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Some Additive and Multiplicative Results for Generalized Inverses
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Abstract. In this paper we give necessary and sufficient conditions for A;{1,3} + A»{1,3} + ... + Ax{1,3} C
(A1 + A+ ... + A{1,3} and Aq(1,4} + Ax(1,4) + ... + A1, 4) C (A1 + Ay + ... + Ap){1, 4} for regular operators
on Hilbert space. We also consider similar inclusions for {1, 2,3}- and {1, 2, 4}-i inverses. We give some new
results concerning the reverse order law for reflexive generalized inverses.

1. Introduction

Let H, K, £ and I be complex Hilbert spaces and let B(H, K) denote the set of all bounded linear
operators from H to K. For a given A € B(H, K), the symbols N(A) and R(A) denote the null space and
the range of operator A, respectively. The identity operator on H is denoted by I¢;. For an operator A,
by A;! (A;') we denote the left (right) inverse of A and by B;/(H, K) (B;(H,K)) the set of all left (right)
invertible operators from the space B(H, K). E4 and F, stand for two orthogonal projectors E4 = I — AA*

and F4 = I — A*A. For given sets M, N, by MN or M - N we denote the set consisting of all products XY,
where X e Mand Y € N.

Recall that A € B(H, K) has a Moore-Penrose inverse if there exists an operator X € B(K, H) such that
(1) AXA=A (2) XAX =X (3) (AX)" = AX (4) (XA)" = XA. (1)

Moore-Penrose inverse of an operator A € B(H, K) exists if and only if A has a closed range and in this
case it is unique and is denoted by A. If for A € B(H, K) there exists a Moore-Penrose inverse, we say that
A is regular operator.

For A € B(H,K),let Ali, j,..., k} denote the set of all operators X € B(K, H) which satisfy equations (i),

(j), ..., (k) from among equations (1)—(4) of (1). In this case X is a {i, j, ..., k}—inverse of A which we denote
by Ali-H),

Let A; € B(H,K),i= m We give necessary and sufficient conditions for the following inclusions
A{1,3} + Ax{1,3} + ... + Ac{1,3} C (A1 + Ax + ... + Ap{1, 3},

A{1,4} + Ax{1,4} + ... + Al{l,4} C (A1 + Ax + ... + AP, 4},
(A1 + Az + ... + Ap{1,3} C A1{1, 3} + Ax{1,3} + ... + A¢{1, 3},
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(A1 +Ax + ... + Ap{1,4} C A{1,4} + Ax{1,4) + ... + A{1, 4],
A1{1,2,3} + A2{1,2,3} + ... + Ar{1,2,3} C (A1 + Az + ... + Ap){1,2,3}

and
A{1,2,4} + Ax{1,2,4} + ... + Ap{1,2,4} C (A1 + Az + ... + Ap){1,2,4}.

In [2] authors considered necessary and sufficient conditions for B{1, 2} - A{1, 2} € (AB){1, 2} in the case of
bounded linear operators on Hilbert space. We derived necessary and sufficient conditions for the inclusion
C{1,2} - B{1,2} - A{1,2} € (ABC){1, 2}.

2. Results
It is well-known that for A € B(H, K) and B € B(L, H) regular,
Be A{l,3} & A'AB=A,
Be A{l,4} & BAA'=A",
and that sets of all {1, 3}-and {1, 4}-inverses of A are described by

Af1,3) = (AT +FAV: VeB(K, H),

AlL,4) = {AT+VEs: VeBK, H). 3)

Also, for A € B(H,K) and B € B(L, H) regular,

Be A{1,2,3) © (A"AB = A" A BAAT = B),
Be A{l,2,4) © (BAA" = A" AATAB = B),
and sets of all {1,2,3}-and {1, 2, 4}-inverses of A are described by

Al1,2,3} (AT + FAVAAY : V € B(K, H)},
Af1,2,4) = [AT+ATAVE,: V e B(K, H)).

(5)

Theorem 2.1. Let A; € B(H,K) be such that A;, i =1,2,..., kand A = A1 + Az + ... + A are reqular operators.
The following conditions are equivalent:

(Z) A1{1,3} +A2{1, 3} + ... +Ak{1,3} c (Al + Ay + ... +Ak){1,3},
(i) A"AFp, = 0,i =1,k A"AYS AT = A

Proof. (ii) = (i) : Suppose that (if) holds. We need to prove that for arbitrary A§1’3) € Ad1,3),i =1,k it
follows that Agl’s) + A(21’3) + ..+ A,(Cl’?’) € A{1,3}. Thus, given any V; € B(K, H), i = 1,k, we must show that

k k
AA(Y AT+Y Favi)= A, (6)
i=1 i=1

which is satisfied by (ii).

