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ON 06-CONTNUQUS FUNCTIONS
(GRAZIA SANTORO

(Received 02. 03. 1992.)

ABSTRACT. In this paper the 06-continuous funclions are introduced and inves-
tigated as functions for which the inverse image of each 0-open set is a 6-open set.
This completes the last open case in this topic.

0. Introduction

In the ”non regular” topology the weak forms of continuity have the same role
that the continuity has in the classic topology. In literature there exist different
weak forms of continuity (cfr [A], [C], [CL], [CN], [LH], [MR]) and some of them
are characterized through é-open and 6-open sets which are particular open sets
introduced by Velicko [V].

Since these functions are characterized also providing that the inverse image
of a "particular” open set is another ”particular” open set, we put ourselves the
problem, considering the family of 6-open subsets (ry topology) and the family of

6-open subsets (7* topology), to test all possible cases of weak continuity which are
obtained provided that the inverse image of a

1) B-open set is an open set, 4) éb-open set is an open sel,
2) ¥4 a B-open set, 5) 4 a f-open set,
3) /7 a 6-open set, 6) // a §-open set.

We recall that almost continuous [SS], 6-continuous [C], faintly continuous [LH],
almost strongly 0-continuous [NS] and u-continuous [G] functions may be charac-
terized in the following way:

afunction f: X — Y is

a) almost conlinuous <=> the inverse image of each §-open is open [C];

b) é-continuous <= the inverse image of each §-open set is 6-open [C];

¢) faintly continuous <=> the inverse image of each f-open set is open [LH];

d) almost strongly 8-continuous <=  the inverse image of each é-open set is
f-open [MR];

e) u-confinuous <=> the inverse image of cach f-open set is f-open [G].
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260 G. Santoro

Then, among the six weak forms of continuity written above, we have to study
only the 3) that we call 8-continuous function.

After some preliminaries given in section 1, in section 2 we define and charac-
terize the @6-continuous functions, in section 3 we give some properties and impli-
cations of them with the other weak forms of continuity and, in section 4, we study
the algebra of #é-continuous functions.

1. Preliminaries

Throughout the present paper X and Y always denote topological spaces,
an element of X, U, the filter of neighbourhoods of z in X and U(F) the filter of
neighbourhoods of the filter . Let F and G be filters. We write F < § iff for every
G € G there exists I" € F such that FF C G.

If X is a topological space, and A a subset of X, then A or cl(4) and A or
int(A) denote the closure and interior of A, respectively.

The set of points 2 € X such that UNA # () (UNA # 0), for each neighbourhood
U € Uy of z, is called the 0-closure (resp. 6-closure) of A and it is denoted by x

= o
or clg(A) (resp. A’ or cls(A)). The 8-interior (6-interior) of A, denoted by A or

0b =
intg(A) (resp. A or ints(A)), is defined as the set of all z € A such that U C 4

L]
(resp. U C A) for some neighbourhood U € U, of = [V]. In general for A C X we
St = 0 0f of
have the inclusions A CACA CA and ADAD A D A. A subset A 5C X is
—s ofl 0
said to be @-closed (§-closed) if A = a (resp. 4 = Aﬁ); fA= A (A= A)Ais
said to be #-open (resp. 6-open). Note that the complement of a #-open (§-open)
set is @-closed (resp. &-closed) and conversely. Note also that the #-closure and

b-closure operators in general are not idempotent, i.e. in general Ze is not f-closed
—4 i i %
and A 1is not é-closed. This suggests to introduce the following

1.1. DeriNiTiON [BC]. Let X be a topological space and A a subsel of X.
We define 0 (resp. 6)-closed hull of A, denoted by [Alg (resp. [Als), as the smallest
8-closed (resp. 6-closed) subset of X containing A.

