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On the Arens Product and Approximate Identity
in Locally Convex Algebras

A. Zivari-Kazempour?

®Department of Mathematics, Ayatollah Borujerdi University, Borujerd, Iran.

Abstract. Let A’ and A” be the dual and bidual spaces of a locally convex algebra A with dual and weak*
topology, respectively. In this paper, we show that A has a bounded right (left) approximate identity if and
only if A" has a right (left) unit with respect to the first (second) Arens product.

1. Introduction

Let A be a Banach algebra. It is well known that on the second dual space A” of A, there are two
multiplications, called the first and second Arens products, which make A" into a Banach algebra [1]. In
[3], Civin and Yood proved that the Banach algebra A has a weak right identity if and only if ‘A" has a
right unit with respect to the first Arens product. In the other word an element E € A” is a right unit for
A" if and only if it is a weak” cluster point of some bounded right approximate identity (e4)aer in A, [2]. In
this paper, as a main theorem we extend this result for locally convex algebras and we obtain some related
results.

2. Definitions and Notations

Throughout this paper we will assume that A is a locally convex algebra with hypo-continuous multi-
plication. We say that the product A x A — A is left (right) hypo-continuous if for each neighborhood U
of 0 and for each bounded set B of A there exists a second neighborhood V of 0 such that VB c U (BV c U).
The multiplication in (A is said to be hypo-continuous if it is both left and right hypo-continuous.

The dual A’ of A, is the space of all continuous, complex valued linear maps on A. The dual topology
(resp. weak" topology ) on A’ is the topology of uniform convergence on the bounded sets (resp. finite
point sets) of A. It is clear that if A is normable, then the dual topology on A’ is the norm topology. In
this paper we consider A’ with dual topology, where A’ with this topology is certainly a locally convex
topological vector space. The bidual of A is the dual of ‘A" which is denoted by A”. The bidual topology
on A” is the topology of uniform convergence on the bounded sets of A’. The second topology on A" is
the weak” topology (the uniform convergence topology on finite point sets of A’).

Let 7t denotes the canonical embedding of A into A”. Then for all a € A, n(a) is linear and continuous
for the weak" topology on A’, and hence for the stronger dual topology on A’. Therefore n(a) is in A".
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Also 7 is an algebra homomorphism and 7(A) is weak” dense in A” [5]. For eacha,b € A, f € A and
®c A", theelements f-a,a-f, P fand f - © of A’ are defined as follows:

(f-a)b = f(ab), (a-f)b= f(ba).
(©- fla=d(f -a), (f Pla=a-f).

The first and second Arens products of ®, W € A”, which we denote by O and ¢ respectively, are defined

by the formula [5],
(@OW)f =BV - f), (DOW)f = W(f - ).

The locally convex algebra A is said to be Arens regular if the products O and ¢ coincide on A”. The
bilinear mapping (®, V) — @OV is a separately continuous with bidual topology on A”, therefore (A", O)
with bidual topology is an associative locally convex topological algebra [5].

Also for any fixed @ € A”, the map ¥ —— WO is weak*-weak" continuous on A”, but in general, the map
V¥ +— @OV is not weak*-weak" continuous on A”. We define the first topological centre Z!(A”) of A” by

ZI A =@ e A" : W +— OOV is w* — w" continuous on A”'}.

It is easy to check that
ZIA) =D e A”: dOV = DoV (W € A”)}.

The algebra A is called left strongly Arens irregular if Z!(A”) = A, [4]. For more information about the
Arens product and topological centres, we refer the reader to Memoire [4]. An element E of A" is said to
be a mixed unit if E is a right unit for the first Arens product and a left unit for the second Arens product,
i.e, for each @ in A”, POE = E¢D = @. A bounded net (e,)qer in A is a bounded left approximate identity
(BLAI for short) if, for each a € A, e,a — a. Bounded right approximate identity (BRAI) and bounded
approximate identity (BAI) can be defined similarly.

The quasi-product of elements a and b in A is the element aob of A defined by aob = a + b — ab.

The proof of the following result contained in [7].
Theorem 2.1. Let G be an infinite locally compact group. Then LY(G) is not Arens reqular.

Throughout the paper we identify an element of A with its canonical image in A”.

3. First Arens Product and Right Approximate Identity

For the proof of the main theorem we need the following result which generalized proposition 2, § 11
of [2].

Proposition 3.1. Let B be a bounded subset of A such that for each a € A and for every neighborhood U of O there
exists b € B such that a —ab € U. Then A has a BAL

Proof. We first show that for every neighborhood U of 0 and for each finite subset F of A there exist
w € BoB = {bob’ : b, b’ € B} such that

x—xwel (x € F).
Let U be a neighborhood of 0. Choose the balanced neighborhoods V and W of 0 such that
VCW V2CW and  W+WCU

Since B is bounded, so we can choose A > 1 such that B C AV. Given F = {x1, x5}, then there exist b,b’ € B
such that
(x1 —x1b) €AV and  (xp — x2b) — (x2 — xb)b’ € UL
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Put w = bob’, then we have x; — x;w € U (i = 1,2). Assume that the result has been established for sets of
n elements. Let F = {xy, ..., X441}, and U be a neighborhood of 0. For A > 1 suppose that {x1,..x,}B € AV.
By assumption there exists y € BoB such that (x; — x;y) € A Wfori=1,..n Hencefor H = {y, Xps1}, there
exists w € BoB such that