(i) = (ii): If (i) holds, then for any V; € B(K, H), i = 1,k, we have that (6) holds. Specially, for V; = 0,
i =1,k by (6) we get that A*A 2?:1 A;f = A*. Similarly, if for any i € {1,2, ..., k}, we take that V; = F4, and that
V;=0,j#i,by (6) we will get that A“"AF,, = 0. Hence, (ii) holds. O

In the following theorem we present the necessary and sufficient condition for

(A1 + Az + ... + Ap{1,3} € A{1, 3} + Ax{1,3} + ... + A{1,3}.
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Theorem 2.2. Let A; € B(H, K)besuchthat A;,i=1,2,...,k, A =A1+Ar+..4+Arand C = [ Fa, Fa, ... Fa ]
are regular operators. The following conditions are equivalent:

@) (A1 + Az + ... + A{1,3} C A1{1,3} + Ax{1,3} + ... + Ak{1, 3},
(i) CC'F4 = F4, CCH(AT - Y1 AT = AT - ¥ AL,

Proof. (ii) = (i): Suppose that (if) holds. We need to prove that for arbitrary V e B(K, H) there exist
Vie B(K,H),i=1,ksuch that

k k
AT+ FV =Y AL+ Y Ea Vi,
i=1 i=1

i.e.

V1 k
=FAV+AT=) AL (7)

i=1

| Far Fa, o Fa ]

k

Hence, to show (i) we need to prove that the equation (7) is solvalable for any V € B(K, H) which holds if
and only if

k k
cc*(PAV+A+—ZAj) :PAV+A+—ZAj. (8)
i=1 i=1
Obviously, (8) is satisfied by (ii).
(i) = (ii): If (i) is satisfied, then (8) holds for any V € B(K, H). Taking V = 0 and V = F, in (8), we get
that the both equalities from (ii) hold. O

Theorem 2.3. Let A; € B(H, K)besuchthat Ai,i =1,2,...,k A = Aj+Ag+..+AcandD = [ Ex, Ep, .. Eg, |
are reqular operators. The following conditions are equivalent:

(D) (A1 +Ax + ...+ Ap{l,4) C A1{1,4) + Ax{1,4} + ... + Ai{1,4},
(ii) DD'E4 = E, (AT - Yo, ADDD' = AT - T | AT,
Proof. For arbitrary matrix A € B(H, K) we have from (2) that B € A{l1,4} & B* € A*{1, 3}, so it follows that
(A{1,4}) = A*{1,3}. Now, condition (i) is equivalent to
(A1 + Az + .. + AL A1) C (A1, 4D)" + (A2f1,4D)" + ... + (AL 4))
& (A1 + Az + ..+ A)'(1,3) € AT{1, 3} + A{1, 3} + ... + Ai{1, 3}
& (A} + A + ..+ AD(1,3) C AJ{1,3) + AY{1,3} + ... + A {1,3}

which is from the Theorem 2.2 equivalent to

k k
CC'Ex = Fa, CCH(A) = ) ()N = (A)' = ) (A", ©)
=1 =1
where C = [ Fp- Fay ... Fa ] Since Fa- = Ea and Fa: = Ej, it is easy to see that (9) is equivalent to (ii).

In an analogous way, necessary and sufficient condition for the opposite inclusion can be derived from
the Theorem 2.1.

Theorem 2.4. Let A; € B(H,K) be such that A;, i =1,2,...,kand A = A1 + Ay + ... + Ay are reqular operators.
The following conditions are equivalent:
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(1) A1{1,4} + Ax{1,4} + ... + A1, 4} € (A1 + Az + .. + Ap){L, 4},

(i) AA"Ep, = 0,i = 1,k (Li; ANAA" = A",

Theorem 2.5. Let A; € B(H,K) be such that A;, i =1,2,...,kand A = A1 + Ay + ... + A are reqular operators.
The following conditions are equivalent:

(1) A1{1,2,3} + Ax{1,2,3} + ... + Al{l,2,3} C (A1 + Az + ... + Ap){1,2,3},

(i) A*AF4 = 0,i =1,k A'AYY, Al = A7, Y, AlFo =0,and Fa, = 0 or AjATF4 = 0 for every i € {1,...k}.

