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2-to-1 OPEN MAPPINGS OF COMPACT SPACES
Z1KicA PEROVIC

ABSTRACT. [n this paper we consider the problem of exisience of inverse
branches of 2-to-1 open mappings of compuct spaces.

Introduction.

Since we plan to reduce this problem to the case when the spaces involved are
O-dimensional, we will use their Gleason spaces. Let us recall their construction
and properties. Let X be a compact [lausdorff space. RO(X) will denote the set of
regular open subsets of X, It is a complete Boolean algebra [or operations defined
as a Ab = anb and a'=int(X\a). lor q e X Fy={A € RO(X)|qe A} Itis
obviously a filter of RO(.X'). G(X), the Gleason space of X is the Stone space of
RO(X). The mapping ¢ : G(X) — X defined by é(p) = Nelx A | A € p} is an
irreducible onto mapping. F, = o7 ({q}) is the closed set corresponding in Stone
duality to F, . For A C X, 1 € RO(X) 0(4) = {pe€ G(X) | A€p}isaclopen set
in G(AN).

1. 2-to-1 mappings

DEFINITION. A mapping f: X — ¥V is 2 —to— 1 if every element of ¥V has
exactly two originals in X.

ProrosiTioNn 1. Let XY be O-dimensional compact Havsdor(f spaces and [
X —Y an open 2—to—1 continious mapping. Then there exists a homeomorphism
g:Y x2 =X such that foyg=m where 7 is the natural projeclion.

Proor. Let ¢ € Y and py,p» € X so that F(pi) = q,i = 1,2. Let also a
be a clopen neighbourhood of p; not containing pa. Let b, = fla] N fla’], and
e = F1 by ma. by is nonempty since it contains ¢. by, ¢, are obviously clopen sets
and [ | ¢, is a 1-to-1 mapping (second original is in a®). Collection {by, | ¢ € Y}
obtained in this way is an open cover of Y. Let F' C ¥ be a finite set such that
10, | ¢ € I} is also a cover of Y. Without loss of generality we can suppose that
they are disjoint. Then the appropriate {cy | 4 € I'} have as their union a clopen
set ¢ such that f | ¢ is a homeomorphism on Y. Hence the mapping ¢ defined as
9(y,0) = [ [{y}]ne, and g(y, 1) = = [{y}] N ¢* has the prescribed properties.

LEMMA 1. Let X,Y be compact spaces and fan open mapping from X onto
Y. Then the mapping ¢ : G(X) — G(Y) defined by o(p) = {f[A] | A € p} is open
and continious, and if f is 2 —to— 1, then @ is 2—1o— 1 also.
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Proor. Since f is an open and closed mapping, lor A € RO(XN)f[1] €
RO(Y), and for B € RO(Y) f~![B] € RO(X) also. The mapping p : RO(Y') —
RO(X) defined by p(B) = f~'[B] is an embedding of Boolean algebras. Hence, its
dual mapping S(p) : G(X) — G(Y) defined by S(p)(p) = {B € RO(Y) | p(B) €
p} = {B € RO(Y) | [~1[B] € p} = {f[A] | A € p} = @(p) is a continious onto
mapping. It is open since for a base set A € RO(N)p[A] = [[A] € RO(Y). Let
t e G(Y),¢(t) =s. Let {g1.q:} = f'(s). Since F. Ct f[F,] C F. Ct cach of
them lias an extension ultrafilter which maps inte £ . They are diglinet as cxtensions
of distinct F, . So each point from G/(Y) has at least, two originals. Their number
is exactly two since otherwise we would have three disjoint regular open sets in X
whose images have nonemply intersection.

LEMMA 2. Let the nolation be as in the preceeding lemma. Let g € X and
flg) =2 . Then @(Fy) = I..

Proor. Let us note first that p[F.] C F, since nverse image ol a regular
open sel containing z is a regular open sel containing ¢. Let p € Iy, Then 7, C p.
o(p) = {fla] | @« € p} D {[fla] | @ € Fy} = F., hence @(p) € F; . Similarly, let
w € I7,. Then F, C u hence plu] U F, has the finite intersection property. Hence it
could be extended to an ultrafilter p on RO(X). Then p € Fy and ¢(p) = u , hence
w e olF).

THroREM 1. Let f: X — Y be an open 2—to—1 mapping of compact spaces.
Then there exists an open dense subsel C C Y and a homeomorphism g+ ¢/ x2 — X
sueh that [ oy = where m is the walural projection.

Proor. Let G(X), G(Y) and ¢ be as in the preceeding lenma. By proposition
| Lhere exists a set a C (/N ) such that @ |« and ¢ | ¢ are homeomaorphisins. For
¢ € X we say that F, is bad if it intersects both a and a®. We claim that the
union of had sels has empty interior. Suppose not. Then there exists an open sef
[/ consisting of poinls of bad sets. Since U Na and U Na* are both open and one
of them is nonempty, without loss of generality [ can suppose ' C a . For each
q € X, il F, is good then it is whole in a\I' or in a® , anyway in 7%, hence ¢ isin
the image of /¢, IT F, is bad then there is a parl of £ in @ hence in 77 which
maps in ¢. Hence [/% is a closed set which maps outo X . It contradicts the facl
that ¢ is irreducible. Let R be the union of good [7s which are coulained i a
and B similarly for a® . Let A, A" be regular open sets in N such that §(4) = a
and 0(A") = a®. We claim that ¢[R] = A and ¢[B] = A" Let ¢ € 4 . Then
A € F, hence there exist no ultrafilter p on RO(.X) containg A" and extending F
. Henceforth Fy Na® = 0 ,s0 Iy Ca,and Fyis good and therefore F, C & . Now
6[F,] = {4}, s0 ¢ € ¢[R). On the other hand, if ¢ € ¢[R], F, C R, s0 Iy, Na” =0

