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COHERENT HOMOTOPY IN INVERSE SYSTEMS
NIKITA SEKUTOVSKI

ABSTRACT. In this paper will be defined a new coherent category of coherent
inverse systems which from the earlicr known category COH, defined by the author,
and S.Mardesi¢ and the author in [6] and [8], differs in the definition of coherent
homolopy.

The phenomenon of coherence is presented best with the following definition

DEFINITION. A coherent inverse system X = (X,,p,, A) consists of the fol-
lowing data:
1) a directed set (A4, <) i.e. a set A with a transitive and non-reflexive relation <
such that for every a,a’ € A there exists a” € A such that a” > a, " > a’.
2) for every a € A a topological space X,, for ag < a; a map page, : Xa, — Xay
and for n > 1 and a = (ao,...,an), ap < -+ < @, a sequence in A, a map
pa : 1" x X4, — X,, such that

Pay...a;...a, (tl) ces ,E,‘, .- -stn—la "E)a
1) palty,...,ty,z)= { 3
( ) E( T ) pﬂu...a;(tll LR sti—ljpﬂ;...ﬂn(ti-l-l) e ,tn-—ly 1')), ti = 1

where (t1,...,th—1) € I*" 1, 2 € X,,,and 1 <i< n— 1. As usually & means that
a; is omitted i.e.(ag,...,8:,...,8n) = (A, +..,8i—1,8i41,. .., 8n).

For n = 2, payaia, + I X Xo, = Xo, is a homotopy connecting maps py,q, and
Paga,Pajas-

An example of a coherent inverse system is Cech system for a topological space.

The maps f : X — Y between coherent systems also consist of homotopies
of all orders ,and their definition in this paper is actually the same as the earlier
definition. Here instcad of the space I"~* x A¥ |in the definition of coherent map it
is used the same space with the permutated coordinates for combinatorial reasons.
The advantage of the definition in this paper is the existence of complete analogy
with the ordinary one-dimensional homotopy theory, not only in the composition
formula, but also in the formulae which appear in the proofs of theorems.

The cruical difference is in the definition of the coherent homotopy between two
coherent maps. The obtained category of coherent inverse systems with this new
definition of coherent homotopy satisfies the requirements of the theory announced
by Ju. Lisica in [1] and [2] without explicitely given formulas.
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392 N. Sekutovski

The paper is devided in four sections:

In §1 we define a coherent category over & cofinite set Coh(E) . Although
the construction of Coh(E) is only a step in the constuction of Coh, it seems that
category Coh(E) itself is worth of attention.

In §2 it is defined a coherent map over a cofinite set, p - X — &, which is
cruical for the new definition of the coherent homotopy.

Tn §3 ,using the results of §1 and §2 it is constructed the category of coherent
inverse systems — Coh. By associating to a topological space X, a coherent systermn
¥ it is defined a coherent shape category of all topological spaces. The morphisms of
this category F : X — Y are coherent homotopy classes of coherent maps f : X — V

between the associated coherent systems.
In §4 it is investigated the relation of Coh with the coherent category CPII'Top

of (commutative) inverse systems defined by Ju. Lisica and S. Mardesi¢ in [4] and
[3]. The objects of CPHTop are inverse system X = (Xa,pao,n,_/-l) where maps
Pagay | Negaml = Xa, defined for ap < @i, commute 1.e. Pagas = PasaiPaias if
ag < ay < ag , but the coherence appear in the definition of maps F: X =Y 1. e.

they are defined using homotopies of all orders.
Also, in §4 it is given an explanation of the advantage of the new definition of

coherent homotopy in relation with the old one.

§1.Coherent category over a cofinite set
A cofinite directed set is a directed set (B, <) such that each clement of 7 has

only a finite number of predecessors.
We will define a category Coh(E) - coherent category Over E. Objects of

Coh(E) are ordered pairs (X, ), where X = (Xaypa,4)isa coherent inverse system
and o : E — A is a (strictly) increasing function.
Now, we will introduce the notion of a coherent map over I. For a given integer

n > 0 and a sequence of integers j= (Jos -1 J%), 0= jo €< Jp =1, WE define
a subset Ii of the n-dimensional cube I = [0,1]™ by

Ii:{(tl,...,t"):lgtj)thzz»--ztjkzo}.

Ifn = 0 and n = 1 there is only one possible sequence, namely j = (0) and j = (0,1).
For this reason we will omit sequences (0) and (0,1). B B
If B is a directed set and ¢ : B — A a (strictly) increasing function we put
d(bo, ... bn) = (¢(bo), - - ., #(by)) for any sequence (boy---bn)y bo < < b, € B.
DEFINITION: A coherent map over E, f: (X a) — (¥, ) consists of: for
every ¢ = (eo,-- ., €n) an increasing sequence in F, and j = (Jo,--- ,j) of a map

fé'(e) I % Xa(en) = Yo(eo) satisfying the following boundary condition

) J%(g)(tl' coy by 2) =
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9p(eo.. €j1)(t1’ e t.:ll—l’f.ﬁ1 . Jnk)_h(t.fl‘f‘ll U :tﬂsw)); tjl =1
fﬁ(a);’l “(!];---;f'ji—lgl;tj.-+1,---,tn,-'ﬂ)] by =tga; 0 k
EEGUJL;J'I;‘ )(tl’ . J* 1 1’pa(e.?'k—l"'en)(['jk—1+1? e ‘!tﬂ*hm)); n =0

o Jijigr—1.. 1 “ 5 i .
et I b o ) & 0

Specially, for n = 1 and by < b; the map Jo(ecer) + I X Xaer) — Xp(eo) satisfies
Foeoen)(152) = Gp(eaes) foter) (%), fo(eoen) (0, 2) = foen)Paeoer)(x)

In the general case, for n fixed integer, this condition enable us to stick all
posible maps of order n i.e. j‘;(e), i=(o,--,Jk), 0=jo < -+ < ji =n and to
obtain one big homotopy of order n such that on the boundary appear all possible
combinations of maps of type ¢, p, f of lower dimension.

