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Abstract. In this paper, we consider the fully degenerate poly-Bernoulli polynomials with a q parameter.
We present several properties, explicit formulas and recurrence relations for these polynomials by using
the technique of umbral calculus.

1. Introduction

The goals of this paper are to use umbral calculus to obtain several new and interesting identities of
fully degenerate poly-Bernoulli polynomials with a 4 parameter. The use of umbral calculus technique

has been very attractive in numerous problems of mathematics and applied mathematics (for example, see
[3 1616} 19] 20]).

Throughout this paper, we assume that A, g € C with A,q # 0 and k € Z. The poly-Bernoulli polynomials
with a g parameter B% (x) are defined by (see [5])

quk(l Mf
& (
1_eqt * Zqu . (1)

n>0

In fact, they were defined by Bff;(—x) instead of Bg,k,;(x) in [5]. Here Lix(x) = ¥.,51 ’1;—: is the kth polylogarithm
function and Li; (x) = —log(1 — x).

In recent years, various kinds of degenerate versions of the familiar polynomials like Bernoulli poly-
nomials, Euler polynomials and their variants regained some interest of many researchers. For instance,
in [13] a degenerate version of poly-Cauchy polynomials with a g parameter were investigated by using
umbral calculus (see [15]).

Here in the same vein the fully degenerate poly-Bernoulli polynomials with a q parameter ﬁquji(/\, x) are

introduced as a degenerate version of the poly-Bernoulli polynomials with a g parameter B;k; (x). They are
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defined by the generating function

_q

qu-k(l—(Hq/\t) 7 ) ”

— L+t =Y @)= )
1-(1+Af)7 ;;5 7 n!

Forg =1, ﬁﬁ,k)(/\, x) = ‘Bff)l()\, x) are called the fully degenerate poly-Bernoulli polynomials which are studied
in [12]. On the other hand, we see that lim,_, ﬁgf)q(/\, X) = Bi,k/;(x). For x = ﬁ(k) (A,0) are called the

fully degenerate poly-Bernoulli numbers with a g parameter. Hence, our polynomials ﬁnrq(A, x) give a unified
language to several families of polynomials, and several well known results (see [12-14]).

Now, from it is immediate to see that the fully degenerate poly-Bernoulli polynomials with a g
parameter are given by Sheffer sequence (for Sheffer sequence and umbral calculus, we refer the reader to
[17,[18]) as

1—e1 eM—-1
A, . 3
p ( x) ~ [qu (1 M,) 1 J 3)

Recently, several authors have studied special polynomials which are related to degenerate and umbral
calculus(see [1-19]). In next section, we derive some properties of the fully degenerate poly-Bernoulli
polynomials with a g parameter (for the case g = 1, see [12] and references therein).

2. Explicit Expressions

In this section, we present several explicit formulas for the fully degenerate poly-Bernoulli polynomials
with g parameter. To do so, we recall that the Stirling numbers S;(n, m) of the first kind are defined as

(6 = A"/ A)n = Y 11, ON 2 ~ (1, (M = 1)/A), 4)
=0

where (x|A), is defined by (x|A), = x(x — A)(x —2A)---(x — (n — 1)A), for n > 1, and (x|A)g = 1. Note that the
exponential generating function for the Stirling numbers of the first kind is given by
—<1og<1 )= Y S0k i ©)
>j
Also, we recall that the Stirling numbers S;(n, m) of the second kind are defined by

t_ 1)k ¢
LY seny ©

>k

Theorem 2.1. Foralln >0,

n n_ {-r 1t
(k) - m() _ n=t(_ g\ (-r-m+1
Bug(A, %) = ;;[Hmz (m+1)k51(n ,0)S2(€ — 1, m)A" " (—q)
Proof. By (3), we have

1- eM—-1
oL (2 evf)ﬁ o~ 5) 7
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Thus, by (@), we obtain
quk (1 e ‘7') le (1—6"7’)
(k) _ é’ 9 13
Brng(A %) = 1_—( x|A)n = 251 (n, OA" o7~
n
_ N —qt m_e
= Z (n,H)A o +l)km1(e‘7—1)x.