Hence, F, U {A’} does nol have the finite intersection property, so there exists
[l € F, such that U N.A" =0 Therefore U C A |, and ¢ €A. Similarly we prove that
¢[B]=A". Let now C' = [[A].C' € RO(Y). We will prove that ' = f[1'] also. So let
2 € C and g € A so that f(q)=z. Now we have that F, C a and ¢[F,] = I.. Since
reC e ROY),C € F, henee F. C 0(C). Let now t € X be the second point such
that f(g') = z . Then [Ff}] = I, also. Now we have that [} and Fy are disjoint,
have the same ¢ image, F, Ca and p|ais1—1, Fina=0ie Il Ca® soitis
good and therefore contained in B. Now finally t € ¢[B] = A" and = € f[A"], which
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proves our claim. Now since AU A’ is dense in X , C = f[AU A] is dense in Y,
Mapping g : C'x 2 — .X defined by g(¢,0) = [~ [{c}]NAand g(c, 1) = f~'[{e}]N A’
obviously has the required properties.

The following example shows that the theorem we obtained is the best possible.

EXAMPLE. Let X be the disjoint union of 4 = w| + | +w] . where wi s
wy in bhe reversed order having {w} as a limit, and B = w + | +w* . Let ¥ be
wi+ I +w”, and [/ the mapping defined on A to be identity on wy + 1 and to reverse
order on wy , and similarly on . There is no inverse branch from the whole ¥ on
X, since there is no point in X having characters w and w, .

QuesTioN 1. s it true that Proposition 1 holds just for O-dimensional spaces
i.e. il a space X has the property that for any compact space ¥ and every open
2—1to— 1 mapping [ : X — V¥ lhere exists a homeomorphism ¢ : ¥ x 2 — X so
thal go f=a , then X is O-dimensional?

QuesTion 2. What are possible 2—lo—1 (open) continious images of a given
space?

2. LE2-to-1 mappings

DEFINITION. A mapping [+ N — Y is LE2 — lo — 1 if every point from ¥
has one or two originals,

"The following proposition is a special case of a known theorem of Arhangelski,
but we prove it here for the sake of completeness, and it will not take long.

ProroOsSITION 1. [Lel [+ X — Y be an open LE2 — to— 1 mapping and lel
S={peY || f~'p) |=2}. 5 is an open set. We call il the sel of splitting points.

Proor./quad Let ¢ € 5 and {p1,ps} = F~[{¢}], and G G4 be their disjoint
neighbourhoods.  f[G1] N f[Gs] is an open set containing ¢ and contained in S.
Hence S is an open set.

Prorosition 2. Lel the notation be as i the prececding proposilion. [f S is
@ clopen set then lhere crists an open dense set GCC Y and (' C S, open and dense
m S, and a homeomorphism ¢ : G+ — X so0 that f oy is identily on (. und also
on C.

Proor. Let A = f~'[S]. The mapping f | A: A — Sisa2—to— 1 mapping
of compact spaces, hence by Theorem 1.1 there exists €' C S, dense in S and open
and a mapping h : €' x 2 — A such that foh is a natural projection. Since f | X\ A
is a homeomorphism onto ¥\ S, we have that for G = (X\S) U € the mapping g
defined so that g | X\S = f~!, ¢ | C'= h | C x {0} and on the disjoint copy of C
to be i | €' x {1}, has the desired properties.

COROLLARY. Let f: XN — Y be an LE2 —to — 1 open mapping of compact
spaces such that S = {p € V' || f=(p) |= 2} is clopen. Then lhere exisls an open
dense subsel G CY and a mapping g : G x 2 — X so that foq=m.

Proor. It is ¢ from the preceeding proposition.

THEOREM 1. Let [ : X — Y be an open onlo LE2 —to — | mapping. There
extsts a dense open subset G CY and « mapping g : G x 2 — X so that fog= 7.

Proor. Let us suppose first that S is dense in Y. Let us consider their Gleason
spaces (7(X) and G(Y'). Then the mapping ¢ is also open LE2 — to — 1 mapping.
¢~'[S] is an open dense set in V' consisting of splitting points of ¢. Using Stone




390 7. Perowié

duality on Theorem 2 from [2], we get that the set of splitting points in G(Y) is
clopen, hence the whole G(Y'). Hence ¢ 1s a 2 — to — 1 mapping. Now we proceed
exactly like in the prool of Theorem 1.1 up to the point where we prove that f[A] =
C = f[A]. Tere we proceed in a bit different way, we prove f[A] NS = f[4'] NS,
again in the same way as in Theorem 1.1. Taking C' = f[A]NS we get a dense open
subset €' C Y and a homeomorphism h.

In the general case we use this special case theorem on ¢l f~1[S]) to get C and
h. Then we define G = C'U (Y\clG) and g so that ¢ | €' x 2 = h and for y € ¥'\clS
we define g(y,0) = g(y,1) = f~'(y). 1t obviously has the prescribed properties.
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