Analogously we denote by ] Ay (resp. ]A[s) the greatest f-open (resp. §-open)
subset of X contained in A.
Note that for each subset A C X we have A C A C [A]y, but if X is regular
then A=4" = [Als.
The topology determined by the é-open (resp. @-open) subsets of (X, 7) is
denoted by 7* (resp. 73) and it is called semiregularization; its base is the family
0

of regular open subsets B = B. Obviusly in a topological space (X,7) s C7° C 7
and X is regular if and only if 7y = 7* = 7, X is almost regular [SA] if and only if
™ = 19 and X is semiregular if and only if 7 = 7*.
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2. Characterizations

2.1. DEFINITION. Let X and Y be topological spaces. A funciion f : X — Y
is said to be 06-continuous if the inverse image of each 0-open subset of Y is 6-open
in X,

From this definition we have

2.2. THEOREM. A function f : (X, 1) — (Y, 0) is 05-continuous if and only if
fo(X, ) — (Y,04) ts continuous.

2.3. CorOLLARY. Let f:(X,7) — (Y,0) be a function, where X is semireg-
ular and Y s regular. Then f is 88-continuous if and only if it is continuous.

2.4. TueorREM. A function f:(X,7) — (Y, a) is 08-continuous if and only if
the inverse image of each 0-closed subset of Y is é-closed in X .

'In order to give some characterizations of #§-continuous functions it is useful
to put before some definitions and propositions.

2.5. DEFINITION. A subset U of X s said to be a O-neighbourhood of a point
x € X if there ezists a 0-open subset A C X such thatz € ACU.
Obviously the family i, of all f-neighbourhoods of a point € X is a filter

in X. If U(U,) denotes the filter of neighbourhoods of i/, = {U : U € U, } we have
the following

2.6. PROPOSITION. Let (X,7) be a topological space. A subset A C X s
0-open if and only if A € L{(ij) for each « € A.

Proor. If A is a f-open subset of X then, for each z € A, there exists U € U,
such that 7 C A, hence 4 € U(gx). Conversely, if ¢ € A and A € L{(L_(f); then
there exists U € U, such that U C A, hence 4 is f-open. 0O

2.7. PROPOSITION. For eachx € X, U, <U(U,) < 0U,.

Proor. The first inequality is obvious. We prove that U(H,;) =< 0U,. Let
U € 0id;. Then there_exists a f-open subset A in X such that z € A C U. From
2.6 it follows A € U(Uz), and the proof is complete. O

2.8. THEOREM. A function f: (X, 1) — (Y,0) is 06-continuous if and only
if for each ¢ € X and and for each V € OUj(s), there exists U € Uy such that

(<]
F(U) cv.

ProOOF. Assume z € X and V € 0y, a 0-neighbourhood of f(z) in Y; there
exists a f-open subset W C Y such that f(z) € W C V. By hypothesis it follows
that f=(W) is é-open and z € f~*(W) C f~(V), hence there exists U € U,

o [+]

such that 2 € U C f~*(W) C f~1(V). Therefore f(z) € f(U) C ff~YW) C
ff~1(V) C V. Conversely, let V be a f-open subset of Y. For each z € f~1(V)
(]

b

we have V' € 0l;(,). By hypothesis there exists U € U, such that f(U) C V, hence
o 0
zeUC f1f(U) C F-1(V),ie. f~Y(V)is 6-open. O
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2.9. CoROLLARY. For a function f: X — Y the following are equivalent:
i) f is 06-continuous;

ii) for each z € X and for each 8-open subset V coentaining f(z), there exists a
regular open subset U C X coniaining z such that fOcv;

iii) for each x € X and for each 0-open subset V containing f(z), there ewists a
6-open subset U C X containing = such that f(U) C V.