To define the composition of coherent maps over E we define a partition of I

into subpolyhedra defined by

) .
K =l ootn) G, 21238 .0, wm=01, ...k

Only for this type of definitions of partitions we formally put ¢j, = 1 and iy = 0.
Composition of two coherent maps over E, f : (¥, a) — (¥,5) and g : (¥, 8) —

(Z,7) given by maps f;;-(e} and g%(c) respectively is a coherent map over £, h =

goe f (¥, a) — (Z,7) given by maps S A Xatey — Zute,y defined for
' g ~(e) ( n) T(eo)

t € K&, © € Xage by

h-f(e)(tl" R

m—1
@ B 0 G-t B = 1010
,';ELJ_: “ ]m Z(O 0ji—jm>s _1,+1,...,tj‘-+1_1,2$1,+1,0,...,0),1’).
i=m

Coherent maps over E, f, f' : (X, &) — (), 8) are coherently homotopic if there
exists a coherent map over E, F': (Ix B, @) = (PB); (I = (I % X gy 1X Py AY);

given by the maps FE( I x I x KXa(en) = Yp(eo) such that

Fhylt, ..o, 0, 2) = fhy(t1s oy lny )
(4) - ©
F

J
potn - tn 1, $)—fp(e)(t1,.-- s %)

If f and f’ are coherently homotopic maps over E we write f =f’.
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TueoREM 1. The relation of homotopy = of coherent maps over E s an
equivalence relation.

PRrooF. Symmetry and reflexivety are obvious. I f = f" with a homotopy F
and f' = f” with a homotopy F', then f = f" with a homotopy F" given by maps

F";( o P X T X Xa(e,y = Yp(eo) defined by
F”fﬁ( )(tl,...,tﬂ,Qs,aj); 0<s<1/2
ﬁ(e (1’1,... by S, &) =
ﬁ(é)(tl,...,tn,Qs— 1L,z); 1/2<s<1. B

If f:(X,0) = (V,B),9:(¥V,8) —(2,7) and h: (Z,7) — (W, 6) are coherent
maps over I, in order to obtain an explicit formula for the map hoe(gof): (V,a) —
(W, §) we define a partition of IL to subpolyhedra I{jjjm, 0 <!<m<k, defined
by

o5 ‘ 1 1
I\Ejm = {(’1!' coytn) s ‘Ejz Z 5 2 ti|+u tjm > :1“ > ijm+1}'
By applying the composition formula (3) twice we have for (11,...,ta) € f\]U

ho(go_f)%({_l(!.\...,tn,:x:) -

-1
h‘;‘EEU-“eJrJ(Z(O,...,Oj,,tjl+1r...,tji+1_1,2tji+1 —1,0,...10),
i=0
(5) m—1
fr'(:f.t JJm—Jl(Z(U oDt o B FelE e b=t Mo 1605000, 0)
JE:J—';?'m JE= Jm(z J.'—J‘mlf_h+1!‘"’t'ji+1—1’ “;, +1,0,-..,0),;E).

i=m

Similiarly, for the map (hog)o f: (¥,a) — (¥,) we define a partition of IL to

subpolyhedra Q , 0 <1 < m <k defined by

Jijm
i
Qj‘—l_'lm = {(tll“'i ) Jl 23/4‘>f:ﬂ+1! i >1/2>tj'm+1}

Then for (t1,...,%,) € Q%jm we have
((hog)o f)%<e>(t1, certny2) =

i
hézcu l ) Z(O Jnt.‘.h+ll s )tji+1—1!4t_'n‘-i+1 -3,0,..., O))

i=0

(6)
Ty i;':,,f'(Z(O Ojimiirtictts- s tispamts diigs = 2.0,...,0)

ffi?e;:‘me-u Jm(Z Ji_Jm7tJ|+1’ . n+1 ]:2t1.+1)0 -Jo)az)'

i=m
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THEOREM 2. If f : (X,a) = (V,0), ¢ : (V,8) — (Z,7) and h : (Z,7) —
(W, 6) are coherent maps over E then ho(go f) = (hog)o f.

PrROOF. First we define a partition of IZ x I to subpolyhedra MJ—U
pair of integers [, m such that 0 <1< m <k by

for any
M.?_r.‘rm ={(t1,...,tn,8) 1 8, > (2+S)/4 2 Ligyr G 2 (1+8)/4 2 45,0, }-

Let f,g and h be given by maps fé*(e),gi'(g) and h%(e) respectively. We define a
coherent map over E, H : (X,a) — (W §) given by maps Hg_(z) cx I x Koy =+

Wi(eo) defined for (1y,...,tn,8) € M m by
) Hgi(e)(tl, ctny8,3) =
hf,;e:‘e,,)(z Oirtiettse s biomts Wi = 2= 9)/@2 = 9),0,....,0),
'Jyl;: i,"::“ Z(O 0ji=jis t '+1', N TN, [ L S N
i=l
Bl Jm(Z OgimdmristLs - tisgam1, (45,0 ) /(14 8),0,...., 0),2))).

To prove that H is a well defined and coherent map for (t1,...,t,,5) € M=

: Jijm
we put Hg'(s)(tl, 5 i bapdy ) = hfsc('eu“ej )(t ..., 1], 2) where

z= 7((-;:.-:3;—)3:(tﬂw._ L fﬁf‘ejjm S_M(t;mw“-r tn,z) and (ty,...,1,) are
defined by the formula (7).

To check the well definition let (ty,...,1,,5) € ME i N MJ-' 1j.s in Which case
Hi—(e) is defined in two ways. Then must ¢;, = (24 5)/4. If we compute the formula
(7) for (t1,... tn,s) e M m and ¢;, = (2 + s)/4 we have HJ(_}(tl, e oo Ui ) =

JooJi-a
hﬁ?e.;j.e&, )(t T J! 1? 'Y(en 7. e_‘i;)( ja—l“f’l""’tjl—l’z))'
The same expression is obtained if we compute the formula (7) for (¢y,...,t,,5) €
MJ_: i and £, = (24 s)/4 Similiarly, we can check the well definition for
(t1,---,tn,8) € MEJ N MJ_lJ ,» and the other cases can be deduced to one of

these two cases.
We have to check that H is a coherent map over E. If ({1,...,%,,5) € M;

Fiim
and ¢, = 0 then

Ja:im Jk Jm(t:’ )
Fm=—Jm-. Jk T ]m(tl

(F’Jm i 1) ’t."k l’pa’(eJk 1 E’Jk)( Jrk-1+1; tﬂ l;:c)
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and it follows that for t, =0

E(e)(tl"' n,I)

gpim=dm-ik—1=fm . .
HE(e B ) (tll"‘lt_}k—l7pﬂ‘(ej'k_l...ﬂjk)(tjk_l-l-l)"':tﬂ-“'la'r)'

Similiarly is treated the case when #;, = 1.
If t;, = tj,,,, and ¢ <[ then

II;S(& (tl,... n,S,ﬂl‘) h{szenﬂ )(t’,...,t;jz)
h.h(}...]..--]')(tl’ o el o Di g v 855 8)