Proof. (ii) = (i) : Suppose that (ii) holds. We need to prove that for arbitrary A§1’2’3) € Ai{1,2,3},i = ﬁ it
follows that A§1’2’3) + A(21’2’3) +..+ A;{l’zs) € A{l1,2,3}. Thus, given any V; € B(K, H), i = l,_k, we must show
that

k k

Z Z FAViAA}) (10)

and
k k

(Z Z AVIAAT)I - AAT) = 11)
i=1 i=1
which is satisfied by (ii).

(i) = (ii): If (i) holds, then for any V; € B(K, H), i = 1,k, we have that (10) and (11) hold. Specially, for
V;=0,i=1,k by (10) we get that A*A Y| AT = A* and by (11) we get that Ye, ATF4 = 0. Similarly, if for
any i € {1,2,...,k}, we take that V; = F4, and that V; = 0, j # i, by (10) we will get that A"AF,, = 0 and by
(11) we will get that F4, = 0 or A;ATF4 = 0. Hence, (i) holds. O

Theorem 2.6. Let A; € B(H,K) be such that A;, i =1,2,...,kand A = A1 + Ay + ... + A are reqular operators.
The following conditions are equivalent:

() A1{1,2,4) + Ax{1,2,4) + ... + Ap{1,2,4) C (Ay + Ay + ... + AQ{1,2,4},
(i) AA'Ep, = 0,i =1k, (T, ADAA" = A", E4Y.\; AT = 0,and E4, = 0 or EAATA; = 0 for every i € {1,...k}.

Proof. For arbitrary matrix A € B(H, K) we have from (4) that B € A{1,2,4} & B* € A*{1,2,3}, so it follows
that (A{1,2,4})" = A*{1, 2, 3}. Now, condition (i) is equivalent to

(A1{1,2,4D)" + ... + (Ax{1,2,4})" C ((A1 + Az + ... + Ap{1,2,4})"
© A{1,2,3}+ ..+ AL{1,2,3} C (A1 + Ax + ... + Ap){1,2,3)
© A1, 2,3+ ..+ A{1,2,3} C(A] + AL + ... + ADIT, 2,3}

which is from the Theorem 2.5 equivalent to
k
AA* Z(A;)* - A
i=1
k
12
Y (A Ex =0, (12
i=1

FA; =0 or A;(A;)*FA* =0, forevery ie€f{l,...k}

AAFp =0, i=1k

where A = Ay + Ay + ... + Ay. Since F4- = E4 and FA; = E,, it is easy to see that (12) is equivalent to (7).
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Theorem 2.7. Let A € B(H,K), B e B(L, H)and C € B(Z, L) be such that A, B, C, AB, BC and ABC are regular
operators. The following conditions are equivalent:

(1) C{1,2}- B{1,2} - A{1,2} € (ABC){1, 2},

({fH)A=00rB=00rC=0,

or

Ae BN H,K)and B € B, (L, H),
or

Be B (L H)and C e B]\(I, L),
or

Ae Bl‘l(?{,‘K) and C € B;1(Z, L).

Proof. (i) = (ii) : If (i) holds, then evidently C'B*A" € (ABC){1,2}, so

ABCC'BTATABC = ABC (13)
and
C'BTA'ABCC'BTA' = CTBTA™. (14)

Since, forany X € B(K, H)and Y € B(H, L), AT+ (I —ATA)XAA" € A{1,2}and B'+B'BY(Iy—BB") € B{1,2},
we get that

ABCC'(B' + B'BY(Iyy — BB"))(A" + (Iyy — ATA)XAANABC = ABC (15)
holds for any X € B(K, H) and Y € B(H, £). For X = 0in (15) we get

ABCCY(B" + B'BY(I;; - BB"))A'ABC = ABC. (16)
Substracting (16) from (15) we get that

ABCC'(B* + B'BY(Iyy — BB))(Iy — ATA)XAATABC = 0 (17)
holds for any X € B(K, H) and Y € B(H, L). If we take Y = 0 in (17) we get

ABCC'Bf(Iy — ATA)XAATABC = 0. (18)
Substracting (18) from (17) we get that

ABCC'B'BY(Iyy — BB")(Iyy — ATA)XABC = 0 (19)

holds for any X € B(K, H) and Y € B(H, L), so it follows that
ABCC'B'B = 0 or (I3y — BB")(Iyy — AYA) = 0 or ABC = 0 which is from (13) equivalent to

(I — BBY(Iy — ATA)=0 or ABC=0. (20)

