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ABSTRACT. [In this paper we study a-coideals of seis in consiruclive mathe-
matics, which are introduced in the papers [9] and [10].

1. Introduction

For all notions of sets and functions in constructive mathematics we used here,
the reader is refered fo the books [1], [5], [7], [11] and [12], and to the papers [8], [9]
and [10]. Examples of a-coideals and their applications are obtained in the paper
[10]. The present paper contains some new results concerning a-coideals of sets, as
for example a notion of basis of an a-coideal, two propositions of the decomposition
property of a-coideals, and some constructions of a-coideals on the product of sets.

2. Preliminaries

To define a set X we mast explain how to construct members of X using
objects that have been and describe what it means for two elements of X to be
equal, and must satisfy the following

(Ve € X) (z =),

(Veye X) (z=y = y=2),

Veyz € X) (2 =ghy=2 =z =1z
If S is asubset of X and z € X, we write =(zx € §) ifand only if z € §
is impossible. The second more important relation in constructive mathematics is

the diversity relation, a strong notion of inequality. The basic properties of the
diversity relation are:

(Yo € X) ~(z # 2),

(Vay€ X) (e #y = y# o).
Note that, by our implicit assumption of extensionality, a diversity relation satisfies
the condition

(Veyz €EX) (z £ yAy=2z = w#a).
A diversity that also satisfies the condition
(VzyzeX) (z#2 => z#£yVy#z)
is called apartness. An apartness is {ight if and only if
(Voy € X) (~(z £9) =2=1).

Let z be an arbitrary element of a set (X,=,#) andlet Y={ye X : y+#z}.
Then we have

(*) (VsteX)(seY = s#£tvVieY).
Not every set has this property. A subset Y of a set (X,=,#) is strongly

extensional if and only if the condition (x). A subset Y of X is inhabited if
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and only if (3z € X)(z € Y). An empty set @ 1is a set cannot be inhabited. If
Y and Z are subsets of a set (X,=,#), we defined
Y=272 & YCZAZCY.
With this equality, the collection of all subsets of X 1is a set P(z) called a power
set of X. Let z be an arbitrary element of a set X and let ¥ be a subset
of X. We write a#Y if and only if (Vy € Y)(z # y), and define a diversity
relation on P(X) by
Y#:2Z2 & QyeY)Ny#2)V (3z € 2)(z4Y).

Note that, if (X,=x,#x) and (Y,=y,#y) are sets with diversity relations, then
the Cartesian product X xY ofsets X and Y has the cannonical equality and
diversity relations given by

(2,9) =a (1,9) & z=x uAy=y v,

(z,y) #4 (v,v) © z#xuVy#yv.
If the relations #x and #y are (tight) apartness, then the relation #4 are
(tight) apartness. A relation f between elements of a set (X,=x,#x) and a set
(Y,=y,#v) is a subset of the Cartesian product X x Y. For f we say:

f is total relation if and only if

: (Vo € X)(3y € Y)((z,y) € f);
f 1s onto if and only if
(Vy € Y)(3z € X)((z,y) € f);
f is injective if and only if
(Vo' e X)(Vyy' € Y)((z,y) e FA(2, V) EfAy=y ¥V = z=x 2);
f is an embedding if and only if
(Vaa' € X)(Yyy' € Y)(2,9) € FA (' ¥) € f Az #x 7 = y v o);
[ is a function if and only if
(Vaz' € X)(Vyy' € Y)(2,9) € F A ¥) € f Az =x &' = y=y ¥')
f 1s sirongly extensional if and only if
(Vzz' e X)Vyy' € Y)((z,y) e FA(2 V) EfTAYy#v Y = z#x o).
Theset D(f)={z€X : (yeY)((z,y) € )} is called the domain of f, and
theset R(f)={yeY : (z € X)((z,y) € f)} is called the range of f.