ProoF. This follows from definitions and the fact that any §-open set is a union
of regular open subsets. O

2.10. PRrOPOSITION. A function f: (X,7) — (Y, a) is 06-conlinuous if and
only if for each filler F < ?T}m, F(F) 2 0Us(oy.
Proor. Assume 2z € X and V € 6Us(z). Since f is §6-continuous there exists
U € U, such that f(Uo) C V; moreover F < Ho implies that there exists /' € F such
that F C UO, hence F' C f(f’) CV,ie f(F)< 0Uj(zy- The converse is obvious;
o 0

(] [+]
from assumption F = I, hence & < I and f(m = 68Uy (s, which means that f is
@6-continuous. O ’

2.11. THEOREM. For a function f: X — YV the following are equivalent:
i) f is 86-continuous;

ii) f(zé) C [f(A)ls for each A C X;

1ii) f‘l(B)é C f~Y([Bls) for each BC Y;

iv) fhl()B[ﬁ) C ints (f_l(B)) foreach BCY.

4]
PROOF.i) = ii). Assume z € Zé, ie. foreach U €Uy, UNA# 0, and let
y= f(z). Ify & [f(A)]s then y € Y\[f(A4)]s, where Y\[f(A)]s is a 0-open set. Hence
z belongs to the §-open set X \ f~1 ([f(A)]g) Thus there exists U € i/, such that

T € X\ (F(A)), ie. TNFH([(A)]a) = 0. But A C F~1£(4) € F~([f(A)))
and therefore ﬁo N A =0, which is a contradiction.

ii) = iii). From ii) we have f(_f—_l(ﬁj&) C [ff~*(B)]s C [B]s, and therefore
FIB)’ ¢ £-1((Bla).

lii) = i). By Theorem 2.4 it is equivalent to prove that the inverse image of
a f-closed subset is §-closed. Let A be a f-closed subset of V. Then A = A = [Als

and, from iii), we have f=1(A) C f~1(A) and therefore f~'(4) = F=T(A)’ jie.
F~1(A) is 6-closed. ,

[+
i) = iv). Assume z € f~'(IB[). If = ¢ ints(f~1(B)) then T N (X \
F=Y(B)) # 0 for each U € U,. By hypothesis f—1 (]B[g) is 6-open, so that there
[}

exists some V' € U, such that V C f-1 (1Bls) C f~*(B). This is a contadiction.
iv) => i). Let A be a f-open subset of ¥. Then A =]A[s and f~1(4) C
ints(f=1(A)). Since F7H(A) D ints (f~(A)) it follows that F=1(A) = ints (f=1(A4))
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ie. f71(A) is b-open. O

2.12. THEOREM. Let f: X — Y be 06-continucus function. Then for each
subset ACY, is cls(f~1(int (")) € £~ ([As).

ProoF. Since A° C a2 C [A]s, one has int(zé) C A C [A]s, and thus
f‘l(int(zé)) C f~1([Als) and clg(f“l(int(zﬁ))) C cls(f71([A4ls)). As [A]s is
f-closed, from Theorem 2.4 we have that f~'([A]s) is 6-closed. Therefore
ol (71 (m6(3%) C ls (/- ((418)) = £-1 (L) O

2.13. REMARK. For an open subset A of ¥ the condition of the previous
theorem becomes: cls(f~!(int A))) C 1 ([A]s). In fact, for each open A we have
A=A =7 ([V], Lemma 2).

3. Implications and properties

3.1. DEFINITION. A function f : X — Y is said to be weakly 6-continuous
[CN1] (resp. 6-continuous [AD], weakly continuous [L]) if for each z € X and each
open neighbourhood V' of f(z), there exists an open neighbourhood U of z such that

(]

f(m C V (resp. f(U) cV, F)E V7).
3.2. THEOREM. Any weakly 8-continuous funciion is 85-continuous.

Proor. It follows from the following result: for each weakly #-continuous func-
tion the inverse image of a f-open subset is §-open {CN;]. O

In general the converse is not true as the following simple example shows

3.3. ExaMPLE. Let X = {a,b,c} be a set, and let 7 = {0, X, {a},{b}, {a,b}}
and o = {0, X, {a},{c},{a,c}} be two topologies on X. Let f: (X,r) — (X, o) be
the identity function. Then f is #6-continuous but not weakly #-continuous at the
point ¢. O

3.4. THEOREM. Any continuous function is 08-continuous.

Proor. It follows from Theorem 3.2 and the fact that any continuous function
is weakly f-continuous [CN4]. O

3.5. THEOREM. Let f: (X,7) — (Y,0) be a function, with (Y,o) regular.
Then f is 86-continuous if and only if it is continuous.

