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Bernstein-Kantorovich Operators on Multidimensional Cube

G. Stan?

" Transilvania” University of Brasov, Faculty of Mathematics and Informatics, Iuliu Maniu 50, Brasov 500091, Romania

Abstract. The aim of this paper is to introduce a multidimensional Bernstein-Kantorovich operators for
vector functions and study its convergence and Voronovskaja-type results .

1. Introduction

Kantorovich type operators have been obtained and studied by many authors by modifying some
known operators in the unidimensional case, see [1],[3],[5],[6],[7],[91,[17],[18].

In this paper we generalize Bernstein-Kantorovich unidimensional operators in a multidimensional
cube.

For any n € N and f € C[0, 1] the Bernstein-Kantorovich unidimensional operators are defined as:

kel
n+l

Kn(f,x):(n+1)an,k(x)ff(t)dt,feLl[O,l], x€[0,1], n e N. 1)
k=0 k

The Bernstein operators in the multidimensional cube were studied by Hildebrandt and Schoenberg [8],
Lorentz [10] , Schnabl [16].

Foranyn = (n1,n,..., 1) € INF and fecC ([0, 1]k ), the multidimensional Bernstein operators are defined
as:

B0 = Bume D= X |F(2 2, 2) [T (v)

VAR
ny np 1

O<is<ns i=1k
s=1,k /
O | L i i
1 2 k
= ZZ f(—, ey —) Hp”f'if (x]) ’ (2)
; 4 ny np N
71=0 =0 j=1k

where X = (x1, %, ..., x¢) € [0, 1] and p,,; (x) = (Dx' (1 - )" ,i = 0,1, x € [0,1] .

2010 Mathematics Subject Classification. Primary 41A36; Secondary 41A35, 41A10

Keywords. Kantorovich type operators, Bernstein-Kantorovich multidimensional operators, Voronovskaja type theorem
Received: 29 March 2014; Accepted: 04 September 2015

Communicated by Dragan S. Djordjevi¢
Email address: gabriel.stan@unitbv.ro (G. Stan)



G. Stan / Filomat 30:5 (2016), 1219-1232 1220

Properties of convergence and Voronovskaja-type results for multidimensional Bernstein-Kantorovich
operators will be investigated in our paper. Properties of convergence and Voronovskaja-type results of

linear and positive operators have been studied by many authors in unidimensional case, see [2],[4],[11],[12],
[13],[14],[15].

2. Definition. Preliminary Results.

Through the paper the following notations will be considered:
k
Hy = (C([0,11))’,

HY = {z,b = (1, ) € Hy, (%) 20, X € [0,1], j = ﬁ}
Hy is a normed space with the norm given by

9] = max |, where g = (yr, . ).
Let the set

e (91,[11 &QDJ .
H; = {17b = (Y1, ..., Yx) € Hy, so that (9_x] = 8_xi'1 <i<j<k

Definition 2.1. For any n = (ny,ny,...,ng) € INF we define the operators fg : Hy — Hy, given by

Kz (y,x) = (Kﬁ,l (1,%), Ko ($2,%), ., K (Y, f)) ’ (©)
where
ij+1
7l lh i i :
= _ i1 -1 i+1 i
Kﬁ,j (QU/ x) - nj Pm,i; (xl) anjfl,i,‘ (x]) (P (_I weey s t/ AN _) dt
o =+ e n nji-1  Nj+1 N
sissis A\ I=1k, I#] 1= i
s=1k, s#j nj
Hny nj-1 MNj+1 Nk
= n]Z o Z Z o [(Pmﬂ& (1) “Prjija (xj—l) Prjiija (xj+1) Py (Xk))
h=0  i1=0im=0 k=0
Q+1
7l o i i :
i -1 j+1 i
'an,'—l,ij (x]) (P(_l"‘l — t/ 7oy _)dt ’ (4)
= nm nji-1  Njy N
=

forany j =1,k X = (x1,x2, ..., xx) € [0, 1]k and @ € C([O, 1]k),

We will refer to them as multidimensional Bernstein-Kantorovich operators.
In Corollary 2.1, we will show that K5 () € Hj for ¢ € Hj.
For these operators we have the following positivity property.

