (12) and (13) are satisfied. Since the sequence (nAuy) is bounded, then

(”1 (1) > —H for some H > 0 and nonnegative integer v by the Kronecker identity (1). Hence, (u,) converges to 2
by Corollary 4.3.

The following theorem recovers converge of (u,) from (N, p, k)-statistical convergence of (u,) for some

integer k > 0 under which the condition slow decrease of (01(11)((0("1)(”)))_ The result generalizes and extends
Theorem 3.4.

Theorem 4.5. Let (p,) satisfy the conditions (9), (12) and (13). If (u,) be bounded and (N,p,k)-statistically

convergent to s for some integer k > 0, and (o(l) (0™ (w))) is slowly decreasing for some nonnegative integer m, then
(un) converges to s.

Proof. If taking the weighted means of the sequence (oﬁ,%i,(a)(m)(u))) is repeated j—times, we obtain from the
identity

oD (@™ W) = o' (@™ (0 (1)) (18)

that (agl%;(w(m)(a(f)(u)))) is slowly decreasing.
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We note that the statement (11,,) is (N, p, k)-statistical convergent to s is equivalent to the statement (a,(qk,;(u))
is statistical convergent to s for some nonnegative integer k. After taking j = k and r = m in Theorem 4.2,
we obtain
hm a(k) (1) =s.

This means that (a 1)(u)) is (N, p) summable to s, therefore (a 1)(u)) is (N, p)-statistical convergent to s.
After taking j = k - 1 in (18) and r = m in Theorem 4.2, we have frorn the identity

@ (0P ) = o' (@™ (0% D (w))) (19)

that
hma(k 1)(u) =s.

Continuing in this vein, we obtain lim,, o, () ) =s. Therefore, since (u,) is (N, p) summable to s, hence

(u,) is (N, p)-statistical convergent to s. By hypothes1s since (0(1) (@™(u))) is slowly decreasing, then (u,)
converges to s. The proof is completed.O

Corollary 4.6. Let (p,) satisfy the conditions (9), (12) and (13). If (u,) is bounded and (N,p,k)-statistically
convergent to s for some integer k > 0, and

@) > -H (20)
for some H > 0 and nonnegative integer m, then (u,) converges to s.

The following example is an application of Corollary 4.6.

Example 4.7. The sequence u = (u,) defined by

Z‘(J+1)' k=

ifk # n?

is (N, p, 1)-statistically convergent to 1 and bounded. On the other hand, if we choose p, = 1 for each nonnegative
integer n in Corollary 4.6, then the conditions (9), (12) and (13) are satisfied. Since the sequence (nAu,) is bounded,

then a)fq'f;fl)(u) > —H for some H > 0 and nonnegative integer m by Kronecker identity (1). Hence, (u,) converges to

1 by Corollary 4.6.
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