H—gfeuh.g ];(tly v :tj.‘—lr ]‘ltji+1; R £)

The cases [ < i < m and m < ¢ < k are treated similiarly.
Ift; =0, j; <Jj < ji+1, and m < i then

Jr(r;:im il Jm(tj +1,...,t;“.’£):
m=]m- i— ™y, —1— Jm l—jm
,g(eji J e-i)j“'-1 e (t; +1y- ,t;,...,t;“ﬂ?).
It follows that for t; =0
ifigr =1 1 n
Hﬁ—(e)(il,...,tn,S,m) HfgeUJ ’;1 R i (U U S )

The cases i <! and [ < i < k are treated similiarly.
Mention that I\""?—. x0 = {(tl, oy tny 0) 0 (B, .0, 10,0) € ME in } and QJ—”

1= {(t,.- L) (tl, cestn, 1) € MJ—IJ }. Then for (t1,...,1,) € Ix}—” and for
(trye. oy n) S QJT”-m respectively, having in mind the formulae (5) and (6) we have

H;‘j@(z],.. b, 0,2)= (ho(gof)“’;(e)(tl,.. o, )
H;_(E)(tl""! Lz)=((hog)o f)ﬁ( )(f'l,--- tn,z). W

TuegoreEM 3. Iff, f' 1 (X,a) = (V,0) and g,¢' : (V,8) — (Z,7) are coherent
maps over E such thal f = f' and g = g’ then go f = go'f’.

ProoF. If f = f' with a homotopy F : (I x X, a) — (¥, 3) then go f = go' f/
with the homotopy go F : (I x X,a) — (Z,7). Also,if g = ¢’ with a homotopy
G : (I x¥,B) — (Z,7) then go f' = g’ o f' with the homotopy G o (1 x f) :
(IxX,a)—(Z,7). It follows go f = go f' Zg'o f'. W

The coherent identity map over F, 1(xq) : (&, a) — (&, @) is given by maps

120y 15 X Xoge,) = Ya(eo) defined for n =0, La(es) = 1x,,,,, and for n > 0 by
i
(8) 1&(‘)(11,... tn,ﬁ'})
—pﬂ(_J(ils coeatii-1, 1 N T PR tjk—l—ll lltjk—1+1l v oy pe=1y 'E)
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THEOREM 4. If f : (X,a) — (¥,B) is a coherent map over E, then f =
ly,py o f and f = f o lix,a).

Proor. We will prove that f = 1(y sy0 f and the second statement is treated
in a similiar way. _

First we define a pa‘rtition of I xIito subpolyhedra E"l» A=0,1,..., &k defined
by L-JT' = {(tl,-- n) ity > 8/2 4 1/2 > IJ‘?'HJ We define a coherent map F :
I %X a)— (y,ﬁ) iven by maps }ﬁ(e) LxIx Xafen) — Ya(e,) defined for

(t1,...,ln) € LJT by

7

’E( J(flv ﬂ:q J)_q,ﬁ(ﬁg GJI)(tls-- _11 ])-l t_}l-}—l)---af’jg—-l:

ﬁ(ejjlr gk ]I(Z(O Ji—.i'f' .?+1’""tj-'+1—1!i2[‘jx‘+1/(l+S))0!"':O))w)'
Mention that h; L= { (Frsemsntio 0 ¢ (o ,,,O)ELJI} and ’@( )(11,... =)
0, T):(1(yjﬁ)of)j’5(£)(tl,..., s &) Also, {1y - 1tan 1) : (tay. . ., ta) € 1) —LJU,

and ﬁﬁ(c)(fl, N W f’ )(il, vo v iy ).
The proof in all details Df well dLﬁHIthI‘i and colierence is given in [4] and [8]
in very similiar situation. M

Now we can define the coherent category over a cofinite set E - Coh([2) which
objects are pairs (', «). The morphisms of Coh(FE) are homotopy classes of co-
herent maps over E, and the composition of morphisms is defined as composition
of homotopy clagses. The identity morphism is the homotopy class of the identity
map.

Theorems 1,2,3 and 4 verify the category requierments.

§2. Map pl¢, ] : (X,¢) — (¥, ®)
For two increasing lunctions ¢, ® : B — A such that ¢ < (ID we define a special

kind of coherent map over B, p[¢, ®] : X' — 1 given by maps p I x Xa,) —

$(b)
Ys(bo) defined for (¢1,...,tn) € Kfm by
p’:;(b (tl, o vy Ty CL) = Po(bo..bim )P(bs, .. bn)
(Z ; ai_’l.-l-ls" j'+1 171 0 O)(Q'!_'i.'+1‘1)

(9)

+ Z(O,...,Uj"—,l,ijl-+1,...,iji+1,1,0,...,0)(1—2tji+1),:?:).

i=m
For n = 0, pg(sy) * Xa(re) — /‘Y(p(?o), Pe(50) (%) = Pobo)d(bo)(z). For n =1, a map
Pe(bobdy) - L X Xagny) — Xgbo) 18 given by
Posobye(en) (20 — L2); 1 2
Pa(ba)@boby)(1 — 201, 2); 5> 1.

Pacboby)(t1,2) = {
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To show that p';— is a well defined and coherent map, we put for (t;,...,t,) €

]
Ky, P,;, wE ot T) = Poldabin) B ) (L11 - T, ) Where s o ol O
deﬁned by the formula (9). _
To prove well definition it is enough to check the case when (%1,...,%,) € KJ-— N
Kj—m_l, and this is possible if and only if ¢;,, = 1/2. Then for (t1,.. t,,) € I\Jm ;

and ¢;, = 1/2 we have

3
p‘p(_)(f'ls-")tﬂsa:) ] ; ; ,

=P(bo..bs_ )85y bim e b (ELs ot 0r e 5 058G s, T)

"pqﬁ{bo...bjm_l)@(bjm...b,.)(i;_'l s '7t;m l!t; 08 Jt;l? :E)
and the same expression is obtained if we compute the formula (9) for (21,...,1n) €
Ky andt;, =1/2. _

Now we check that p’;;(g) is a coherent map. For {1, = 0 and (%1, ... tn) € Kj‘m

we have

pd,(_)(tl’ . m-’r)
=P4to- o B st e o e sessded )

pé(ba Jl: l)(tlj s w :t]-k_l )pq)(b“_l...bn}(ajk_1+11 sy tn—l: ZE))