Lemma 2.1. If ¢ € H; N Hy then Eg € H;forﬁ = (n1, 1y, ..., ng) € INK.

Proof. It follows from Definition 2.1. O
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Further the following notation will be used:
(i) D is the differentiation operator,

) )
D(f,%) = (8—3{1 @, ()—fk (x)), fec([0,11),% = (x1, .., x) € [0, 1],

(ii) Iis the antiderivative operator,
190 = [ @dn+ g2 @edva+ sy @D
0

where ¢ € H, x = (x1, ..., %) € [0, 1 , =1,y €10, 1]
Remark 2.1. D(f) is Vf, the gradient of function f .

Remark 2.2. Because ¢ € H, we have

X1 X2 Xk
I(I’D,E) = fl/)l (t,O,...,O)df+fl//2 (xl,t,O,...,O)dt+...+fl/}k(xl,xz,...,xk_l,t)dt,
0 0 0

for X = (x1, ..., x¢) € [0,1]%.

Lemma 2.2. Let 11 = (111, 1y, ..., ng) € INK. Then
i) (Dol)(¥,x) =), forallp € HS, X = (x1, ..., x;) € R,

ii) (1o D) (f,%) = f ®), for all f € C'([0,11"), such that f (0) =
Proof. i)

Xi

Zflljl (xl/x2/ 7 Xi— 1It 0 dtJ = (91 (E)/"'/gk (})),

0

(Dol)(y,x) =

where

k
_ 0
g](x) = I/J]'(Xl,...,xj, ,..., + Zf% xl,xz,...,x,-,l,t,O,...,O)dt

1:]+1 ]
k all)
= IPj(xlr x], ..., 0 + Zfa—xz (x1,x2, ..., xi-1,1,0,...,0) dt
1:]+1
= 9,
forall j =1,k
ii)
_ d 0
1oD)(£3) = (—f< ) 3 )
o ra
f O)dt-i-f (xl,t,O,...,O)dt+...+f—f (xl,xz,...,xk_l,t)dt
8xk
0
= f(x.

1221
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Theorem 2.1. Forany i = (n1, 1y, ..., nx) € N*, X = (x4, ..., xx) € RN and 1 € HY the following equality holds

Kz (,%) = (Do Byo D) (¢,%).

Proof.

(DoBro)(,%) =D| Y. pui () (1,105) | = (11 G, . i (),

O<is<ng

s=1,k

with - = ('—] L ’—k), where

m Y g

1
e ’ —_—
@ = Y || LT w0 2 (o (7)) 1 75)
Osbsns | \I=Tk, 1] =0
s=1k, s#j
= Z H P (x1) Z(Pn,-—l,ij—l (x]‘)—pn,-_u, (xf))'I (‘P'ﬁﬁi) ’

osis<ns | \1=Tk, 1% ;=0

s=1k, s#j

provided that p,; (x) =0, forx € [0,1],i <0 and i > n.
If we write the sum which is right hand side of above equality as follows

1j

Z (Pn]—l,i,v—l (xj) = Pni-1,i; (xj)) I (1#, ﬂﬁj)

i=0
where
ij+1
n 1
]1 = fll}] (_/ —
n np

and

k r . . . .
I, = Z 17[) 1_1 1ji-1 lj+l Ljt1
: q n1, /n'_1’ n; ’7’['+1’ 7
q:]+1 0 L ] ] ]
x‘q L]‘+1
k W nj ) . .
Mg (i Lj-1 Lj+1
= Z (9_ ALY ._/u/ o
g=j+1% |4 Xj\m nj-1 Mj+1
A
”]‘
A
”/' nq

i i1 ij—l
— e, —, U
n 1’1]'_1

ij+1

le*l

ani—l,ij (xj> Ur + 121,

=0

i1

ey
Nng—1

,4,0, ..., 0) du | dt

ig-1
L =0, ...,0) dt
Nj+1 ng—1
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11 1ji-1 Lj+1 g1 I 11 1j-1 Lj+1 Ig-1
= zf z,bj(—,...,—,u,—,...,—,—,O,...,O -Yil—, oy —u,—,.., —,0,...,0 du
ny nj-1 Nj+1 Ng-1 Ny np nj-1 Nj+1 ng—1

i i1 i ik i g
= f Y; (—, oy = Uy, — | = Y ey —,1,0,...,0]|du,
ny nj—q Nj+1 N np nj-1

we obtain

B i ix
Ji+]2 —f ( St =, .., — |dt.
1/1] n] 1 My N

Hence K; (,%) = (Do Bz o I) (i,X). O

Corollary 2.1. If ¢ € H{ then K (¥) € H.

