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ABSTRACT. A characterization is given of those measures p on U, the upper

half-plane, such that the inclusion map from the mized norm space A%
B < o0, to the space LPT(u), 0 < p,q < o0, is continuous.

0 < &7

sr

1. Introduction

If s, 7, 8 > 0, a function f analytic on the upper half-plane U = {z = z + iy :
zER, y>0}is sa]d to belong to the space A? if

3T

o0

ls,r0 = fyrﬁ"lMs(y, M dy < oo,
0

1/s
sl F= (/ |f(z+ ty) |5(]1> :

Let [;- denote the mixed norm space of all double sequences a = {a;1}, j, k € Z,
for which

where

r/s

;,r_Z(Zlajkl‘s) <oo, 0<sr<oo.
j k

If 0 < p, g < oo, define

i
pog=|——~= ; 0<g<p<oo;
qg p

pogq = oo, 0<p<g<oo.

Let 0 < p < oo, 0<gq< oo and g be some positive finite Borel measure on U.
In this note we will find conditions on p that are equivalent to the estimate:
There is a constant C such that

(Z( fverae)”) " <cle, wasess,
T Qix

i
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where ;3 are squares
Qix={z=z+1iy: k2 <z<(k+1)2, 9% <y< 2t}

j and k are integers.
More precisely, we will prove the following theorem

THEOREM. [Lel 0 < p,q,s,7 < oco. There is a constani C such thal

(2(3 [ verae)™) " <, orarsess,.

J k Qi
if and only if

< o0,

“{Q_j(ﬁ+1/5)ﬂ(ij)1fp}

where u =sop, v=roq .

u,v

A special case 0 < p < § < 00,0 < ¢ < 7 < 00, of Theorem was proved in
[2]. The remaining three cases may be proved by using slighthy modified argument
used in [2]. In this note we give details in case 0 < p< s <00, 0< r < ¢ < 00.

2. Interpolating sequences

Let p(z,w) denote the pseudo hyperbolic metric

Z— W

z —

plz,w) = ’, zyzwelU.

Forae U and 0 < § <1 let
Ds(a) ={z€U:p(z,a) <6}

The following lemma is a simple consequence of the fact that Dj(a) is a

2

disc in the Euclidean metric with center C = Rea + ili—ylma and radius
26

1-462

LEMMA 2.1. For given 0 < § < 1 there exist posilive integers ny,na,ns, and

ng depending only on 6, such thai if a € Q;i then Ds(a) C Q_S-i_), where Q.E? s a
reclangle in U

= Ima.

QW ={z=a+iy:(k—ny)¥ <z < (b+1+ny)2, 207" <y < itlina}

A sequence {21}, j,k € Z in U is said to be é-separated if there exists a § > 0
such that if (m,n) # (4, k) then p(zmn, zj1) > 6.
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A sequence {z;;} in U is called an interpolation sequence for A?_ if whenever
{zj1} € l,r, then there exists f € AP, satisfying f (z;x) (Im ij)ﬁ+1/5 = zjp, L.e., if
the operator R defined by Rf = {f(zjk) (Imzjk)ﬁ"'l/’} is a bounded map of A%,
onto {,,.

It follows from the open mapping theorem that a constant M may be associated
with any given interpolation sequence {zj } such that any {z;3} with ||{z;z}||sr <1
is the image under R of a function f € AP, with | flls,r,pg < M. This M will be
referred to as the interpolation constant of {z;}.

THEOREM A ( [1] ). Letn,m be positive integers and mo € {0,1,2,...,n—1}.
Suppose that {zmot+jn ik}, 7,k € Z, is a sequence in U which salisfies the following
conditions:

()  2motUHIn—l < mg e < 270tUHD  for gl ke 7
(i)  ||Rezmosink, — Re Zmogin sl = (m A4 1)2motGH0R=1 0 4f k) L k.

If n and m are large enough, then TP, defined by

TEC) ={ £ (Zmorine) (B0 Bgrgn )10 Y, FeAP,,

is a continuous linear map AP, onto l,.. In fact, there is a continuous linear map
V of I,y inio Afr so that TEV is the identity mapping on l,,.

Throughaut the paper we use C to denote positive constants, depending on the
particular parameters v, s, M, 6, n, A, ... concerned in the particular problem in
which they appear, not necessarily the same on any two occurrences.