Similarly, forany Y € B(H, L), Z € B(L, I), B*+(I;—B'B)YBB' € B{1,2}and C'+C'CZ(I,—CC") € C{1,2},
SO

ABC(C" + C'Cz(1; — cC")(B" + (I, - B'B)YBB")ATABC = ABC.
In analogous way as above, by taking Y = 0 and Z = 0 we will obtain

(I —CChH(I;-B'By=0 or ABC=0. (21)
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Since forany X € B(K, H), Z € B(L, I), At + (I — ATA)XAAT € A{1,2} and CT +CTCZ(I, - CC") € C{1,2},
we have that

ABC(C" + C*Cz(1, — cC")B* -

(A" + (Iy — ATA)XAA™) - ABC = ABC. 22)
Substituting X = 0 in (22) we get

ABC(C" + C'CZ(1; — CC")B'ATABC = ABC. (23)
Substracting (23) from (22) we get that

ABC(C" + C'CZ(I; — CC"))B'(Iy — ATA)XAATABC = 0 (24)
holds for any X € B(K, H) and Z € B(L, I). If we take Z = 0 in (24) we get

ABCC'B'(Iy — ATA)XAATABC = 0 (25)
Substracting (25) from (24) we get that

ABCZ(I; — CCHB'(Iy - ATA)XABC =0 (26)
holds for any X € B(K, H) and Z € B(L, I), so it follows that

(I —CCHB'(Iyy —ATA)=0 or ABC=0. (27)

Suppose that ABC # 0. Then from (20),(21) and (27) we have

(Iyy — BB (I — ATA) = 0,
(I —CC"Y(I,-B'B) =0, (28)
(Iz — CCHB'(Iyy — ATA) = 0.

Equalities (28) are equivalent to

I —BB" —ATA - BB'ATA =0, (29)
I, -CC'-B'B-CC'B'B=0, (30)
B" —cC'Bt - B'ATA + CC'BTATA = 0. (31)

Since for any Z € B(L, I), Ct + C'CZ(I; — CC") € C{1,2}, we have that

(C'+C'cz(1, - cCh)BTATABC(Ct + C'CZ(1, — CCh)BTAT
= (C" + Cctcz(, - cCh)BT A"

which is from (28) equivalent to

C'BYATABC(Ct + C'Cz(I, — CC")BTAT

32
= (C" + Cc'cz(, - cCh)BTA™. (32)

Since (32) holds for any Z € B(L, I), we get
(I -CcChHB'A' =0 or C'B'ATABC =cC'C. (33)

Since for any X € B(K, H), A" + (Iyy — ATA)XAA" € A{1,2}, we have that
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C'BYAT + (Iyy — ATA)XAAT)ABCC'BT (AT + (Iy — ATA)XAAT)
= C'BY (AT + (Iyy — ATA)XAAY)

which us from (28) equivalent to

C'BYAT + (Iyy - ATA)XAAT)ABCC'BT AT

34
= C'BY (AT + (Iyy — ATA)XAAM). G4

Since (34) holds for any X € B(K, H), using (14) we get
ABCC'BTA' = AAY or C'Bf(ly — ATA) =0. (35)

Suppose now that the first equality in (33) is satisfied. From (31) we get that Bt — CC'B' = 0, which is
from (30) equivalent to CC" = I, i.e. C € B;1(Z, £). If first equality in (35) is satisfied, then from CC' = I,
we get ABBTAT = AA" ie. BB'A'A = A'A which from (29) implies BB' = Iy, i.e. B € B,(L, H). Since
ABC # 0 by assumption and B € B;1(L, H) and C € B;1(Z, £), (ii) obviously holds. If second equality in
(35) is satisfied, then multiplying it by C from the left we get B¥(Iyy — ATA) = 0, i.e. BBY(Iy — ATA) = 0 which
from (29) implies A'A = Iy, i.e. A € B7Y(H,K). Since A € B, (H,K) and C € B,;(Z, L), (i) holds.