Slmllarly is treated the case t;, = 1.
Fori<m—1,and (t1,...,1,) € I\ and tj,,, = tj, we have
p{#o(bjk(tly e )tﬂl .’L‘) = p¢{bo...bjm)d)(bjm...bn)((ti: 2L '7t_’“ 1! O v 0 tj1+1+11 e e !t:l)
+(0)--"y[]jl_;stj;_l-ivl:---|tj[—111;tj(+1:-")tj|+;—1,]-:01' O)( Fia1 —-1),z)
= ¢n('b-)mmh(t1v“ 1Li—1, Litgi, - o tny ).
Similiarly is treated the case when m-—1<1!. )
Finally, for §; < j < jig1,{ <m—1, and (t1,...,1,) € Kj,-'m and t; = 0 we have

j
pE(e)(t]_,.. n,ﬂ?)—p¢(bu B bjm)‘l)(bjm b )( ili"‘l JI’O""’O’t3f+1""’t':1)
H0,0 we Oy gy =g £, .. tm,_l,l,o,..., 0)(2tj,4, — 1), 2)

dtjigr=1d
p’;(bor;“b Kty tJ,... tn, ).
The case | > m is treated in the same way. W

THEOREM 5. If¢, %, x : B — A are increasing functions such that ¢ < ¢ < x,
then coherent maps over B, p[é,v] o p[¢, x] and pl¢, x] are homotopic.

ProoF. First we will define a partition of IZx I to subpolyhedra 'Sj'_;j, C Iixl
for any pair of integers [, » such that 0 <1 <r <k with
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5- = 'SJ* ﬁ(]\'j-;m x I)

JI]mJ‘ hir
=l TS i G2 64 2 g, 4, 2 12, s, (Zfs)/4>fh+1}.

Now we define a cohe rent map- P[(iﬁ X} glVCﬂ by maps P (J : Bl XX(—Qu) -

! -X.,b(b y define od for (1y,...,tn0,5) € ‘S;J_” by -

P¢(b)(i1,~- e Bl = an(bc....bj,).w(bj, s, ol ik

J.:I’J +ls---afjg+1—lx1\07---70)[5_2(2tj.'+1 *1)]

+Z(O J-’l t.:‘ +1!"')tj.+1—110’"'10)[3—2’(21_?'.‘4.1_1)] ‘
+(O 0 85 Qs 0) i‘
+Z A T By o B pi=15 L0y o ()8 — (1 ~ B, ] ‘
" , |

3 \

s 3 0 Ot Vgt oonlif oo O o 0000 — BIY — Bt ))e2 ) !‘

=r

For n = 0, the map Py 0 1 X Ny, — Xy, is defined by Pya,y(s,2) =

P(ba)u(bo)(bo) (8, ).
For n = 1, the nap Py b,y 0 1 x I x Ny@,) — Xy(gy) is defined by }

P )i ha)x(hotn ) (5 —-El_;gm—ll,ﬂ?), (t1,5) € Sooo = Soo

Pabo)iboby)x(6)(50 8 — 2(1 — 241), ), (t1,5) € Som €

Pabo)vbob)x(01) (s — 2(2t1 — 1), 5, ), (t1,8) € So11 € Sna
5)

M y 552 (t1,5) € S111 = S11-

Pihany (6148 ) =

P(boby)p(b1)x(b1)

Pi_(_b_)(tl) Ok J-[’Tl}o) ﬂ)‘}: (?’[@X])J@(@(flu . 1tn1 ‘T)

We have to show that
;i j
P(;@)("ln - $): (I’[‘.é: 71‘5] @ P[L’M X])a(g)(t] pes vy by T)

If s = 0, then there exists m such that (¢4,...,t,,0) € SJ jomjm e AlsO (t1,...,1n,0)
€ SJ wimim L and only if (t1,...,t,) € Kj*m and
¢(Q)(t1' ol 0,8) = Po(bo.. by 10 (Bim )X (Brm o)
m—1
Z(o Oscsdionss wobfipmsne Lillis ooy ~199 00505 005008, 0 2 40
|
+Z J,+l)1 t] +1:---th;+1—1: 3 0)(1 J+l )
l‘*m. ‘
m-1 \
= Pep(bo.. by )X (Bjp - ba) (Z (0’ sy Oji=tj-+1z ¥ =tj-‘+1*1: ) PP, 0)(2£j|+1 - 1) ‘
i=0 |

—
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+Z(o 00 Ltsis1, e tipa=1, 0,004, 0)(1 = 2¢5,,,), )

= Bl Xt tr®)

Ifs=1,and (61,...,tn,$) € St n(KL x 1) we have

J
Pg@)(h,---,tml,r) P(bo...bs, (b5 -bsm )
-1

070,05 tiats o a1, 1,0, ., 022854, — 1) — 1]
mel
+ 300, - s Ogs Lty - wibiagsmns 0, 1, O[1 — 225, — 1],

r=1

p'lp(bjm..-bjr}x(bjr Z(O ].‘—Jm: ]+11"‘7tji+1—111701"‘30)
i=

( J.+1_ Z Ji—Jm’]‘ t;,+1,---,"j,-+1—1,0,---,0)(1*4@;“);-’3)
!:l;n 1
=p[¢:’¢' q5(bu J 5tJ i+1y- - 'u'fj.'.H-l: 2t_'f.’+1 = 1: [)1 . :0)1
z:Cl
p[w:Y]ianin‘m Jk Jm Z(U J-‘—_'n‘m: i1, Ljiga— 1!%341)0)"':0)"’”)
l m

i

=(plg, ¥] o p[vo, X155 (t1, - -1ty 3).
§3. Coherent category Coh and coherent shape of topological spaces

DEFINITION: A coherent map f : &' — Y = (Y}, @3, B) consists of the following
data:

1) A (strictly) increasing function ¢ : B — A.