Proof. It immediately follows from Theorem 2.1 and Theorem Schwartz on the equality of mixted deriva-
tives. [

3. Convergence Properties and Voronovskaja-Type Results

Theorem 3.1. Let i € H. Then

lim [[K5 (9) - ¢ =0, (6)

where the symbol n — oo denotes n; — oo, forany i = 1,k.

Proof. We prove for each 1 < j < k that
ﬁlggiﬁ, (¥ %) =9 ®), ¥ = (1, ..., %) € [0,1]", uniformly. @)

If we consider the integral right hand side of (4), we have

i1 iy i
n]flp,( ooy = 1, ,...,—k)dt
ﬂ] 1 My N
7]



G. Stan / Filomat 30:5 (2016), 1219-1232

i i1 i i iy
—l,bj(—,... _— =, —, ..., —||dt = I/J] (uﬁj)+anij,n],

4 7 7 7 7
n le_l Vl]' 1’lj+1 1

R = i i1 i ix i ii-1 i i

i — VARLV4 rtr VALY VALY 7 7 AR

el N L] el et on) e U1 e v
ni nji-1 Njn s ny nj-1 Nj Njy

i:
L
nj

]

We obtain

1 i i1 i) 1
|Rij,nf‘ < —w ¢] e T, reer T )y
Tl]' n 1’1]'_1 7’1j+1 Ny nj

where w is the modulus of continuity of the first order.
Forp € C ([0, 1]k) we define the modulus

Wi (cp, h) = sup w (cp (xl, s X1, X gl e xk) ,h).

(1K X1 ) E1OAT

Whence

1 . 1
IRy, | < n—ij’ (%‘r n—])

It follows
Vljfl
nj Z H P (1) an,-_l,i,- (x7) - Rim,
0<is<ng ) I=TJ<, l$j ij:O
s=1k, s#j
Vl,‘—l
<nj Z H Py (X1) an,-—l,i] (xj) : |Ri,-,nj|
0<is<ng Z=TJ<, l#] 1]:0
s=1k, s#j -

nj—1
H Pni (.'X']) ]Z:p”j—lrij (x]) ’ %wxj ( jr h)

Osissns [\ J=1k, I#] ij=0 !
s=1k, s#j

1
< WY (ll)j, n_)
]

In view of above expressions we get

Since 1; is uniform continuous on [0, 1]k, it follows

1

— v 1
Kz j (ll)j) = B,y m) (%)H < @Y (4};’, n_]) :

1
lim 0" [¢;, — | = 0.
n]—)oo (l)l}] n])

i

7
Nk

Jo

1224
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Whence

lim

n—0o

On the other hand it is well known that (see [2],[16]),

llrI'lB(n1 IRE T P TR (I;D]/ ) Yj (x),

n—o0

converges uniformly on [0,1]" for j = 1, k.
From relations (8) and (9), we obtain (7). O

1225

Remark 3.1. If we note I(y) = f then Theorem 3.1 essentially says that the partial derivatives of B, ny,. n)(f)

uniformly approximate the partial derivatives of f.

In the sequence we will study Voronovskaja properties for these operators.

moments.

First we consider the

Let the unity function ¢ : R* - R, ¢y (X) = 1 and the projections I, : R* — R, I1, () = x,, for g = 1,k

and X = (x1,x2, ..., x) € RE.