So, by using @ and reordering the obtained expression, we have

n

14 { m+r
®(4,x) = Z Z Z $101, 08y (r, myAn-( —TEEVTT

I(m + 1)kqm—r—1

3
=
S
|
1
3
—
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- S1(1, €)So(€ — 1, m)A"(—q) "~ m+1]x ,

as claimed. O
Theorem 2.2. Foralln >0,

n n {-r
B (A, x) = Z[ Z( )/\" ISy (n, )S2(C — 1, )P, (A, O)Jx’

r=0 \ {=r m=0

Proof. By (8), we have

BOA,x) = ZSl(n A" ot =) m:@s 1(n, OACBY. (4, o=
Thus, by (6), we obtain
“,x) = Z i i S1(n, O)Sa(r, m)A" i (A 0))\7—'"(5)3/-*
1 2 7 s
=0 m=0 r=m r

which, by reordering the sums, completes the proof. [J

Theorem 2.3. Foralln > 1,

n n—f—r ¢ n—f—r—m+1
ﬁ (/\ X) = Z [Z (n )( )m')\ ((mql NG B(”)Sg(n (-, m)] x

r=0 \ (=0 m=0

where BY" is the Bernoulli number of order n given by (75" = Y120 BV L.

Proof. By applying the transfer formula to x" ~ (1,¢) and @, for n > 1 we have
At AT

—1 —e? (k) (/\ x) = XX A= x— "1
qLix (1 - W) (=1 S -1y

which implies

1-e® tont _ N (1= 1\ 00 e
————— B0, x) = ZBK {)ltx = , B

aLic (5) =
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Therefore,

n-1 Li (1—('%’)
®) _ n=1\ T\ )
ﬁn,q(A,x)—Z( . )A By ————x",

=0

which, by using (), leads to

n=1 n-t n-C n—1\(n - {’(l)’”m)\f
(/\ X) ( )( )—mB(”)S @, m)(_q)rxn—é’—r
[Z‘ Z‘ (m + 1)kgm-1 2

m=0 r=m

n—-1 n { n— m

n-— 1)( ) D"mIAL .

~ " BWS,n-t-r m)(—q)"" X"
1 ¢

5:0 —~ (m + 1)kgm—1

n n—r n—{— r( 1)(1’1 f)m')\[( q)n —{—r—-m+1
¢

r (m+ 1)k

B(")Sz(n 7 m)] x
r=0 \ (=0 m=0

as required. [J

Theorem 2.4. Foralln >

n—r n—f—r
BY (A, x) = E(Z Y (” 1)(” 5)/\” rmpe® (4, O)Sz(n—é’—r,m)]x’

r=0 \ (=0 m=0

where B(;') is the Bernoulli number of order n.

Proof. We proceed by using the proof of Theorem 2.3]as follows. By (10), we have

n { n—0-m

LRI NI (" 1)” BB, 008201~ £, mm"“(” ; ")xr,

(=0 m=0 r=0

which, by changing the order of the summations, completes the proof. [

To proceed further, we observe the following. Note that Lix(x) = * Lk 1(x) dx with Li;(x) =

Thus, by induction on k > 2,

Li
Lig(x) = f f f i (¥-1) —————dXp_q1 - - - dxpdxy.
X1X2 *+* Xg-1

By setting x = 1=~

, We obtain

qLiy (

2 g lematir -+t L) (%)
1-e ‘Yf T1-e ‘thf f (1—eh)--- (1 — e 1)

By induction on k together with the fact that

1 eq!

1—e" ‘if ZB]Z);_Z ?]!’

j20

qL11

we obtain

171 . .
—quk( ) = Z Pt Bh,q(_Q) Bfk(l)q]k ﬁ Bjiqjl .
T-ett — alGi+1) i JitfGi -+ i+ 1)

where B, ;,(—q) = Bg.i)q(—q) (see (1)) and B, (x) are the ordinary Bernoulli polynomials.

1032
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—log(1 - x).

(11)
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Theorem 2.5. Let k > 2. Then

Bj,4(—9) B (Vg% 11 Bjq'
ﬁ (A 0= Z alhi+1) ! g jiGr+---+ i+ 1)aj1+"'+jk’

Jite+j<n

where

(h+-+j)! v (n . .
R e Z Y Su(l o+ + A W)