2) TForn =0, and by € B of a map fp, : Xy,) — Yo,

For n > 1, and b = (bo,...,bs),b0 < --- < b, a sequence in B, and j =
(Jo, -+, Jk),0 = 7o < -+ < jr = n, a sequence of integers, of a map jz— D x
Xg(b,) — Ya, satisfying the following boundary conditions

fé_(tlj"-atﬂ:x) =

Q5.4 (15 -+ L I T gy T ) By =
(10) é’o...};...j*(th vonaliisn Libiispn sonalin 80 Yo S U €igk
B fgc..'.'.g; Dt i1 Pe(h, b (ka1 1, ) B = 0
fg:;_‘g;{'_;:*1“-“*1(1:1, iyt @)t =0, Gi <3< iy

REMARK 1. a) Mention that for example for n = 0, and a(e) = a(e’) =
a(e”) = ... for a coherent map over £, f : (X,a) — (¥,) we may have many
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maps from a fixed set Xqe) of X', L. fgie) 1 Xate) = Yae), facer) : Xage) — Ya(ery,
Faterry : Xage) = Yarerys- - whlle in the case of coherent maps there is only one
map from a set Xyp) of A

b) If f: X — Y is a coherent map given by function ¢ and maps f;*, and
¥ : E — B is an increasing lunclion,then maps f,  Xglen) = Yy(eq) define
a coherent map over &, f : (X, ¢¢) — (V,v). In thc special case when I = B,
¥ = id,then ¢ : B — A, and the coherent map over B, f: (X, ¢) — (¥, id) given
by maps f;* we will identify with the coherent map f: X — ).

c) This definition of a colierent map in fact is the same as the cubical-simplicial
definition of a coherent map in [6] and [8] where instead of the space IL appears
"% x A¥, Here instead of the simplex A¥ = {(.qo,..‘,s;m.) D8 2 0y 8 2
0, so 4 -+ s, = 1} is used the subspace of the cube I*, V¥ = {(ef, ...ty 1>
tf > ... >t >0}.

From the definition of a coherent map in this paper to the earlier definition we
can pass by a permutation of coordinates IL 3 (Foy- coita) =50 ot Bay 05 5
sp) € I"% « A% where L’ _i =1, Ji<Jj<jigrands; =15, 1 <i<kand Vv
and AF are naturally homeomorphic by the mapping given by ¢/ = s, + 594+ -+ -+
By vilp g = Sy o 8t 80 = 85

Let f: X —Yandg:Y — Z =(Z,r,,C) be coherent maps. Let ¢ be given
by the function % and maps gi: 1L x Yuten) = Zeo-

Then the composition h = gf : X — Z is given by the function y = ¥¢ and
maps hfjg : Box Xgp(cn) = Zeo defined for n = 0 with h,, = 9ea S yp(co) and for n > 0
and (L1,...,1,) € Kj.—m with

hé(tl; “s 'If‘ﬂjﬂ:J =

m—1
giﬁ ]m (Z j.: J+1J"')tj.'+1*1125j|‘+1 —1)01---:0):
(11)
. . . . 71
i?c;i,i:‘c.i;_Jm(Z(Ul"'?Ojn'—jm:tj.'+1!"':tj.‘+1—l:2tj.'+110="'10}9$)'
i=m

REMARK 2. If f: A — Y and g : ¥ — Z are coherent maps given by the
functions ¢ and ¢ and by maps f;— and gjg, then their composition gf : &' — Z is the
same map (in the sense of Remark 1b)) as a composition g o f : (X, ¢¢p) — (Z,id)
of coherent maps over C, f: (X, ¢3) — (¥,4) and g : (¥, %) — (Z,id).

If a coherent map g : Y — Z is considered as a coherent map over C i.e
g:(¥,B) = (2,id), and f : (X,a) — (¥, ) is an arbitrary coherent map over C,
then the composition of these two coherent maps over C, go f : (X, a) — (Z,id) is
also a coherent map in the sense of Remark 1. This allows us to give the following
definition of a homotopy of two coherent maps.

Coherent maps f, f' : & — ) given by functions ¢, ¢’ and maps fb, b 1cspcc-
tively are coherently homotopic if




402 N. Sekutovski

1) there exists an increasing function ® : B — A such that ® > ¢, & > ¢’
2) There exists a coherent map F: I x X — Y, (I x X = (I x Xq,1 % pg, A))

given by the function ® and maps FE':“ T x % Xav,) — Ys, such that

Fi(ty, . ta,1,8) = (f 008, Bi(t1, -, tn, 2)

(12) . ;
Fl(ts, . tn,0,2) = (f o pld', BD{ta, - - tn, ).
If f and f’ are coherently homotopic we write f = f'.

REMARK 3. Let coherent maps f, '+ X — Y be defined by the same function
¢ and by maps f;‘, f’% respectively. If there exists a coherent map H : I x A" — Y

given by ¢ and maps Hg; 1 x L x Xy(b,) — Yo, such that

Hg:(t«l,...,tn,ﬂ,m):fi‘(tl,...,ﬁmm)

H;j(tl,...,tﬂ, {i2)= f’i{tl, os 75 by )

then f and f' are coherently homotopic, because for an arbitrary function ® > ¢,
the coherent map F : I x X' — ) defined by F' = I o p[¢, @] salisfies the [ormulas
(12).

b) In the paper [10] it is avoided the notion of a coherent map over a cofinite
set,and p[¢, ®] is a coherent map by the following extra requierment:the function
pair ¢ < @ satisfy, if ¢(b) = ¢(b’) then ®(b) = ®(V'). In this way it is avoided
situation from Remark la), but the theory of inverse systems allways deal with
arbitrary functions and in order to consider the general case ,the notion of a coherent
map over a cofinite set ocurs naturally.

THEOREM 6. If B is a cofinite sel, then the relation of coherent hemotopy =
of coherent maps f : X — Y = (Y3, qu, B) is an equivalence relation.

Proor. Reflexivity follows from Remark 3a) and symmetry is obvious.

To prove the transitivity let f, f, f : & — Y be defined by functions ¢, ¢, ¢"

and maps f;", ’%, "”;— respectively. Let F' be the coherent homotopy connecting f

and f’,and F be given by ® and Fg-, and I' be the homotopy connecting f' and
f",and F' be given by @' and F’Jg.
We define by induction on

n(b):max{n:bo<'--<b?-L:b,bOEB,...,bnEB}

an increasing function @, : B — A such that &, > @ and @, > @',

If b € B is such that 5(b) = 0, then there exists an index ®,(b) in A such that
B, (b) > B(b), D'(b).

Let ®.(b) be defined for all b € B with n(b) = 0,1,...n — 1. Now let b €
B be with n(b) = n , and and let {bl,bg,...,br} be all the predecessors of b.
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Then there exists an index ®.(b) in A such that ®,(b) > ®(b), ®'(b) and ®.(b) >
D, (by), @u(ba), ..., u(b)).

The coherent map f : &' — ) we can consider as a coherent map over B,
f(X,¢) — (V,id), and also f’, f”, F and F’ may be cosidered as coherent maps
over B. Applying theorems 1,2,3 from §1, and theorem 5 we have

fopld,8.] = [ o(plg, D] o p[B, 8.])
=(f o plg, ®]) 0 p[®, Bu] = (f' 0 p[4’, B]) 0 p[@, P.]) = ' 0 (p[¢', @] 0 p[B, B.))
=f opl[d, B.]) = J' o (pld', @] 0 p[®, B.]) = (f 0 plg’, @) 0 p[@, @]
E(f” o 1)[¢ﬂ, (I)f]) o p[‘I)’, ®*] g ffn' o (p[d}h" q)n']) o p[(plj (1)*}) E f-H’ Op{q[)h', (b*]).