3. Proof of Theorem
The following two lemmas will be needed in the proof of Theorem.

LEMMA 3.1 (2], [5] ). Leté6 >0 and s,7,8> 0. If f is a holomorphic function

in U, then the following stalemenis are equivalent:

(i) Fedl,

(i) {206+ sup |f(2)} € Lr,
z2€Qjx

(iii) {26+ sup |f(2)]} €lsr
zEQE?

LEMMa 3.2 ( [3] ). Let 0 < p,q,r,5 < co. Then, for any {z;i} € luy, we
have

IHzixdlu, =  sup ey}, ,
' Pg

Yikillg »=

where u = sop, v=roq.
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Proof of Theorem. Let 0<p<s<ooand 0 <r < ¢ < oo. Note that

in this case u =

and v = co.

{2011, 007

equality, with index s/p, we obtain

(JZ (Zk:Q}/k e du(Z)) w)w : (EJ: (Z can |f(2)|p#(ij))Q/p)”q

Let < oo and f € AP . By using Holder s in-

u,v

7€

< (23 s )" (S @) )"
(j‘ ( k JEQJk ) k
(Z (z o (B41/3)s o !f(z)l’) ””)”“' |

©,00 N\ g E

< ‘,{Q"j(ﬁ+1/’)u(ij)1fp}

Since r/q < 1, we have

[sy 1/
(Z(ZQi(ﬁ+l/a)az2%P |f(z)|’)q ) !

J k

) rfsy 1/r
< (Z (Z 9i(B+1/s)s ZSEI:QP-,: |f(z)|3) ) < Clflls,r,p by Lemma 3.1.

J k

Thus,
(Z @Q/ S du(z)) myn <C[{2 @}, Wl

To prove necessity we fix n and m large enough, so that any sequence satisfying
the conditions of Theorem A is an interpolating sequence for AZ , and construct a
d6-lattice, that is, a é-separated sequence {wj;;} such that discs Ds (w;r) cover U.
‘Withaut loss of generality we may suppose that 2"~/ < Im Wy < ot jkezZ.

Split {w;1} into ngmn interpolating sequences for A%, as it was done in [2]. We
may suppose that all are n-separated for some n > 46. Let {a;x} = {Wmotin,sxts
0 < mg < n—1, be one of them.

By Theorem A, any sequence {yjx} with ||{yjr}|ls, = 1 is of the form
{F(ajz) (Imajk)’a""”’} for some f € A%, with ||f|ls,rs < M, where M is an inter-
polation constant associated with {a;}.

Thus, by Lemma 3.2,

(3-1) " {279nB+ )y (Dy (Gjrc))l‘m}||u,u <C ” {f (aji) 1 (Ds (ij))”p}”p,q ,
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for some f € AP, with | flls,rp < M.
As in [2] we find that

(S( ] mora)”)"
Ds(aj)

(32) 2 ( (Z(;uf(amnpu(caa (aﬁ)))m)w

j

- (Z (; #(Qs(a31))) sup e w) ”

()
zEGJ:

Here, G, denotes the square @mo+(j+1)n-1,s, Which contains the point Wingdin,sy =

a;; and G'(,L 1s the rectangle associated with G ( Lemma 2.1 ).
Proceed as in the proof of sufficiency to conclude that

(;(;#(Qé(aﬂ,))) sup e )W)l/q

zEG’ '

(3.3) 56’“{2‘3'"'(““”#(1)5 (a-jk))“”}Hw ”{2““”” sup |f(2)["}

seqlm
ZEGH]

P

<C ”{zﬂ'ﬂwﬂmu (Ds (ajk))lfp}”u Wflless, by Lomma 3.1,

Since the dises Dj (a;;) are disjoint, we have

( (2 j Ie lpdﬂ(ZJ)”) B

Ds(ajx)

i ( (E j FIP du(s)) )”q

< O(Z(Z / |£(2)? dp(z)) )”g < Cllflls s
Ik Qp

by assumption.
If we choose 6 small enough, then from (3.1), (3.2), (3.3) and (3.4) we see that

< 00

[ (-5 @¥19 (s (a2}

From this we conclude that

{279+119) 4 (@5 (wj"))llp}“u .
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and consequently, since {wj;} is a é-lattice,

| {2+ 19u(Qie Y|, <o
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