3. Basic definitions

Let X be aset. A family of elements of X, indexed by a set I, is a function
f from I to X. A family of subsels of X is a family of elements of P(X).
A family K of subsets of a set X will be called an a-coideal ([9],[10]), if and
only if X EX, 21 COHONZVEK=Zye K, Z1UZ, e K =22, KVZ,e K.
If X isa set with a diversity relation, then a-coideal K is streng if and only if
@#K. As in the classical case of filters (b-coideals (in constructive mathematics)
[10]) ([3]), we can define the basis of an a-coideal: the family B C P(X) is called
a basis of an a-coideal of a set X if and only if

@3B,
(VS,VeP(X)(SUVEB = SeBVVEBRB).

If B is a basis of an a-coideal of a set X, then the family {Z C X : (35S €
B)(S C Z)} is the a-coideal of X induced by B.

Let K; and Kj; be two a-coideal of a set X. As in the classical case ([2]), we
shall say that K; and K, have the decomposition property if and only if there
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are sets A& Ky and B € Ky such that AUB=3 X and ANB =, @,; for sets
A, B we say that they realize the decomposition property of Ky and K.

4, Functions and c-coideals

In this section we shall characterize some relations between functions and a-
coideals.

LEmMMaA 1. Let Kx be an a-coideal of a set X and let us take that Y C X.
Then the family Ky = {ZNY(#2 @) : Z € Kx} is an a-coideal of the set Y.

Proor.. Let us take that 53U S5:; € Ky, where S and S; are subsets
of ¥V, e let (32 € Kx)(S1USs =, ZNY); Let us take Z; and Z; in
P(X) arbitrarily so that 51 C Z;, S2 C 23,51 =3 Z1NY, S3 =2 ZaNY and
Z CZ1UZy. Then Zy € Kx or Z; € Kx. Therefore, 5} € Ky or S, € Ky.

Suppose that Sy C Sy and S € Ky, i.e. suppose that (37 € Kx)(51 =2 ZnN
Y) As S;UZ € Kx and S5 =5 (ZﬂY)USz = (ZUSz)ﬂ(YUSQ) =) (ZUSQ)QY,
we have 53 € Ky. Therefore, the family Ky is an a-coideal of the set V.

LEMMA 2. Let Kx be an a-coideal of a set X and let us take that X C Y.

Then the family Ky ={SCY : (37 € Kx)(Z C S)} is a basisof an a-coideal
of the sel Y.

PROOF. Suppose that S;US; € Ky (51,52 € 2¥), i.e. suppose that (3Z €
_Kx)(z o ST U Sz) As Kx > Z =g Z N (Sl USQ) =2 (ZﬂSl) U (Z ﬂSz) and
ZNS e Kx or ZN&Sy € Kx, we have (HZ ns; e I{)()(Z M8 € 51) or
(EZHSQ (S I{X)(ZOSQ C Sg) So, 51€ Ky or S, € Ky.

Let S be an arbitrary element of Ky. Then thereis Z in Kyx such that
@ #9 Z C 5. Therefore, the family Ky is a basis of an a-coideal of the set V. O

THEOREM 3. Let f:(X,=x,#x) = (Y,=v,#v) be a strongly extensional
function of sets with apertnesses and let Kx be an a-coideal of the set X such
that (VZ € Kx)(Z N D(f) #2 @). Then the a-coideal Kx of X induces an

¥,

a-coideal Ky o

Proor. (i). Let Kx be an a-coidealof aset X andlet f: X —Y bea
strongly extensional function of sets. Then by Lemma 1, the family {Z N D(f) (#2
@) : Z € Kx} is an a-coideal of the set D(f).

(i7). Suppose that the function f is total and let Kx be an a-coideal of
the set X. Then, if Z € Kx, then f(Z) #5 @. Let us take that $;,59; €
P(X) such that Sy C Sy and S; € K = {f(Z) : Z € Kx}. Then S; =,
f(Z1) for some Z; € Kx. Let us take Zy =3 f~1(S2). Then Z; C Z; and
(Zy C ZyNZ% € Kx = Z3 € Kx). TFurther, there exists Z; € Kx such that
S2 =2 f(Z2). So, S2 € K. Let 51,52 be arbitrary elements of P(R(f)) and
(HZ (S JT‘(X)(SlUSQ =3 f(Z)) Let us take that 7, =s f_l(Sl) and 2, =y f—l(SQ).
Then Z;UZy =, f_l(Sl)Uf_l(Sg) =3 f‘l(Sl USg) =9 f_lf(Z) 2 Z €Ky and
Z1 € Kx or Zz € Kx. Therefore, there exists Z; € Kx such that $; = f(Z;)
or there exists Z» € Kx such that S; =; f(Z3). Thus, the family K is an
a-coideal of the set R(f).