It follows that fop[¢, ®,]) and f”op[¢”, ®.]) are homotopic, with a homotopy
over B, F, : (1, ®,) — Y,id) i.e I. is a coherent map, and consequently f o
plg, ) = [ o p[¢",®.]). W

THEOREM 7. If f: V' — Y, 9:Y —= CalZ und h = 2 — W = (Wy,wg, D)

are coherenl maps and D 1s cofinite ,then h(y!) = hg)f

PROOF. Let f: V—Y,g:Y —Zandh:2Z -W = (11 . wy, ) be given by
functions ¢, v, x and hy maps f: r;i, I’ii, respectivel. Ton, fi0 cohernt maps over
D, f: (X, ¢¢x) — (V.¥)), 9 (¥V,9x) — (Z,x). and 1 : (= ) — (W, id) given
by maps ffwa gw( _."\”) it is satisfied ho(qo f12=(haog) [ with the homotopy

H:(Ix .1,¢1¢J) — (W, 4d) given by maps HW @ [t follows that for coherent
maps f,g and h il is satisfied h(gf) = (hg)f with a homotopy H : I x X' — W
given by the function ¢y ant the maps H Sox(d)” |

The following tehnical result is needed in the proof of the next theorem

THEOREM 8. Lel f: X — ) be a coherent map given by a funclion ¢ : B — A
and maps f;—, and ¢,V : C — B be increasing functions such that ) < ¥, for some
cofinile set__C' Then for coherent maps over C, f[, ¢o)] : (X (f)l,[i) (Y, ) given
by maps fJ—(‘c and f[¥,¢¥] : X,¢¥) — (¥, V) given by maps f,l,(c) il is salisfied
fltb, ¢¢) o pldrp, W] =2 q[1p, ¥) o F[¥, dW] i.e the following diagram commules

[9,4%]
(X, ) — (¥, 49)

1| g
oy 2w

Proor. For any j = (jo,...,Jjr), and j, a member of 1,0 <m <k we define
polyhedra T}, (j) C L xIby

Ta() = {(t1y. o ytn,8) 2 by, 28/241/4 > i b

Then Uf,,_of' (_7) IL x I. Further on, for any pair of integers [, such that
0<!<m<r <k wedefine subpolvhedra of T (g) by

'!'_:1'.0- Jilir+ 1) (Jet1)
TJm

=l - gt ) € Lin (i) ity > 8/241/22> 85, , 1, > 8/2> 85, }.
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Then Ul TJ‘D Jildrt1)ege+l) T1 (J)

J—m

Now \\e deline a coherent 111&[3_0\!@1‘ C, H o (X x I,¢¥) — (Y, ) defining

maps HU[C T x Xpiwte,) — Yire Tor (th, o tn, 8) & ij;] Jildr i) U"'+l),
0<I<m<r <k and x € Xgg(,) by
arh Je( 1) Gk L)
Hy oty - o tn, 5, 2) = fm(u,IejmJ‘I’tfu,: @)
-1
Qo0 s Djatiintn o b1, 1,0, .., 0)(2ty,, — 1)
£=0
m—1
+ 3 00 oD tpanas citiupa- 100 Ot — 25 —1)
(13) i=I
r—1
3 00,05t 1, L0, 0)(25 + 1 — 4t L)
+(UJ Uf,—:'q)U:'“sU_)
k=1
F3 00, gty bt o b=, 1,0, 0025, 2).
=1

For n =0, Hyeyy 1 I % ,\,JKI,EF“) ¢ Yiiep) 18 a map Hye)(8,2) = forea)vie) (5, 2).

For n = 1, the map Hyeqeyy L X I % Xgae,) — }ch) is defined by

-igifu)‘l'[.fon)(j 2ty x); (t1,5) € TE[?)D
i ( ) -:[]J'()Eu)\]nfcuu}( 541 —"'l'fl.S,J.’); (tl,.ﬁ')E;’gu
e Ly B =
Ylegep \9ly 2 rlSH
o e LJ(% —2s—1,s,2);  (ti,s) €T
.flr{ltiu,lj\p Lokt — Los, 2 (t1,8) € T3
We have {(t1,...,tn,0) < Tj:}.mmerJ”'UH—U} ol . ) € Am b Spe-
cially, (f1,...,1,,0) € ir;r:l"'Jl{'jk+1) if and only if (£,..., f,n) = Aji:i,.,. and in this
case,
i 0 +1 ;
Bty b Ul fIRRB B il M =
fdi
= 'iﬁ',;‘[ff,,;“}(‘Z((], vt s BT v e B — Ll o O,
=0
m=—1
P‘f"i"‘(’fl'l‘--ﬂ_a,":)’.‘J)‘I'(Cj,.,_u-"»u)(Z(Ov'"'Uj,fj“tj,ﬁ»l;-- Jr‘H“’ [ 0, [)
=l
k-
(Mg~ LN+ Z(U, 050 Lty ooty Oy o, O)(L — 485, ), )
? "
-1

Ja...J !
mm,C”)(_Z(o,...,Uj,.,f.j,H,...,cj;+l_1,zf?!+, -1,0,...,0),

=
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k-1
I)J¢!¢(jc!1! J‘kn.)?f(Z(O, L b1, 2ij.+1: 0,...,0),2))
1

i=

=(f[¢, ¢9] o plee, $¥] ),,a ot ta, T)
where 17, ...,2/, are defined by the formula (13). _
Also, {(51, - e T.].O——oji(jr‘i’l)-.-(jk+l)} e {(tlg e erln) E Q?ynjr}‘
Specially, (¢1,..., 1, 1) = T"" et )G tt) s ond only if (¢y,...,4,) € Q'}mj-r and in
this case
Hhioltn, o 1,2) = FROPDGD gy
m—1
ngb(cn...cm)\p(cj-m...er)(z (0,0, 055t i1, -t -1, 1,0,...,0)
r—1 = .
( J‘+17 +Z J‘- 1 f;'+15---1tii+1*1=0x---:O)(374tj;+xJn
feeirdnr (Z o Ottty ot -1, 24040, 0,4, 0), &)

r—1

_qw(cg--.cer(Z(DJ b e 90j.':tj.‘+11 %k ':tj'.+1—1 Qf]..“ - I: Ua § sy U):

i:U
jr—dr. Jk—dr 5%
‘i'(cj',,...c:) ) (Z(O J’z Jro Jl+11'"=£j€+1"1’2tf£+110)'":O):Q’)J