Lemma 3.1. For j,q,q1,42 = ﬁ and x = (x1,x7,...,x¢) € [0, 1]k we have:

i) Kjeo, ) =1;

— X5, GF ]
i) Ky (M1, %) = | w77 .
/] n;xj+2_l1;’q=];

("q D 2
_ N Xt xq, g#j
iii) Ky ; (T12,%) = "
7 (M%) =1 (" 121(”1 2 2+ e
j j j

XgXgps 1,02 # jand qi # g2

iv) K (g, Ty, ) = { X n’;xj + 2%1/) g2 = jand g1 # j;

CEE R RNy

e 0 7 q
K (M7) =) el | s0)) o, 001

n ]' TS j 2 J+ﬁ'q=];

(g~ 1)("'4 2)(”17_3) 6("!4 1)(”17 )

7(n-1) o

q+ 3 X% + 3xq, q#j

N — q
o) K (T,%) = 8 )0 909 ) 4+s<n, 90205 o

} ]

15(n;—1 i—2 6(n;i—1
(”/ 2("} ) 22+ (”/4 )
n; j n;

5n4’ q_]
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Proof. We prove thislemma using (4) and the fact that Z pn () =1, Z p,, i (x) ﬁ =x, Z p,,,,- (x) (ﬁ)z =l

an,i () (ﬁ) — (n—llign—Z)x;% + 3(1111;1)9(2 + ﬁx’ me, (x)(%) — (n—l)(n];Z)(n—3)x4 4 b= }q)(n 2)x3 + 7(n 1)x2 + Sx, for
i=0 i=0
nelN, x €[0,1].

i) It is obvious.

ii) For g # j we have

i i1 iy
fnq(—l,..., L )dt fidt
) m nj-1 n]+1

A
1

g

Replacing the above equality in (4) we obtain

— i
=\ _ q
Kﬁ,] (qux) - Z H Pnyi (X[) an} 1,ij x] I’Z_ anq i xq = Xg4.
Osissns |\ 1=1k, I#] ij=0 1 ig=0
s=1k, s#j

For g = j we have

i iiq Tiv1 i 2i:+1
fn]-(—l,...,]—,t, = ,...,—k)dtzftdtz -
) n Tl]'_l Tl]'+1 Ny 2n

Replacing the equality in (4) we obtain

—1 .
_ ~ n; le +1
Rlnd) = 5| T pwsto| S )
0<is<ns ) l:ﬁ, li] 1]:0 ]
s=1k, s#j
Z 21] +1 le -1 1
= x = Xg+ 5—.
£ p”} Lij ] 271 n; q 271]‘
=0

iii) For g # j we have

i i

Hj . . . . TI/’ . 2 2
i 1j-1 iyl Tk 1 1 !

fn;(n_,...,n;,t,n;,...,n_ = [(2)a=L. 5

) 1 -1 j+1 k q i ng

i i
nj nj

If we replace the equality in (4) we obtain

2
Gl) = L | I s S
‘l

Osisens | \1=1k, I#]
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For g = j we have

]

i i ; 32 +3i;+1
o i

fnz( 8 ]”,...,l—k)dt=ft2df=]—3-
m’ i g 3n;

i J

i
nj nj

Taking this into consideration in (4) we obtain

_ s 31 +3ij+1
Koj(M3) = | 2 | ] it an, i (9) =52
O \[=1k, I#j ij=0 !
s=1k, s#j
”le 32 +3i+1  (mj=1)(m;-2) , 2(m-1) 1
w1 (X = x5+ X+ —
L ) g 2 2 3
i=0 j j j
iv) For q1,4> # jand g1 # q> we have
i]+1 ij+1
" . . . . . . . S
17 1j-1 Li+1 Ix 1 Lji-1 Lj+1 Ik lgg g
fnql = Lt T, | T, = K ar= | g =
) n I’l]'_l 1/1]'+1 ny 1’11 le_l 7’1j+1 ny ) I’lql I’lq2
Ni i
/lj Vlj
Replacing the above equality in (4) we obtain
l’ll
— 1q11qz
K (H qu/x) - p”lzll (xl) pn/ 11/ Tl Tl
osisns |\ j=Tk, 1% 2
s=1k, s#j
g . gy
zq1
pn’u ’ql ql p”qzrlqz qZ - qu xliz'
7'11 1‘72
For g, = jand g1 # j we have
,‘/.+1 i/-+1
i -1 hix Ik gl -1 Ljxl Ik g by
fn,h( oy 2t L, T (=, Lt L, S |dE = | b=
) 111 1”1]'_1 11]'+1 Ny ni 1’1]'_1 7’[j+1 Ny ) nql nql

g
n

Taking this into consideration in (4) we obtain

Eﬁ'f (qunf’J_C) = Z H Puiy (xl) anf Lij x/ Zq]