(#¢). The a-coideal K of R(f) can be extended, by Lemma 2, to an a-coideal
of theset ¥. O

CoROLLARY 3.1. Let fy: X2z —(z,y) €EX xY (y€Y) be a function and
let Kx be an a-coideal of the set X. Then the family K, = {EC X xY
(3Z € Kx)(Z x {y} C E)} is an a-coideal of the set X x Y.
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CoROLLARY 3.2. Let p1 : X xY 3 (x,y) — z € X be the first canonical
projection and let Kxy be an a-coideal of the set X x Y. Then the family
{m(E)CX : E€Kxy} is an a-coideal of the set X,

CoRroLLARY 3.3. Let Ki and Ko be lwo a-coideals of a set X and L (i=
1,2) be a-coideal of a set Y dnduced by K; (i = 1,2) respeclively, and by a
function f X — Y. If 51 and S realize the decomposition properly of
Ly and Ly, then the sets f~'(SiNR(f)) and f~'(Ss N R(f)) realize the
decomposition properiy of the a-coideals Ky and IKs.

COROLLARY 3.4. Let K; and K5 be two a-coideals of a sel X and lel L;
and Lo be a-coideals of a set 'Y induced by Ky, and Ko respectively and by an
tnjective function f:X — Y. If A and B realize the decomposition property
of Ki and Ky, then there exists sets Sy D f(A) and Sa D f(B) which realize
the decomposition property of L, and L.

TueoreEM 4. Lel f: X —Y be a strongly extensionel function of sets and let
Ky be an a-coideal of the set Y such thal R(f)NS #2 @ for each § € Ky.
Then the a-coideal Ky of Y induces an a-coideal Kx of the set X.

Proor. 1. Let Ky be an a-coideal of Y. Then the family {SNR(f) : S €
Ky} by Lemma 1, is an a-coideal of the set R([f).

2. Suppose that the function f is onto and let Ky be an a-coideal of the set
Y. Then the family K = {ZnD(f) : f(Z) € Ky} is an a-coideal of the set
D(f). We have

(7). If Z e K, ie. if (35 € Ky)(S C f(Z)), then from @ #, § C f(Z)
follows Z #, @.

(i7). Let Z; and Z; be arbitrary elements of P(D(f)) such that Z; C 7,
and Z; € K. Then there exists S; € Ky such that S C f(Z;). As S5 C
f(Z1) C f(Za2), so f(Z2) € Ky. Therefore, 75 € K.

(#i). Suppose that 7,73 are arbitrary elements of P(D(f)) such that
Z31UZy € K, ie. such that f(Z; UZ;) € Ky. Thus f(Z;)U f(Z2) € Ky and
f(Z1) € Ky or f(Z») € Ky. Therefore Z; € K or Z3 € K.

3. The a-coideal K of the set D{f) can be extended, by Lemma 2, to an
a-coideal of the set X. O

CoOROLLARY 4.1. Let f:X — Y be an injective funclion of sets X and Y
with epertnesses and let Ky be an a-coideal of Y such that R(f)NS #2 @ for
each S € Ky. Then the family {Z C X : (35S € Ky)(f~(S) C Z2)} s an
a-coideal of the sel X.

5. Two constructions of a-coideals of X x YV

Let (X,=x,#x) and (Y,=v,#yv) be sets with diversity relations. For any
ECXxY, z€X, yeY let us take that ([2])

EZ={yeY : (z,9)€E}, E;={ze€X : (s,y) € E}.
THEOREM 5. Let Ky be an a-coideal of a set X and let Ko be an a-coideal
of a set Y. Then the family
Kip={ECXxY : {zeX : E2e Ky} € Ky}
is an a-coideal of the Cartesian product X xY of sefs X and Y.
PROOF. (i). Let E€ Kip. If {z€ X : EX€ Ky} € Ky, then {x € X :

E?2 € K;} #2 @, i.e. then there exists z € X such that E2 € K;. So, E2 #, @.
Therefore (Jy € Y)(3z € X)((=,y) € E), ie. E#@.
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(i) As (X xY),=2Y and Y € Ky, we have that {z € X : (X x V), =
Y eK;} =2 X and X € K;. Therefore, X xY € Ky».