:((Ih’): j[lIl QSKIDL. C)(f1|,,_ ﬂs:ﬂ)' u

TueoreMm 9. Ifff' X —=Vandg,g' 1Y — Z = (Ze,re, C) are coherent
maps such that f = ' and g = g’ and C is cofinite, then gf = g'f'.
Proor. It is enough to show that gf 22 of” and gf = ¢'f . Il f = f' with a

coherent homotopy F', then ¢f = ¢f* with the coherent homotopy ¢F.
To show the second statement let g, ¢’ be given by functions ¢, v’ and maps

Jc,g c respectively, and let g, ¢’ be homotopic with a coherent homotopy G : (I X

Yi,1 x g5, B) — Z. Further on, let G be given by a function ¥ and maps G*
Then we can define a <.0hercnt homotopv H (I xXq,1%p,, A) — Z given by the

function ¢¥ and maps Hg— 1 (I % Xa, 1% pa, A) — Z defined by

HE(t, - o tay5,2) = (G(1 x P, .. tn, 5, 3).
Then _ ]
Hri:(tlx e e tﬂ,o,.’l.') = ((q L2 Q‘W): ‘II])f)‘:?:(tl’ ey :tﬂ)SJ I‘)
f‘ri_(tls w7 )tﬂl 1:":) . ((g’ o ‘I[W’)i, W])f)]z(tls v 'Jtﬁ‘.)‘s‘: LL')
If we consider ¢ : JV — Z and H : I x X — Z as coherent maps over (, ¢ :
(Y, ¥) — (2,id) and H : (Ix X, ¢¥) — (Z,1d), then by the maps hjg(t], s iy B =
Hg‘(tl, ++1ln,0,2) it is defined a coherent map over C, h : (X, W) — (2,id). Also,
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we consider the coherent maps over C, f[y, ¢¢] : (X, ) — (¥, %) and f[y, ¢¢] :
(X, 1) — (V,4). Then the coherent map (gog[th, ¥])f is the same as the coherent
map over C (g o ¢q[¥, ¥])o f[¥, ¢¥] in the sense of Remark 1. By theorems 1,2 and
3 from §1 and theorem 8 we have

h = go(qlh, ¥]o f[¥, ¢¥]) = go (f¥, ¢¢) o pléy, $¥]) = (g0 F[, $36]) o pld), ).

In the same way, if we define a coherent map over C, h' : (X, ¢T) — (Z,id)
with the maps h’JE(tl, s g by ) Hi.—(tl, oo tn,1,2) then B =2 (¢ o flY, ¢9']) ©
plo, $0).

It follows (9" o f[', ¢9']) o plé¥', #¥] = (g o Flv, $¥]) © plévs, $¥]) with a
homotopy over C, (I x X, ¢¥) — (Z,id) i.e. a coherent map in the sense of Remark
1. Also the composition of coherent maps over C, g o fli, ¢9] : (X, ¢9p) — (2, id)
is the same with the coherent map ¢f : X' — Z and from Remark 3 we have
gf=gf W

DeriNITION: The calegory Coh has as objects colierent inverse systems X' =
(Xa,pa, A) where A is a cofinite directed set. The morphisms are coherent homo-
topy classes of coherent maps. The composition of morphisms is defined as the
composition of homotopy classes. The identity morphism is a coherent homotopy
class of the identity map defined as follows:

The coherent identily map 1y : X — X consists of the identity function 14

and of the maps ].'15 CIx Y, — Y4, For n =0 we have 1,, = 13,4, and for n > 0
J .
1§_(t1y---1tn,m):pg(tlg--~,tj1‘-1,1;tj1+1,---,tjkll-lylgtjkul+17---7tn—1,$)~

Let f: A — ¥ be a coherent map given by a map ¢ and maps fé". We counsider f
as a coherent map over B, f: (X, ®) — (J,id). Then by Theorem 4, [ = 1y ;g0 f
and f = folyg) with a coherent homotopies over B, (I x X', ¢) — (V,id) i.e.
coherent maps. It follows that f = 1y f and f 2 fly .

The theorems 6,7 and 9 verily other requierments for category.

Now we can define a coherent shape category which objects are all topological
spaces.The definition is analogous to the definition of the shape category in [5] and
[7] and strong shape category in [4].

The role of H-Top expansions in [5] and of coherent expansions in a commuta-
tive inverse system in [4] here is played by coherent expansions in a coherent inverse
system.

A single topological space X is presented as coherent inverse system (X, , idy,
N) where N = {1,2,...}, Xin = X for all m € N, and idu(t1,...,th-1,2) = 2.
We will identify the topological space X and the coresponding coherent inverse
system (X, idm N). Then we mention that for an arbitrary coherent inverse system

X = (X, pa, A) a coherent map 7 : X — X is given by maps 7r{£: ExIxX — X,
and does not depend on the choice of an increasing function.

DEFINITION: A coherent map 7 : X — A is a coherent expansion (in a
coherent inverse system) if the following conditions hold:
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1) If ¥ = (V4,45 B) is a coherent inverse system where B is cofinite and all
Yy are ANR for metric spaces, then for a coherent map f: X — Y there exists a
coherent map h: X — Y such that f = hr.

2) If h,h' : X — Y are coherent maps such that hr = h'm, then h = i/

Now, let X,Y be topological spaces and 7 : X — X, p:Y — Y be coherent
expansions and f : A — Y a coherent map. If we choose another expansions
™ : X > X p:Y = Yandmap f : ¥ — Y, then by the definition of the
coherent expansion, there exist (iso)morphisms in Cohl] : X — X' and [§] : ¥ — )
such that [i][r] = [#], [f][g] = [¢'] (here [] denotes the coherent homotopy class).

We define an equivalence relation « with (7, p, [fT) < («', 0, [f]) if 106 =
).

The coherent shape category has as objects all topological spaces. Morphisms
F: X — Y arc equivalence classes of (7, p, [7]). We can allways suppose that two
morphisms /" : X — Y and G : Y — Z are given by (m,p,[f]) and (p, o, [¢]) and we
define a composition morphism as equivalence class of (7,0, [g][f]) and the identity
map is a class of (7, 7, [1x]).

§4. Commutative inverse systems

The coherent category CPHTop of commutative inverse systems is constructed
in details by Yu.Lisica and S.Mardesi¢ in [4]. There coherent maps are defined by
use of the standard simplex A™. Here we will give the transfered definition of the
category CPHTop using simplex V" = {(il, eyl ETM L2t >y, > O}.