(y —yw) € AW oand  (xs1 — Xpew) € ATV

Then fori =1,...,n we have
Xi — xiw = (x; — xiy) + (Xiy — x;yw) + (X;yw — x;w)
= (xi — xiy) + xi(y — yw) — (xiy — x;)w
e (ATV) + AVYAV) + (A1V)(AV)
CW+W+WcClU

Now let I denotes the set of all pairs (U, F), where U C A is a neighborhood of 0 and F C A is a finite set.
Define an order on I by
(U, Fp) < (Uz,Fz) < U; DU, and F;CF,.

Then I is a directed set. For each a = (U, F) € I there exists e, € B such thata—ae, € U for alla € F. Therefore
(ea)aer is a BRAI for A. Similarly, A has a BLAI and so has a BAI, as required.
Now we can prove the main result.
Theorem 3.2. A has a BRAI if and only if the topological algebra (A", 0) has a right unit.
Proof. Assume that A have a BRAI (e,),¢; and let

I'={n(e,):acll.

Then I is a equicontinuous family on A’, so we may suppose, by passing to a subnet, that 7(e,) is weak”
convergent to E € A”. Then foralla € A, f € A’ we have

ni(ea)(f - a) = (f - a)ea = f(aea) — f(a),
and so (E - f)a = E(f - a) = f(a). Hence for each ® € A” and f € A’,

(©OE)f = O(E - f) = O(f).

Therefore ®OE = ® and so E is a right unit for (A”, O).

Conversely assume that A" has a right unit, namely E. Since rt(A) is weak" dense in A", so there exists
net (X4 )qer in A such that n(x,) — E in weak® topology of A”. Hence {n(x,) : @ € I} is bounded subset
in A”. It follows that (x,)qer is weakly bounded and therefore is a bounded net in ‘A by Theorem 3.18 of
[6]. Suppose that B is the convex hull of (x,), then B is a bounded subset in A and for all a € A, the weak
closure and original closure of aB is equal by Theorem 3.12 of [6]. Leta € A and f € A’, then

f(axa) = (f : a)xa = n(xa)(f -a) — E(f - a)
= (a)(E - f) = (n@)QE)f = n(a)(f) = f(a).

Hence ax, — a in the weak topology, and so

aei{(axy):ael] C@B) =@B).

Thus for every neighborhood U of 0 there exist b € B such that a —ab € U. Now the result follows from
above proposition.

One can verify that the left case of theorem 3.2 is also valid, i.e., A has a BLAI if and only if (A", ¢) has
a left unit.

As an consequence of this theorem we have the following results.
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Corollary 3.3. Let A be an Arens regular. Then A" has a unit element if and only if A has a BAL
Corollary 3.4. Let (A”,0) has a unit element and 1i(A) is an ideal in A”. Then A is Arens regular.

Proof. Assume that ®, W, A € A”. Then there exist net (x,)ae; in A such that t(x,) — A in the weak®
topology of A”. Since 1(A) is an ideal of A”, we have

1(x,)0(PaVW) = (11(x,)odP)oW
= (1t(x,)OD)OW
= (11(x,)0D) oW
= 11(x,)O(DOW).

Therefore for all A in A”, AO(POW) = AO(PoW) by the right weak® continuity of the first Arens product.
Take A = E, where E is the unit element of (A", 0), thus we have ®OW = ®oW, as desired.

Example 3.5. Let G be a non-discrete compact group and A = LY(G) as a group algebra. Then (A", 0) does not have
a unit element, in otherwise, since (A) is an ideal in A", so by the preceding corollary A is Arens regular, which is
contradiction by theorem 2.1.

We recall that the locally convex algebra A is called weakly quasi-complete, if every weakly cauchy net in
A is weakly convergent.

Proposition 3.6. Let A be weakly quasi-complete with a BRAI (eq)aer and let O € ZH(A”) satisfy PA C A. Then
A is left strongly Arens irregular.

Proof. Let (ex)acr be a BRAI for A. By theorem 3.2 each weak” cluster point E of 7t(e,) is a right identity
for A”. Since m(e,) — E in the weak" topology of A”, ®On(e,) —> POE = @ for all d € Z](A”). Hence
®ori(e,) is weakly cauchy and so convergent in A. It follows that ® € A.

Corollary 3.7. Let A be weakly quasi-complete with a BRAI (ey)qer, and let for each f in A’, the net (f - eq)ael
converges weakly to f. Then (A", 0) is unital and the unit element of (A”,0) is in A.

Proof. Assume that A has a BRAI (e4)ae1. Then (A”, O) has a right unit, say E. Therefore for each f € A’,
we have
(EOD)(f - ea) = mi(ea)(EODP) f

= (M(e)OD)f = (- fleq = Bf - e) — D).
Since (f - e4)aer tend to f in the weak topology of A’, so we have
(EO®)f = O(f), (f eA).

Therefore E is a unit element of (A", O). The rest of result follows from proposition 3.6.
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