At
[=]1+"'+jk

Proof. By (3) (with help of umbral calculus, see [17,[18]), we obtain

_q
aLi, (1—(1+th) i )
Ezk,;(/\/ y) = <m(1 + ALY | xn>‘

Thus, by (11), we have
Bjig(—9) Bj(Da* 177 Bjg/
) j1.q J Ji
/\/ = . . . . . 3 a'l et Ty
n/q( y) jl+;k§n ]1'(]1+1) ]k' ]i:!:]i!(]1+"'+]i+1) Jrr

log/ ™ Tk (1+AH)(1+AHY/
N+

where @ 4.4, = < | x”>. By (B), we obtain that @ 4...,j, is given by

01t
(]1 + et ) < Z Si(6, ji+---+ fk)%(l +/\t)y/A | xn>

Atk
{= ]1+ +]k

e ) & M
:UlLﬁ—:k]k) Z Z(]+ )Sl(f jut e+ A I, <(t f)!lxn>

C=j1++j; j=0

i+t i)
ZM Z (?)Sl(fzjl+"‘+].k)/\€(]/M)n—€/

A=t e~y
C=j1++]jk

which completes the proof. [

Note that the above theorem holds for k > 2. In the case k = 1, we can use similar technique to obtain
(1) (A, x) = Z;-I:O ZZ:]- (DATIB4S1(L, ))(x|A)n—¢, where we leave the proof to the interested reader.

3. Recurrences

Note that, by (3) and the fact that (x[A), ~ (1, EM—_l) we obtain the following Sheffer identities: ﬁ,(qkil(/\ X+

i 0( )ﬁ(k)()\ x)(yIA)n-j. Moreover, in the next results, we present several recurrences for the fully
degenerate poly -Bernoulli polynomials with a g parameter.

Theorem 3.1. Forall n > 1, (A, x + 1) = B3 (A, x) + nAﬁff’Lq(A, x).

Proof. Using the fact that f(t)S (x) = nS,-1(x) for all S, (x) ~ (g(t), f(t)) (see [17,[18]) in our case, see (3), we

obtain L (et -1)B, ® a(Ax)=n (A, x), which implies (k) (A x+A)— (k) a(A,x) =nA (k (A, x),asclaimed. [
A n— 1 q p -14
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Theorem 3.2. Foralln >0,
k
Bt (A %) = XBH (A, x = A)

n m+l Anm [ m+1
(k) (k=1)
_ZZ m+1 ( )S ( m)(Bm+1 -tq _Bm+1 fq)Bf((x_/\)/q)-

m=0 (=0
Proof. We proceed the proof by using the fact that S,.1(x) = (x — gg((:))) 7 (t)S (x), for all S,,(x) ~
[17,[18]). By the above fact and (3), we have that
By, (N %) = XBL (A, x = 1) = -“9 . )ﬁ(k) (A, %)

with g(f) = —12~"—. Note that ;;(sz(x)) Lol g,

thk( 7 )
g0 _ g [1 _ e (1‘21”)]
S}

gy  1—e

Thus, by @) and (7), we have

(1= S
el (t)ﬁ(k) ot 1 aLi (=) Lk (=) 1-ew ﬁ(k) (A, x)
i (=t 1
= i S (n m)/\n—me—/\t qt 1 quk( q ) 3 quk_l ( f ) .
— 1\n, et — 1t 1 — et 1 _ et
o (1= . 1—eit
= i S (1’[ m)An—me—At qt quk( 7 ) _ qLZk—l( 4 ) x’”“
£ 1\, E‘qt—l l_e*qt l—e*qt m+1,

where we note that the expression in the curly bracket has order at least one. So,

—/\tg (t)ﬁ(k) Z S1(n, m) A=At qt (B(k) (x )_B(k 1) (x)).

g(t) o m+1 et — m+1,q m+1,q

Note that by (T) we observe that B (x) = Lj_, (; )B(k) x¢. Thus,

A (1) (k) Si(n, m) fm+ 1 I Y
g(t) Z(‘)[ZO m+1 (Bm+1 -tq Bm+1 lq) et — 1X
n m+l
51(n,m) m+1 ) (k-1) ¢ x—A
- Z Z m+1 A" V4 (Bm+l -4 Bm+1 [q) Be(T)
m=0 (=0

By substituting this expression into (12), we complete the proof. [

In next result, we express dY (/\ x) in terms of ﬁ(k) (A, x).

Theorem 3.3. Foralln > 1, ;’—X‘B;’%(A, x)=n' Y55 ((2;;,1[3 (A, x).

1034

(9(2), (D)) (see

(12)

Proof. In the case of (3), we obtain (f(£)lx"~*) = X1, (—1)f‘1(’f]—{|x”‘[) = (-A)"Y(n—€-1)!. Thus, by using the
fact that %Sn(x) = 2?;& Z)(f_(t)lx”‘[)Sg(x), for all S,(x) ~ (g(t), f(t)) (see [17,[18]), we complete the proof. [J
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