ProoF. By Theorem 3.4 it is sufficient to prove that if f is §6-continuous and
(Y, o) is regular, then f is continuous. Let A an open subset of ¥. Since Y is

regular then ¢ = 0y, i.e. A is f-open; by hypothesis f~!(A4) € 7*. But 7* C 7 and
therefore the proof is complete. [

Note that #é-continuous functions are not weakly continuous, in general, as it
is shown by the following

3.6. EXAMPLE. Assume X = {0,1} endowed with the topology 7 = {0, X,
{1}} and Y = {a, b, c} endowed with the topology o = {0, Y, {a}, {b}, {a,b}}. Let
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F X — Y he defined as follows: f(0) = @, f(1) = b. Then f is not weakly
continuous at z = 0, but it is #d-continuous since the only f-open set in ¥ is V'
itself and f~(Y) = X is 6-open.

Observe also that this function is @-continuous but not weakly continuous at
the point b. O

The following two theorems follow from definitions:

3.7. THEOREM. Any 06-continuous function is faintly confinuous.

3.8. THEOREM. If f:(X,7)— (Y, 0) is faintly continuous and X is semireg-
ular, then f is 86-continuous.

3.9. DEFINITION [CL]. A function f : X — Y is said to be y-continuous if for
each € X and each quasi-regular open subset V' (i.e. an open subsel containing
a non empty regular closed subsel) containing f(x), there exists U € U, such that

fFUycv.

3.10. ReEMARK. In general, 06-continuous functions are not ~-continuous
because we have that almost continuity, 0-continuity and weakly 0-continuity imply
v-continuity, while these functions are independent [CL]. O

3.11. THeorREM. Let f : X — Y be a y-continuous function. If X is a
semiregular space, then f is 06-conlinuous.

Proor. Let A be a f-open subset of Y. Then A is a quasi-regular open subset,
hence f~1(A) is open in X [CL]. But X is semiregular therefore f~1(A) is also
d-open. O

3.12. THEOREM. Let f:(X,7)— (Y,0) be a 08-continuous function. IfY is
an almost regular space, then f is d-continuvous (and so almost, 0-, weakly, faintly
continuous).

Proor.Let V C Y be a é-open subset. Since Y is almost regular we have that
o* = oy and so V is also f-open. It follows that f~(V) is é-open. O

3.13. DEFINITION. A function f: X — Y is called super continuous [MB] (
resp. strongly 0-continuous [N]) if, for each € X and each V € Uj(zy, there exists

U € U, such that f(U) C V (resp. f(U) C V). [ s called almost +y-continuous
[CN] if for each z € X and each V € U(Uy,)) there exists U € U, such thal
fu)ycv.

3.14. THEOREM. Let f:(X,7) — (Y,0) bc a 06-continuous function. IfY is
o reqular space, then f is super continuous ( and so &-, almost, 0-, weakly, faintly
continuous, continuous, u-, v-, almost y-continuous).

Proor.Foreachz € X let V € Uj(s) be an open neighbourhood of f(z). Since
Y is regular we have that V' is f-open, hence f~Y(V) is 6-open, i.e. there exists

U € U, such that U C f7Y(V). Then f( ) C V,ie. [ is super continuous. O
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3.15. CoroLLARY. Let f: X — Y be a function. If Y is a reqular space, the
Jollowing are equivalent:

1) f is super continuous; ) f is é-continuous;
ili) f is almost continuous; iv) [ is 0-continuous;

v) f is weakly 0-continuous; vi) f is 86-continuous;
vii) f is continuous; vill) [ is u-continuous.