(#11). Let Ejp, Fy be arbitrary elements of P(X xY) cuch that £; C By and
Ey € Ki3. Then E2, CE}, and {r€ X : E2, € K3} € K1, Thus By € Kis
because {z€ X : Ef, € Ky} C{x € X : E3, € Ky}

(1v). Suppose that E),F; are elementsof P(X xY) such that E;UFE; € K3,
ie. such that {z € X : (F1UE3)2 € K3} € K;. Then {zreX : B}, UEZ ¢
K3} € K1 because (E; UE3); = Ef, UEZ,. Therefore for {zx € X : E? €
KyUu{z € X : Ej, € K3} € Ky follows {z € X : E? € K,} € K; or
{zeeX : B}, € Kx} € Ky, ie. By €Ky or Ey € K15 because
{reX : Bf,€eK2}U{zeX : E},e Ko} = {z€X : E},UE} €K;}. O

NoTE. Let K; be an e-coideal of a set X and let K5 be an a-coideal of a
set Y. Then the family

En={ECXxY : {yeY : El € K1} € K}
is an a-coideal of the set X x Y. Whenis Ki5 = K917

In the paper [10] we defined notions of an a-ideal and a b-ideal of sets:

a) A family J, C 2% is called an a-ideal of X if and only if

Ged., ICYHinAYsed,=2Yed,, Viel,AYael,=> YUY, e J, .

b) A family J; of subsets of X is a b-ideal of X if and only if

sdedy, NCHrAYaeh=Yiely, YINYse,=2Vie[hb VY2 e T .
The ideal J is strong if and only if X#J.

THEOREM 6. Let J? be a b-ideal of a set X and lel J¢ be an a-ideal of a
set Y. Then the family
KR={ECXxY : {zeX : E2eJ3}e}}
15 an a-coideal of the set X x Y.

PROOF. (i). Let E € K.7, ie. let {z € X : E2e J8} e Jb. As
{t € X : Ef € J§} € J}#X we have (Jz € X)(EZ#JS). It is meant
(Jz € X)(VP € J5)(BZ #2 P). Thus, (Jz € X)(E2 #2 @). So, (Jz € X)Ty €
Y)((z,y) € E). Therefore E # @.

(¢7). Let Ey C E; and Ey € K}7. Then E}, CE3, and {zxe X : EZe
JsYe i Ttfollows {x € X : E3 € J§} € J} because {z € X : EZ € J¢} C
{te X : EZ €J§}. Therefore E; € K12,

(#4i). As (X xY), =a Y#JL, wehave {z € X : YeJ§} =@ € J). So
X xY eKl2

(iv). Suppose that Ej, E; are arbitrary elements of P(X x Y) such that
EyUE;, € K. Then {z € X : (BiUE) €} el As {z€X
El,eJf}n{zeX : Ei, eJ§}C{zeX : ELUEZ ¢ J¢} we have
{fzeX : El, e BIn{ze X : E2 € J8} € Jb. From here, we have
{fzeX : B},eJf}el} oo {weX : E3,€J§}eJb. So Eye€ K2 or
E,eK2. O

NoTe II. Let J{ be an a-ideal of a set X and let J2 be a b-ideal of a set
Y. Then the family ‘

KR3={ECXxY : {yeY : EleJfle i}
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is an a-coideal of the set X x Y. Let J# and J§" be two ab-ideals of X and
Y respectively. When is K12 = K219

NoTE III. Let K be an a-coideal of a set X. Then we have
(%) VZ,SeP(X)(ZuSeK = 4 eRKVSEeEK).

We can generalize the condition (++) to the following case: as in the classical case

([4],[6]), for the family R of subsets of a set X we say that R is open in the
relation {o funciion

F:P(X) xP(X) - P(X)
(VZ,SeP(X)(f(Z2,S)eR = Z¢€ Rv S eR).

if and only if
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