Suppose now that the second equality in (33) is satisfied. If the second equality in (35), i.e. C'Bt =
C'BYA'A is satisfied, then we get C'B'BC = C'C, i.e. CC'B'B = CC" which using (30) implies B'B =, i.e.
B € B,(L, H). Substituting C'B" = C'B'ATA in (31) we get

B' - CC'B* - B'A'A + CC'B* = 0.
Multiplying last equality by B from the right and using B'B = I we get BTA'AB = I, i.e. A'ABB" = BB'.
Now from (29) we obtain A'A = I,ie. A € B;1(H,K). Since A € B;'(H,K), B € B;'(L,H) and ABC # 0
by assumption, (if) holds. Now, suppose that first equality in (35) is satisfied. Multiplying (31) by BC from
the right we get

B'BC — CC'B'BC - B'ATABC + CC'B'ATABC = 0. (36)
Substituting C'B'ATABC = C'C in (36) and using CC'B'B = B'BCC' we get

-B'ATABC +C=0. (37)
Multiplying (37) by B from the left we get

AYABC = BC. (38)

Substituting (38) in C'BFATABC = C'C we get C'B'BC = C'C, i.e. CC'B'B = CC'. Now from (30) we get
B'B =1,i.e. B € B;'(L,H). Multiplying (31) by AB from the left and using CC'B'B = B'BCC" we get

ABCC'BY = ABCC'BtATA. (39)
Substituting ABCC'BTA" = AAT in (39) we get
ABCC'B' = A. (40)
Multiplying (40) by B from the left and using B'B = I we get
ABCC' = AB. (41)
Multiplying (41) by B*A" from the right and using ABCC'BTA" = AAT we get
ABB'A" = AAT,
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ie.

ATABB' = ATA.
Now from (29) we have BB" = I, i.e. B € B;'(L, H). Since B € B; (L, H), it follows that B is invertible, i.e.
B € B87(L, H). Now, B{1,2} = {B"!} and it is easy to see that (AB){1,2} = B~!A{1,2}. Now, C{1,2} - B{1,2} -
A{1,2} € (ABO){1,2} is equiavlent to C{1, 2} - (AB){1,2} € (ABC){1,2}. From [2] we have that this is satisfied
if and only if AB € 8;1(L,K) or C € B;(Z, £). If AB € B;(£L, K) then

N(AB) = {0}. (42)
Since
NA) = NANH
= N(A)NRB)
= NA)NRB)UN(B)
= N(AB)

= {0},

it follows that ATA = I, i.e. A € B;'(H,K). Since A € B;'(H,K) and B € B, (L, H), (ii) is satisfied.

Now, let us consider the case ABC = 0. It is obvious that (ABC){1,2} = {0}. From [2] we have that
(AB){1,2} € B{1,2}A{1,2} always holds so C{1,2}(AB){1,2} € C{1,2}B{1,2}A{1,2} € (ABC){1,2} = {0}. From
[2] this is satisfied if and only if

AB =0, (43)
or C=0, (44)
or ABe Bl_l(L, xK), (45)
or CeB\(I,L). (46)

Case 1. Suppose that (43) is satisfied. Let A'? € A{1,2} and B4? € B{1,2} be arbitrary. Then
CtBA2 A C (ABC){1,2) = (0}, ie.
C'B12A(2 = (. Since for arbitrary Z € B(L, I), C' + Ct'CZ(I; — CC") € C{1,2} we have that

(Ct+ctczi, - ccty)Bi2A02 =, (47)
is satisfied for any Z € B(L, I). Since C'B1YA1:2 = 0 from (47) we get that
ctczpi2A02 = (48)

holds for any Z € B(L, I). From (48) we have that either C = 0 or B#?A12 = (. If C # 0 it follows that
B{1,2}A{1,2} = {0}. Now we have B{1,2}A{1,2} = {0} = (AB){1,2} so from [2] we have that A =0o0r B =0 or
A€ Bl‘l(?—(,?() orBe B Y(H, K).IfA e 81‘1(7{,7() then from AB = 0 it follows that B = 0. If B € B,1(H,K)
then from AB = 0 we get that A = 0.

Case 2. In this case we have C = 0.

Case 3. Suppose that (45) is satisfied. Then from ABC = 0 it follows that C = 0.

Case 4. Suppose that (46) holds. Then from ABC = 0 it follows that AB = 0 which is the same as Case 1.

So ABC =0 impliesA=0o0rB=0o0or C=0.

(i1) = (i) : If A or B or C is zero, it is evident that (i) holds.

Suppose that A € B;'(H,K) and B € B;(L, H). Then since B € B;(L,H) it follows from [2] that
C{1,2}B{1,2} € (BC){1,2}. Since A € 8,‘1(7—{, K) from [2] it follows that (BC){1,2}A{1,2} C (ABC){1,2}. Now
we have

C{1,2}B{1,2}A{1,2} € (BO){1,2}A{1,2} C (ABC){1,2}.

The rest can be proved in the same manner. O
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