PROOF. i) =ii) =iii) =iv) ==v) =>vi) follow from definitions, vi)==i)
from Theorem 3.14, i) ==-vii) =viii) =>vi) from definitions. [

3.16. THEOREM. Let f:(X,7) — (Y, 0) be a 06-continuous function. If X is
an almost regular space, then f is u-continuous.

Proor. For each f-open set V C Y, f~1(V) is 6-open in X. But 7* = 7 (on
X), so that f~1(V) is f-open. DO

3.17. CoROLLARY. Let f: X — Y be a function. If X is a regular space,
then the following are equivalent:
1) f is u-continuous;
i) f is 06-continuous;
i) f is faintly continuwous.
PROOF. 1) =ii) ==1iii) follow from definitions, iii) ==ii) from Theorem 3.8,
ii) =>1) from Theorem 3.12. O

3.18. DEFINITION. A topological space (X, 7) is called 8-regular if for each
z € X we have L[(L{,;) = 0U,, i.e. if for each A € L{(Hx) there exisis a 0-open
subset B such thei z € B C A.

3.19. REMARK. It is obvious that any regular space is -regular since in this
case Uy = O0lUy and U, = U, =U(U.).
3.20. ProrosiTION. Let f: (X,7) — (Y,0) be a 06-continuous function. If
Y is a O-regular space, then [ is almost v-conlinuous.
PROOF.Let z € X and V € U (Hf(x)). By hypothesis there exists a #-open
subset B C 'Y such that f(z) € B C V. Since f is 6-continuous, f~'(B) is 6-open.
4] [+]

Hence there exists U € U, such that z € U C f~Y(B). Then f(ﬁ) Cff 4B ¢
BCV. O

3.21. CoroLLARY. Let f : (X,7) — (Y, o) be a funclion. IfY is a regular
space the following are equivalent:

1) f is continuous; ii) f is almost continuous;
iii) f is f-continuous; iv) f is weakly f-continuous;
v) [ 1s §é-continuous; vi) f is almost y-continuous;

vii) f is faintly continuous.

PROOF. i) =ii) ==iii) ==iv) =) follow from definitions, v) =vi) from
Remark 3.19 and Proposition 3.20, vi) =vii) from definitions and vii) =) from
the fact that Y is regular andso e =05, 0O

3.22. CoOROLLARY. Let f : X — Y be a function. If Y is a reqular space,
then the conditions of Corollary 3.15 are equivalent to the following:
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i) f is almosi y-conlinuous; il)  f is faintly continuous. [

3.23. CoroLLARY. Let f: X — Y be a function. If Y is an almost regular
space, then the following are equivalent:
i) f is faintly continuous; ii) f is almost continuous;
iy f is @-continuous; iv) f is weakly f-continuous;
v) f is B6-continuous.
PROOF. For i) ==ii) see [LH]; ii) ==iii) ==iv) ==v) follow from definitions
and v) =) from Theorem 3.12. O

We recall that any continuous function is u-continuous [LH] and that any u-
continuous function is #6-continuous (since any 8-open set is §-open and open set).

4. Algebra of f-continuous functions

4.1. THEOREM. Let f: X — Y bea 06-continuous function. If A C X is
either open or dense in X then the resiriction fa : A — Y is 86-contlinuous.

ProoF. Let V be a f-open subset of ¥. Then f~'(V) is é-open in X. We
prove that f~1(V)N A is 6-open in A. For each z € f~1(V)N A (since z € f~1(V))
o

there exists a neighbourhood U € U, such that T C f~*(V). But, since A is open
(]

or dense, we have that ANT is a regular open subset of A ([Ny], [C]) and, since

(4]

UNAC f~Y(V)N A, this completes the proof. O

4.2, THEOREM. Let f : X — Y and g : Y — Z be two 86-conlinuous
functions. If Y is an almostl reqular space, then g o f is 86-continuous.