O<is<ng 1= 1k l#] 1]_
s=1k, s#j

gy

i 21 +1
i
= anﬁl gy q1 anl 1, x] m 2

q
gy = ij=0

l’l]‘—l 1
= qu n—]x]+2—n]

=

Zi]‘+l

2n?

2i]‘+1

1227
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v) For q # j we have

ii+1
. . . . . \3 . \3
Il 1j-1 i+l i 1 1 1

(e 2 = [ =L (2]
n 1’1]‘_1 71]‘+1 Ny qu nj nq

Replacing the above equality in (4) we obtain

3
Eﬁ,j (HSIE) = Z H Py (X1) an] 1ij x] (:1 )
G ij=0
4 i ng—=1)(n, -2 3(n, -1 1
- Bpotofyf B 2,

For g = j we have

1+1 ]7
7. 41 +61 +4i:+1
ij1 Ljiy1 j
fl'[3( 1, = . —) = fﬁdt - .
nji1" My Ny an:

i ]

n;

]

Replacing the equality in (4) we obtain

&) = [ 1 | B o)

41 +61 +4ij+1

osis<ns || = 1K, 1] i=0 41’1].
s=1k, s#j
1 4% + 612 + 4ij + 1
= Pnj-1; (xj) o
i;=0 j
_ () —1)<n;:2)(n] —3)x3+ 9(n]—1)(nj—2)x . 7(n]—1)x]+ g
nj ] zn? 213 4”;3‘

vi) For q # j we have

]7
. . \4 .4
f( l;ulf;l )dt f(_a) dtzl.(l_q)
q i T 1y nj \ng
L

Replacing the above equality in (4) we obtain

- 4 g ©\4
Kﬁ’](nglf) = Z H Pry,iy (xl) Zp”/ Lij x] (;l_) Zanq'iq <xq)(;l_q)
zoiks " I=Tk, I#] ij=0 ! 40 '
ng—2)(n, -3 6(n,—1)(n, -2 7(ng—1 1
_ (u- )(2; =3, , el n>3<q o, <;13 >_

1228
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For g = j we have

1+1

. . ~4 .3 .2 .'
fl_[4 z] 1 , i1 i dt:ft4dt: 51j+101].+101j+5z]+1‘
nl 7 '_1/ 7 Tl]‘+1, 7 1y 57[}5

b
nj

Replacing the equality in (4) we obtain

_ 7l 517 + 108 + 10i4 + 5i; + 1
Knj(n‘]%j) = Z H Psiy (x1) me_l,ji (xj) L ¥ 5n41/ i
osiens =1k, 12 ij=0 j
s=1k, s#j
51 +101 +10z +5ii+1
= Z/ZOPH’ 1i; x] 5n4; j
~ (nj=1)(n; = 2) (n; = 3) (n - 4) . 8(n; —1)(n;-2) (n; - 3) 3
= 1 X: + 1 xj
n]. n],
. 15(n; - 1) ( j—z)x +6<n]4—1)x]+i4.
n n; 5n].