It seems that in this way not only the composition formula, but more of the
proofs of theorems become simpler. Also, here we will use directed sets (4, <
), instead of (A,<). For the equivalence of these two coherent theories see N.
Sekutkovski [9].

In inverse system X = (Xa; Pagay, A) for a pair of indices ag < ay there is a
MAap Paga, : Xag — Xg, such that if ag < a; < az then paya, = Paga,Paya,. For
this last equation often we use the terminology commutative inverse system. Any
commutative inverse system X = (Xa)Pagay,A), may be considered as coherent
inverse system A’ = (Xa,pa, A) defining for a = (ao,...,an), a map fig o Pty
Xa, — Xg, by

(14-) Pan...an(hg---,in‘flhﬂ) :pﬂoﬂn("l")'
A special coherent map f: X - ¥ = (Y3, qbgp, , B) cosists of

1) an increasing function ¢ : B — A
2) for any increasing sequence b = (bo,-..,b,) in B of a map fo i VPx Xy, —
Yy, satisfying the following boundary conditions
Joob Sy 00 (t2, ... 20, 2); i =1
(15) Jilbes coidaal) = fbﬂ__.gl_”bn(h,---,fi,---,tﬂ.,w); by =ty
P, [ldy st Ppbai,)(2)); = 0.

If inverse systems X and ¥ are interpreted as coherent inverse systems X =
(X4, pa, A) and Y = (Y3, g, B) then special coherent map f : X — ¥ may be
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interpreted as coherent map f : X — Y given by function ¢ and maps fﬁ" DI %
Xo(ba) — Y, defined by -

(16) fé—(tla"':tlhx) = fP_(O,---,O,ijl,O,---,O,tji,o,...,o,fjk,ﬂf).

Special coherent maps f, f : X — Y given by functions ¢,¢' and maps f3, f;
respectively are coherently homotopic if:

1) there exists an increasing function ® : B — A, such that & > ¢ and @ > ¢’

2) there exists a special coherent map F : I x X — ¥ given by @ and by maps
Fy : V™ x I x Xgp,) — Yo such that

(17) ‘ Fé(tl, .. W | :L‘) = ft,(tl, .. t”,qu(bn)q;(b“)(z))
Fﬁ(tly Ve ,tn, 1, ) = fzab(tli ‘ ols ,tn,p¢l(bn)(p(bn)($)).
If f, f are homotopic we put f = f.

REMARK 4. We mention that by function ® and by maps hy(t1,...,tn, &) =
fo(t1, .. tn, Po(ba)®(b,)(2)) which appear in the definition of homotopy it is defined
a coherent map h: X — Y

The coherent homotopy between two arbitrary coherent maps f, f' : & — Y

in [6] and [8] is defined by formula (17) (only one has to replace f, and f; with f;—
and f"—) instead of formula (12) But, in this case the map g : X — ) defined

by function ® and by maps gb(tl, iy ) = fJ {1y - ,fn,p¢(bn)q>(bn)(ﬂ?)) it is not
coherent in the general situation.
The composition of special coherent maps f1:X—-Yandyg:¥Y — Z =

(ZC,T‘C,C) given by function ¢ and maps gc, is a special coherent map h = gf :
X — Z given by function x = ¢¢ and maps h, : V" x Xy(.,) — Z¢, defined by

(18) hg(tl, S ,tn, .E) = gco___c'.(Qt]_ = ]., ey 2?5;‘ = 1, f.,’,y(cimc“}(zt,;+]_, e .,?,in, :L)

for (t1,...,%n = (B - o) >>t1+1} S

The coherent 1dent1ty map 1 : i — X is given by the 1dent1ty function 14 :
A — A and by maps 1, : V" x X3, — Xp, defined by 13(t1,...,n,2) = Prob, (2)-

The category CPHTop has as objects commutative inverse systems X = (X
Pagay, A) where A is a cofinite set and morphisms are homotopy classes of special
coherent maps.

We define a functor F:CPHTop — C Coh with F(X) = & where " is the
interpretation of X as coherent inverse system, and if f : X — Y is a special
coherent map, then F([f]) = [f] where f : & — ) is the interpretation of f as
coherent map ([ | denotes the homotopy class).

First we have to proof that F is well defined. Let f = f with a special coherent
homotopy F, and let f, f/ and F respectively, be their interpretations as coherent
maps.
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Let H : I x X — Y be a coherent map defined by function ® and by maps
Hy: I x T x Xa(n) — Vs, defined for (41, ..., t,) € K7, by

Hi(t1, ., n,s:ﬂ)—

Fju Jm Z(O J‘st,] i1y J«+1 I)Qt_)=+1 == 110:-'-70):S:p‘1’(bjmbn)(:‘3))-

To check that this is a homotopy between colerent maps f, f/, first we men-
tion that the following equality hold for the coherent map over B, p[¢, ®], for all
(t1,....,tn) € Land all j = (jo,...,5x), 0=jo < ---< jx =n

(19) 3%, At 2) = Pygroyn(an)(2)-

Using the equality (19) in the final step for (11, ... ytn) € K%m we have
Hi,—(tl, - U,m) = Fioy (0, ., 0265, = 1,0,...,0,25, —1),0, s, _s.3(z)) =
= Loobim (0 026, = 1,0,.,0, 2L, = 1, Pg(sj ) #(b5, )P2 (55, 5) ()

-fﬁg e (EE: 00ty -1, 2, — 1,0,...,0), pygey, ) (ea) (%))

= (fople, (I)])E(tl’ e tn, ).

Similiarly, Hi—(tl, conytn, 1, z) = (f op[e, @])i(tl, . oytn, z) Tt follows that f =
f.

To show that F is a functor, if 7(f) = f, F(g) = g, and h = F(gf) for

(B oyt )E K'i we have

RE(ty, . tay2) = (gf)(0, . o,tjl,o,._.,o,r.j,.,o,...,o,ijk,x}
=g 0, 02531 1 0. 02t-—1,0...02t- —1;

L9 Chon

iu’-’(cjm...n)(g 0 0,2t5,00,0,...,0,2,,2) == (¢f)% (tl,...,tn,:::)
Le. F(9)F(f) = F(gf). W
QuesTiON: Is F(CPHTop) a full subcategory of Coh?

Of course, for a cofinite set E we may consider the category CPHTop(E), a
functor F:CPHTop(E) — Coh(E) and state the question: Is F(CPHTop(E)) a full
subcategory of Coh(E)?
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