PROOF. Let A be a f-open subset of Z. Then g~1(A) is §-open in ¥ and
therefore -open. So f~*(g=!(A)) is a §-open set in X. O

4.3. ProrosiTioN. Iff : X — Y s 06-continuous, g : ¥ — Z is faintly
continuous and Y is a regular space, then g o f is 86-continuwous. 0O

4.4. TUEOREM. Lel f: X — 7Y be a 06-continuous funclion and g:Y — Z a
u-continuouns function. Then go f is 06-continuous.

PROOF. Let A be a f-open subset of 7. Then g~!(A) is f-open in Y so that
F71(g71(A)) is -open in X. O

4.5. CorROLLARY. Lel [N — Y be a 86-continuous function and g: Y — Z
a continvous function. Then go f is 06-continuous. O

4.6. THEOREM. Let f: N\ — Y be a 08-continuous funclion (resp. almost
strongly @-continuous) and y : Y — Z an almost strongly 0-continuous funclion
(res. 86-continuous). Then go f i~ b-continvous (resp. w-continuous). 0O

4.7. THEOREM. Let fi : X; — Y; be functions for ¢ = 1,2,... n and let
f:TLX: — 1, Y be the function defined by f({z:}) = {fi(z:)} for each point
{z:i} € [1; Xi. Then f is 06-continuous if and only if f; is 06-continuous for each
1
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Proor. Let W; be a 6-open subset of ¥; for each i = 1,2,...,n. Then I W;
is f-open in [[,Y; [LH]. It follows that I W:) = 11, f:(W;) is 6-open. So,
for each {z;} € fF~1(I[; W;), there exists a neighbourhood U = [L; Ui such that

o o

{z:} €U C I Wi). But U = int(cl(T]; U:)) = Hiﬁof C (I W) =

IL fi'(W;), ie. for each i = 1,2,...,n, U; C Fi7Y(W;), so fi~'(W;) is 6-open
for each i = 1,2,...,n. Conversely, if W is a f-open subset of I1; i, then by [LH]
there exist 6-open sets Wy, Wy,..., W, such that W; C Y; for each i = 1,2,...,n
and W = [[; Wi. Consider f~Y(W) = f~Y([1; Wi) = [, fi~*(W:). By hypothesis
fi='(W;) is §-open in X; for each i = 1,2,...,n and therefore the set IL fi~Y(W)
is -open. The proof is complete. O

4.8. THEOREM. A function f : X — T[], X; is 66-continuous if and only if
piof: X — X;, where p; is the projection from II; Xi in X;, is 06-continuous for
each 1.

Proor. By Corollary 4.5 it is sufficient to prove that if p; o f is #§-continuous
for each 7, then f is #8-continuous. Let A be a f-open subset of []; X;. Denote
g =piof. Then f~1(A) = g~'pi(A). The subset B = p;(A) is 6-open [LH], ¢ is
fé-continuous and hence g=!(B) = f~1(A) is §-open. This completes the proof, [l

4.9. THEOREM. Let f:X — Y be a function and g : X — X x Y the graph
function defined by g(x) = (z, f(z)) for each = € X. Then f is 06-continuous if
and only if g is 06-continuous.

PROOF. Let V' be a f-open subset of X x Y. Then V = 14 x V3 , where
Vi and V2 are 0-open subsets of X and Y respectively. We have that g =
gt Vix W) ={eeWi: flz) € Va} = Vin f~1(V2). We have to prove that
in f"l(Vg) is d-open. Since ¥ is f-open, for each z € V4 N f”l(Vg), there exists

Q

H € U, such that H C Vi, hence H C Vi; moreover f~1(V3) is é-open so that
there exists a neighbourhood G € U, such that G =l (Vg) Consider HNG as a
(]

neighbourhood of z; then int(H NG)=HNnGcC Vnjf-1 (Vg), ile. 1 ﬂf‘l(Vg) is
6-open. Conversely, let V be a -open subset of Y. X x V is 6-open in X x ¥ and
thus g™} (X x V) = {2 € X : f(z) € V} = f~1(V) is 6-open in X, which completes
the proof. O
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