Lemma 3.2. For j,q,q1,42 = 1Lkandx = (x1,x2,...,x¢) € [0, 1]" we have:

_ 0, g#j
i) K j (Hq—xqeo,i)z{ vl

o q = ]’
N xw(l xﬂ) +
ii) Ky, ; ((Hq - xq€0)2 /f) = n,22qx] (1 ' x])] 2/ q=7

]
iii) Kz (115, = xg,€0) (T, = xp0e0), %) = 0;

3(n,7 2) 2 2 .
NT _ 4 _ _ ”Z (1 xq) +n—3xq(l—xq),q;&]
Z?J) Kn/] ((Hq quo) ,X) 3"?—2"6: +24x]2 (1 B xj)Z + 51/:;6)(]. (1 _ x]) 4’ q= ]

] ]

Proof. It immediately follows from Lemma 3.1 and the linearity property of the operators. [

Theorem 3.2. Let ¢ : [0, 11* - Rbea function which admits second order partial derivatives on [0, 11% and these

are continuous in a fixed point x = (x1,x2, ..., Xx) € [0, 1]k and ny =np = ... = np = n. Then
y ~ _ _ - 2x; 3(p 1g
timn (K, (9,5~ ) = - > 0+ 53 (1= <x> (10)
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Proof. Using Taylor formula for function ¢ : [0, 1]k — Rinx = (x1, %2, ..., x¢) € [0, 1]k for anyf =(f,tp, ..., 1) €
[0, 1]k we have

k
o) = 0@+Y 52 @ () ZZ L 1)
q=1

P ¢
Xg, 0%y,

) ( qu) (t‘q2 - xqz) +R (Z, E) (11)

1<q1<q2<k

where & = & (t) belongs to the segment of end points f and X, and R (}, E) given by
i 1 a 92(p — 92 P _ )
R(EX) = 5; [&—xg (&)- 72 (x)] (t - %,)
2% _ 2 ~
1<q1<qa<k [Wg;‘h (é) - Wg;qz (x)] (tql - qu) (t‘iz - xﬂz) .

Since ¢ admits continuous second order partial derivatives in ¥ it follows that

) 0w, () Y

o 8x 0x4,0xg, N Foz 0xg 0%y,

(x).

From the uniform continuity of the second order partial derivatives of ¢ on [0, 1]%, we obtain that for each
€ > 0,there exists r. > 0 such that for any y with the property “? - i” <7

9? _ 9?
P @) - 4

@ <eq1,92 =1,k
9x4,0xg, 9x4,0xg, N1
We consider
P
M = max A
1<q1,92<k qulz?xqz

By using above fact, we obtain

te[0,11, q1,q2 = 1, k.

)

P’ E) P’
0xy,0%y, 9x4,0%y,

2M —
<e+ —”x
Te

With the help of Cauchy-Schwarz inequality, we get

e+ 2 “x—t||2

_ k M -
R(3) < Zt_xq (6+7||x_t||2) Y =] Jte

1<q1<q2<k

A

e+ Hx— i

k X ~
‘ M ] Sl S
q=
Whence

R(Ex) <5k k- +—II"—fII
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2
By using following expression ”3_C - EHZ = f (tq - xq)z and “E - 1_?||4 = [Zk: (t,7 - xq)z] <k

4
()f,7 - xq) , We
=1 =1

M=

1

q
obtain

k k2 M k
| |S k- —xq Z —xq .
ql q=1

le‘o

Finally we have

~ € u k2 M~ [$ 4
71, SK* ( E 7,j Z —xq Kﬁ,j Z(tq—xq) X1
g=1 ‘ g=1
If we consider Lemma 3.2 and 11 = 1, = ... = 1y = n, we obtain
: 2 o, 1 xq(l—xq)<3kn—2< k
Koy | L (1) % zi(l-x)+ g+ Z n - 12n2 " 4n
q=1 q=1k, q#j
and
k
3n?—26n+24 , 2 bn-6 1
][qZ:{ —xq ,] = T (1 x]) +ij(1—xj)+%
3(n-2) , 2 1 3k
Y PO ) 1) <
=1k, g%
We get
= ¢ ,1 KB-M 3
_ . < K- . — k= N
i <Kaj(RLX) < 5K+ —— g7
and thus

n- Kn](R x) — 0.

n—oo

From Lemma 3.2 and (11) we have

_ 1-2x; 0 - PE
1Ko (0D -9 @) = 2’”—(”0 3| i-n) + 5] S @
]
% ; (x)xq 1 xq)+nK (R,x).

When 1 — oo, we obtain

= —2x; 0
”(Kﬁ,j((Pj)—(Pﬁ» x,_go( )+22xq 1 xq —(x
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